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PREFACE. 


In the following Treatise I have adopted the method of 
Limiting Tlatios as my basis; at the same time the co- 
oidinate method of Infinitesimals or Differentials has been 
largely employed. In this latter respect I have followed in 
the steps of all the great writers on the Calculus, from 
Newton and Leibnitz, its inventors, down to Bertrand, the 
author of the latest great treatise on the subject. An ex¬ 
clusive adherence to the method of Differential Coefficients 
is by no means necessary for clearness and simplicity; and, 
indeed, I have found by experience that many fundamental 
investigations in Mechanics and Geometry are made more 
intelligible to beginners by the method of Differentials than 
by that of Differential Coefficients. While in the more ad¬ 
vanced applications of the Calculus, which we find in such 
works as the M^caniqiie Celeste of Laplace and the M 4 ca- 
nique Anahjtique of Lagrange, the investigations are all 
conducted on the method of Infinitesimals. The principles 
on which this method is founded are given in a concise form 
in Arts. 38 and 39. 

In the portion of the book devoted to the discussion of 
Curves I have not confined myself exclusively to the ap¬ 
plication of the Differential Calculus to the subject, but 
have availed myself of the methods of Pure and Analytic' 
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Geometry whenever it appeared that simplicity would he 
gained thereby. 

In the discussion of Multiple Points I have adopted the 
simple and General Method given by Dr. Salmon in his 
Higher Plane Curves. It is hoped that by this means the 
present treatise will be found to be a useful introduction to 
the more complete investigations contained in that work. 

As this Book is principally intended for the use of begin¬ 
ners I have purposely omitted all metaphysical discussions, 
from a conviction that they are more calculated to perplex 
the beginner than to assist him in forming clear conceptions. 
The student of the Differential Caleulus (or of any other 
branch of Mathematics) cannot expect to master at once all 
the difficulties which meet him at the outset; indeed it is only 
after considerable acquaintance with the Science of Geometry 
that correct notions of angles, areas, and ratios are formed. 
Such notions in any science can be acquired only after 
practice in the application of its principles, and after patient 
study. 

The more advaneed student may read with advantage the 
Reflexions sur la Melaphysique dii Calcul Infinitesimal of the 
illustrious Carnot; in which, after giving a complete resume 
of the different points of view under which the principles of 
the Calculus may be regarded, he concludes as follows :— 

“ Le m^rite essentiel, le sublime, on peut le dire, de la 
m^thode infinitesimale, est de reunir la facHite des precedes 
ordinaires d’un simple calcul d’approximation a I’exactitude 
des resultats de I’analyse ordinaire. Cet avantage immense 
serait perdu, ou du moins foi't diminue, si a cette methode 
pure et simple, telle que nous I’a donn^e Leibnitz, on voulait, 
sous I’apparence d’une plus grande rigueur soutenue dans 
\oattle cours de calcul, en substituer d’autres moins naturelles. 
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moins commodes, moins conform es i la marche probable 
des inventeurs. Si cette methode est exacte dans les re- 
Bultats, comme personne n’en doute aujourd’bui, si c’est tou- 
jours d elle qu’il faut en revenir dans les questions difficiles, 
comme il parait encore que tout le monde en convient, 
pourquoi rccourir d des moyens detournes et compliqu^s ^our 
la supplier? Pourquoi se contenter de I’appuyer but des 
inductions et sur la conformite de ses resultats avex ceux que 
foumissent les autres methodes, lorsqu’on peut la d^montrer 
directement et generalement, plus facilement peut-etre 
qu’aucune de ces metbodes elles-memes ? Les objections que 
I’an a faites centre elle portent toutes sur cette fausse suppo¬ 
sition que les erreurs coramises dans le cours du calcul, en y 
negligeant les quantites infiniment petites, sont demeurees 
dans le resultat de ce calcul, quelque petites qu’on les sup¬ 
pose; or c’est ce qui n’est point: I’elimination les emporte 
toutes necessairement, et il est singulier qu’on n’ait pas 
apercu d’abord dans cette condition indispensable de 1’elimi¬ 
nation le veritable caractero des quantitds infinitesimales et 
la reponse dirimante a toutes les objections.” 

^Many important portions of tbe Calculus have been 
omitted, as being of too advanced a cbaractcr ; however, 
within the limits proposed, I have endeavoured to make the 
Work as complete as the nature of an elementary treatise 
would allow. 

T have illustrated each principle throughout by copious 
examples, chiefly selected from the Papers set at the various 
Examinations in Trinity College. 

In the Chapter on Itoulettes, in addition to the discussion 
of Cycloids and Epicycloids, I have given a tolerably com¬ 
plete treatment of the question of the C urvature of a Boulette, 
as also that of the Envelope of any Curve carried by a rojling^ 
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Curve. This discussion is based on the beautiful and general 
results’ known as Savary’s Theorems, taken in conjunction 
with the properties of the Circle of Inflexions. I have also 
introduced the application of these theorems to the general 
case of the motion of any plane area supposed to move on 
a fi&ed Plane. 

I have also given short Chapters on Spherical Harmonic 
Analysis and on the System of Determinant Functions 
known as Jacobians, which now hold so fundamental a place 
in analysis. 

TbINITY CoLLEOFy 
October^ 1889. 
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DIFFERENTIAL CALCULD.S. 


CHAPTER I. 

FIRST PRINCIPLES—^DIFFERENTIATION. 

I. Functions. —The student, from his previous acquaintance 
with Algebra and Trigonometry, is supposed to understand 
what is meant when one quantity is said to bo a function of 
another. Thus, in trigonometry, the sine, cosine, tan gent, &c., 
of an angle are said to he functions of the angle, having each 
a single value if the angle is given, and varying when the 
angle varies. In like manner any algebraic expression in x 
is said to be a function of x. Geometry also furnishes us 
with simple illustrations. For instance, the area of a square, 
or of any regular polygon of a given number of sides, is a 
func^on of its side ; and the volume of a sphere, of its radius. 

In general, whenever two quantities are so related, that 
ani/ change made in the one •produces a corresponding variatim 
in the other y then the latteT is said to be a function of the 
former. 

This relation between two quantities is usually represented 
by the letters JP, 0, &o. 

Thus the equations 

M = F(a!), e =/(«), = 

ft \ 

denote that «, i>, «>, are regarded as fimetions of ar, whose 
values are determined for any particular value of a?, when the 
form of the function is known. 

2. llependent and Independent Variables, Con¬ 
sents. —In each of the preceding expressions, x is said to be 

B 
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the independent variable, to which any value may be assigned 
at pleasure; and \o^ are called dependent variables, as their 
• values depend on that of and are determined when it is 
known. 

Thus, in the equations 

y-io*, y = y = sinaj, 

the value of y depends on that of and is in each case deter¬ 
mined when the value of x is given. 

If we suppose any series of values, positive or negative, 
assigned to the independent variable a;, then every function 
of X will assume a corresponding series of values. If a quan¬ 
tity retain the same value, whatever change be given to a?, it 
is said to be a constant respect to x. AVe usually denote 
constants by «, i, c, &c., the first letters of the alphabet; 
variables by the last, viz., m, v, w, ar, y, z. 

3. Algebraic and Transcendental Functions.— 
Functions which consist of a finite number of terms, involving 
integral and fractional powers of a?, together with constants 
solely, are called algebraic functions—thus 

are algebraic expressions. 

Functions which do not admit of being represented as 
ordinary algebraic expressions in a finite number of terms are 
called transcendental: thus, sin aj, cos a;, tan a;, e®, log a?, &o., 
are transcendental functions; for they cannot bo expressed 
in terms of x except by a series containing an infinite number 
of terms. 

Algebraic functions are ultimately reducible to the follow¬ 
ing elementary forms : (i). Sum, or difierence (« + »,« — »). 

(2). Product, and its inverse, quotient (uv, Powers, and 
their inverse, roots (w™, ff*"). 

The elementary transcendental functions are also ulti¬ 
mately reducibl e to: (i). The sine, and its inverse, (sin u, 
e&DT^u). (2). The exponential, and its inverse, logarithm 
(4«, log «). 
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4. Continuous Fnnctlons. —A function 0 (a:) is said to 
be a continuous function of x, between the limits a and b, 
^hen, to each value of x, between these limits, corresponds a 
finite value of the function, and when an infinitely small 
change in the value of x produces only an infinitely small 
change in the function. If these conditions be not fulfill§d 
the function is discontinuous. It is easily seen that all 
algebraio expressions, such as 

aoof* + UiX”"^ + • , • . a„. 


and all circular expressions, sin x, tan x, &c., are, in ffenerat, 
continuous functions, as also c*, log Xg &c. In such cases, 
accbrdingly, it follows that if x receive a very small change, 
the corresponding change in the function of x is also very 
small. 


5. Increments and nilTerentials. —In the Difieren- 

tial Calculus we investigate the changes which any function 
undergoes when the variable on which it depends is made to 
pass through a series of different stages of magnitude. 

If the variable x bo supposed to receive any change, such 
change is called an increment ; this increment of <p is usually 
represented by the notation Ax. 

When the increment, or differenee^ is supposed infinitely 
small it is called a differential, and represented by dx, i.e. an 
infinUehj small difference is called a differential. 

In like manner, if ti be a function of x, and x becomes 
X + Ax, the corresponding value of u is represented by m + Au ; 
i. e. the increment of u is denoted by Au. 

6 . Ratios, Rerlved functions. —^If u be a 
function of x, then for finite increments, it is obvious that the 
ratio of the increment of u to the corresponding increment of 
X has, in general, a finite value. Also when the increment 
of X is regarded as being infinitely small,. we assume that the 
ratio above mentioned has still a definite limiting value. In 
the Differential Calculus we investigate the values of these 
limiting ratios for different forms of functions. 

The ratio of the increment of u to that of x in the limit, 


du 


\<^en both are infinitely smalls is denoted by When 
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u = /(ar), this limiting ratio is denoted hy/'(a?), and is called 
the ^rst derived function* of/(a-). 

Thus; let x become x + hy where h = Ax, then u becomes 

f(x + h), i. e. M + Au = f(x + A), 

Au =/{x + h) -f{x), 

Au /(a; + //) - fix') 

Ax h 


The limiting value of this expression when his infinitely small 
is called the first derived function of f{x), and represented 

Again, since the ratio has ff (x) for its limiting value, 
if we assume 


Ax 


Au 

Ax 


~f (*) + 


Au 


E must become evanescent along with Ax ; also ™ becomes 

Ax 


du 

dx 


at the same time; hence we have 


du 

dx 




(0 


This result may be stated otherwise, thus :—^If denote 

the value of w when x becomes x^, then the value of the ratio 

^when x^- X is evanes cent, is called the first derived 

X\~- X — 

du 


function of u, and denoted by 


dx' 


• The method of derived funclious was introdiired by Lngrangc, and the 
different derived functions of/ (a:) were defined by him to be, the coefficients of 
the powers of h in the expansion ofy*(a5+ A): that this definition of the first 
derived function agrees with that given in the te:tt will be seen subsequently. 

This agreement was also pointed out by Lagrange* See “Th^orie des 
Fonotions Analytiquea/’ N®*. 3, 9. 
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If bo greater than a;, then Mi is also greater than «, pro- 


Ml — u 


vided ——is positive; and hence, in the limit, when xi - x 


Xi — X 


du 


is evanescent, «i is greater or less than u according as — is 

Q/CC 

positive or negative. ^Hence, if wo suppose x to increase, 
then any function of* x increases or diminishes at the same 
time, according as its derived function, taken with respect 
to a, is positive or negative. This principle is of great 
importance in tracing the dilfcrent stages of a function of ar, 
corresponding to a series of values of x. 

7. Slifl'creiitial, and nilTerentlal Coefficient, of 

/(®)- 

Jjot u ; then since 

wo have dn, - d {/(x)) ~ /' (r) dr, 

where dx is regarded as being infinilely small. In this 
case dr is, as alroady stated, tJio difl'erenlial of x, and du 
or /'[i] d.r, is called tho corresponding drential of «. 
Also./'(t) is called the differential coefficient of y(.r), being 
the coefficient of dr in the JiiFcrontial oi fiff). 

S. AlKcliraic Illustration.— ^That a fraction whose 
numerator and denominator are botli evanescent, or in¬ 
finitely small, may have a finite determinate value, is 

evident from algebra. For example, we have ^ ^ what¬ 

ever n may be. If n be regarded as an infinitely small 
number, the numerator and denominator of the fraction 
both, become infinitely small magnitudes, while their ratio 

remains unaltered and equal to 

It will bo observed that this agrees with our ordinary 
idea of a ratio; for tho value of a ratio depends on the 
relative, and not on the absolute magnitude of the terms 
which compose it. 


Again, if 


u 


na + n“a' 


nb + . 

in which n is regarded as infinitely small, and a, b, d and S' 



6 


Mrst Principles — Differentiation. 


represent finite magnitudes, the terms of the fraction are 

both infinitely small, 

1 • .. . a 

but their ratio is i-r>, 

b + nh 

the limiting 'calue of which, as n is diminished indefinitely, 

is T. Again, if wo suppose » indefinitely increased^ the 

• • 0 ^ ’ 
limiting value of the fraction is y. For 

a + a'n cl ah' - ha' 
h + b'n ~ b''^ y Xb + b'n) ’ 

but the fraction diminishes indefinitely ab n 

b {b + b n) 

increases indefinitely, and may bo made less than any 
assignable magnitude, however small. Accordingly the 

limiting value of the fraction in this case is y. 

g. Trigonometrical Illustration.— To find the values 
of and 5 when 0 is regarded as infinitely email. 

sin 0 

Here 7 —~ = cos0, and when 0 = o, cosO = i. 
tan 0 

Hence, in the limit, when 0 ^ o* we have 

sin 0 , tan 0 ... .. 

- -and, .*. ^ = I, at the same time. 

tan 0 Bin 0 

Again, to find the value of when 0 is infinitely small. 

^ sin0 ^ 

From geometrical considerations it is evident that if 0 be 

the circular measure of an angle, we have 

tan 0 > 0 > sin 0, 


or 


tan 0 0 

sin 0 ^ sin 0 ^ * 


^ IJ a variable quantity be supposed to diminish gradually^ till it he leas than 
anything finite which can he assigned^ it is said in that sitUe io be indefinitely 
SfrAdl or evanescent; for abbreviation^ such a quantity is often denoted by cypher, 
A discussion of infinitesimals, or infinitely small quantities of Uiflfercnt orders, 
will be found in the next Chapter. 
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but in the limit, i.e. when 0 is infinitely small, 

tan d 

sinO ** 

and therefore, at the same time, we have 

_0 _ 

sin Q *' 


This shows that in a circle the ultimate ratio of an arc to its 
chord is unity, when they are both regarded as cvanoscent. 

lo. Geometrical JLllustration. —Assuming that the 
relation y = /(x) may in all cases be represented by a curve, 
whsre ., . 

expresses the equation connecting the co-ordinates (cr, y) 
of each of its points; then, if the axes be rectangular, and 
two points (;r, y), (xt, yi) bo taken on the curve, it is obvious 

that ——- rex)rcscnts the tangent of the angle which the 

chord joining the points {x, y), (oti, yi) makes with the axis 
of X. 

If, now, wo siippose the points taken infiniicly near to 
each other, so that j'l — x becomes evanescent, then the chord 
becomes tlio tanyent at the point {x, y), but 

^ becomes — or f (x) in this case. 
x^ - X ax 


Hence, f' (.r) represents the trigonometrical tangent of the 
angle tckich the line touching the curve at the 'point (x, y) makes 
with the axis of x. We see, accordingly, that to di-aw the 
tangent at any point to the curve 

y = fi:^) 

is the same as to find the derived function f'i^ of y with 
respect to x. Hence, also, the equation of the tangent to 
the curve at a point (a:, y') is evidently 

y-Y = f{x){x-X), ( 2 ) 

where X, Y are the current co-ordinates of any point on the 
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tangent. At the points for which the tangent is parallel to 
the axis of a*, we have (x) = o; at the points where the 
tangent is perpendiciilar to the axis, f'{x) = oo. For all 
other points f' (a*) lias a determinate finite real value in 
general. This conclusion verifies the statement, that the 
ratio of tlio increment of the dependent variable to that of 
the independent variable has, in general, a finite determinate 
magnitude, wlion the increment becomes infinitely sn\aU. 

This has been so admirably expressed, and its con¬ 
nexion with the fundamental principles of the differential 
Calculus so well explained, by M. Navier, that I cannot for¬ 
bear introducing the following extract from his “Lecons 
d’Analyso”:— 

“ Among the properties which tho function y - jifi),, or 
the lino which represents it, possesses, the most remarkable— 
in fact that which is the principal object of tho Differential 
Calculus, and whicli is constantly introduced in all practical 
applications of tho Calculus—is the 
degree of raxudity with wliich tlie y 
function ./■ (.r) varies wlion tho in¬ 
dependent variable os is made it, 
vary from any assigned value. 

This degree of rajjidity of tho 
increment of tho function, when x 
is altered, may differ, not only 
from ono function to another, but 
also in the same function, ac- ~o\ 
cording to tho value attributed to 
the variable. In order to form a 
precise notion on this point, let us attribute to oj a deter¬ 
mined value rex^resonted by OA, to which wall correspond 
an equallj'’ determined value of y, represented by PA. Lot 
us now suxix’ose, starting from this value, that x increases i>y 
any quantity denoted by and represented by Ail/, the 
function y will vary in consequence by a certain quantity, 
denoted by Ay, and wo shall have 

y + Ay = f{x + Ax'), or Ay = f{x + Aa?) 

The new value of y is represented in the figure by QMt 
and Qi represepts Ay, or the variation of tho function. 


1 /' 

/ / 

0 
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The ratio 


A?/ 

Ao; 


of tho increment of the function to that of 


the independent variable, of which tho expression is 

fjx+^x) -/(a-) 

Aa: ’ 

is represented hy the trigonometrical tangent of the angle 
QPL made by the secant PQ with tho axis of x. 

“ It is 1 lain that this ratio —■ is tho natural expression 

of tho property referred to, that is, of tho degree of rapidity 
with wJue i the function // increases when wo increase the 
independent variable x ; for tho greater tlio value of this 
ratio, the greater will bo tho increment Ay when x is in- 
crccs^xl by a given quantity A.r. But it is very important 

I-') v'Toark, that tho value of ~ (except in the case when 

tht \o PQ 1( conies a rig]it lino) depends not only on the 
'.'alno id!rihulec; to .r, fliat is to say, on the position of P on 
■lie f.ui v’c, but also on the ahsohde rahic of the increment Aar. 
if wo were co bravo this increment arbitrary, it would bo 

A 

impossible to assign to the ratio —^ any precise value, and 

it 13 accordingly necessary to adopt a convention wliieh shall 
remove all uncertainty in this respect, 

“ Sup]ioso that after having given to Ax any value, to 
which will cenvespond a certain valuo Ay and a certain 
direction of tho secant PQ, wo diminish ju’ogressivoly tho 
valuo of A.r, so that tho increment ends hy becoming 
evanescent; the corresponding increment Ay will vary in 
consequence, and will equally tend to become evanescent. 
The point Q will lend to coincide with the point P, and the 
secant PQ with the taugcut PT drawn to the curve at the 

point P. Tho ratio — of tho increments will equally 

approach to a certain limit, represented by tho trigonometrical 
tangent of tbo angle 2'PL made by the tangent with the 
axis of X. 

“Wo accordingly observe that when tho increment AXy 
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and consequently Ay, diminish progressively and tend to 
.vanish, the ratio ^ of these increments approaches in 


general to a limit whose value is finite and determinate. 


Hence thp value of 


Ao; 


corresponding to this limit must he 


considered as giving the true and precise measure of the 
rapidity xcithu'hich the function f {x) varies irhcn the independent 
variable x is made to vary from an assigned value; for there 
does not remain anjdhing arbitraiy in the expression of this 
value, as it no longer depends on tlie absolute values of the 
increments Aa; and Ay, nor on the figure of the curve at any 
finite distance at either side of the point P. It depends 
solely on the direction of the curve at this point, that is, on 
the inclination of the tangent to the axis of x. Tho ratio 
just determined expresses what Nowton called {ha fluxion of 
the ordinate. As to tho mode of finding its value in each 
particular case, it is sufficient to consider the general 


expression 


Ay /(a; + Aa;)-/(.r) 



and to see w’hat is the limit to which this expression tends, 
as Aa; takes smaller and smaller values and tends to vanish. 
This limit wall be a certain function of tho independent 
variable x, whose form depends on that of the given fun3tion 

f{x) . AVo shall add one other remark; which is, that 

the differentials represented by dx and dy denote always 
quantities of the same nature as those denoted by the variables 
X and y. Thus in geometry, when x represents a line, an 
area, or a volume, tho differential dx also represents a line, an 
area, or a volume. These differentials are always supposed 
to be less than any assigned magnitude, however small; but 
this hypothesis does not alter tho nature of these quantities : 
dx and dy are always homogeneous with x and y, that is to 
- say, present always the same number of dimensions of the unit 
by means of which tho values of these variables arc expressed.” 

loa. litmlt of a Variable Magnitude. —^As the con¬ 
ception of a limit is fundamental in the Calculus, it may 
he well to add a few remarks in further elucidation of its 
meaning:— , 
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In general, when a variable magnitude tends continually to 
equality with a certain fixed magnitude^ and approaches nearer to 
it than any assignable difference, however small, this fixed magni¬ 
tude is called the limit of the variable magnitude. For example, 
if wo inscribe, or circumscribe, a polygon to any closed curve, 
and afterwards conceive each side indefinitely dlminisbed^ 
and consequently their number indefinitely increased, then 
the clo£.‘ed curve is said to bo the Imiit of either polygon. 
By this means the total length of the curve is the limit of 
the perimeter either of the inscribed or circumscribed polygon. 
In like manner, the area of the curve is the limit to the 
area of either polygon. For instance, since the area of any 
polygon circumscribed to a circle is obviously equal to the 
rectangle under the radius of the circle and the semi-perimeter 
of the polygon, it follows that the area of a circlo is repre¬ 
sented by the product of its radius and its semi-circumfe¬ 
rence. Again, since the length of the side of a regular 
polygon inscribed in a circlo boars to that of the correspond¬ 
ing arc the same ratio as the perimeter of the polygon to the 
circumference of the circlo, it follows that the ultimate ratio 
of the chord to the arc is one of equality, as shown in Art. 9 . 
The like result follows immediately for any curve. 

The following principles concerning limits are of fre¬ 
quent application:—(i) The limit of the product of two quan¬ 
tities, which vary together, is the product of their limits ; ( 2 ) The 
limit *of the quotient of the quantities is the quotient of their 
limits. 

For, let P and Q represent the two quantities, and p and 
q their respective limits; then if 

P =p + a, Q = q + f5, 

a and (5 denote quantities which diminish indefinitely as P 
and Q approach their limits, and which become evanescent 
in the limit. 

Again, we have 

PQ -PQ +i?i3 + ya + a/3. 

Accordingly, in the limit, we have 

PQ = pq- 
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Again, 


P _p ^ a _p go -/>j3 

Q ~ g + ^ ~ g g(g+^) 


The numerator of the last fraction becomes evanescent in 
the limit, while the denominator becomes g*, and consequently 

the limit Of ~ is 

Q q 

11 . DifTcrcntiatton.—The process of finding the derived 
function, or the differential coefficient of any expression, is 
called differentiating the expression. 

Wo proceed to explain this process by applying it to a 
few elementary examples. 


Examples. 






Substitute j? + A for a?, and denote the new value of y by yi, then 

yi = (a; + A)® = as® + 2xh + A® ; 

yi -y Ay _ 

—;— or — = 2aj + A. 
h Ax 

If h be token an infinitely small quantityi we get in the limit 




or if 


2 . 


/(a) = we have(a?) = 2X. 

I 

s/=r- 


IZore 



+ 

I 

^ * 

^ x^- h 

X 

. y^-y 


4 

> 

< 

1 

1 

• 

• 

A:r 


a? (a; + A) * 


x{x -h h)* 


which equation, when A is evanescent, becomes 
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^12. miTereiitlation of the Algebraic 
Finite IVumber of Functions.—^Let 

y = M + «7-w + &o.; 
then, if a?i = a; + A, we get 


Sum of 


yi = Ml + ^7, - 7Pi + . 


• • 


J/l “ y Ml — tt — «? ?f| — W 

*’• ~ir " "yT" "a F~ + • • •» 

which becomes in the limit, when h is infinitely small, 

dy du dv dw 
dx dx ^ dx dx ^ ‘ ’ 

"SSence, if a function consist of several terms, its derived 
function is the sum of the derived functions of its several parts^ 
taken xcith their proper signs. 

It is evident that the differential of a constant is zero. 
/13. miTerentiation of the Product of Two Func> 
tlons. —Let y = uvy where m, are both functions of x ; and 
suppose Ay, At’, to be the increments of y, m, «?, corre¬ 
sponding to the increment Aa; in x. Then 

Ay = (m + Am) {v + At?) - uv 


= MAt> + vAm + Am At?, 


Ay At? - . Am 

or — = M — + (» + A©) —. 

Aa; Aa; Aa: 

Now suppose Aa; to be infinitely small, then 


become in the limit 


Ay At; At« 
Aa;’ Aa;’ Aar’ 


rfa;’ 



also, since At; vanishes at the same time, the last term dis¬ 
appears from the equation, and thus we arrive at the result 




) 
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Hence, to differentiate the product of two functions, 
multiply each of the factors by the differential coefficient of the 
. othery and add the products thus found. 

Otherwise thus: let fiff)^ (j> (a?), denote the functions, and 
A the increment of x, then 

y, =/(a; + A) 0 (a? + A); 

. yi - y /(a; + A) 0 (jg + A) -f{x) 0 (a?) 

" h h 


f(x + h)-f(cc) , V 

= ^ + /,) 

Now, in the limit. 


0 (a? + 7i) — 0 (aj) 
A ' 


/(aJ + A) -/(a?) 


A 


= /(«’)» 0 (a? + A) = 0 (a;), 


and 


0 (a? + A) - 0 (a?) 


and, accordingly. 


A 


— 0 (a?). 




= /(a:) 0'(£r) + 0 (a;) f (a?). 


which agrees with the preceding result. 

When 7/ = au^ whero a is a constant with respect to a?, 
we have evidently ' 

dy du 

dx ^ dx‘ 


« 14. DlfTerentiation of tbe Product of any Wu 
of Functions. —^I'irst let 

y = wow'y 


I t 


ber 


suppose vw = a, 

then y = uz, 

and, by Art. 13, we have 
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but, by the same Article, 

dx 

hence 


dv die 
= io~ + V 


dx 


dx* 


dy du dv dw 
= vw-r- + 1CU — + uv —. 
dx dx dx dx 

This process of reasoning can be easily extended to any 
number of functions. 

The preceding result admits of being written in the form 

I dy I du i dv i dto 
y dx u dx V dx w dx^ 

and in general, if y = iji . y%. y^ . . . . y„, 

it can be easily proved in like manner that 

y dx yi dx dx ' ' ' dx ’ 

'' 15. miFercntiatioii of a Quotient—Let 

y = -, then u = yv\ 

V 


(4) 


therefore, by Art. 13, 


or 


V 


dx 


du 

dx 

du 

dx 


y 


dv dy 


V 


dx dx* 


-y 


dv du u dv 
dx dx V dx 


du dv 

'^dx~ 

—J—= 

du dv 
V -w — 


dy dx 


(5) 


* ■ dx 


v‘ 


This may be written in the following form, which is often 
Tiseful: 


d fxi 


I du u dv 



16 Mrst Principles — Differentiation. 

Hence, to differentiate a fraction, multiply the denominator- 
into the derived function of the numerator, and the numerator into 
the deviled function of the denominator; take the latter product 
from the former, and divide by the square of the denominator. 

In tlio particular case wliero u is a constant with respect 
to X (a suppose), we obviously have 

£ 

dx 



Examples. 


I. M = 


« — a? 

(I -f X 


a. u — {a-\-x) + a;). 


. du 
Ana. ■— 
dx 

du 

dx 


ta 


(a + a:)* 

* 

a + d j- 2X. 


> 16. DlflTcrcntiatlon of an Integral Power. —Liot 
y = a*’*, where n is a positive integer. 

Suppose 7/i to ho the value of y, when x becomes Xi, then 


2/ 1 - y 

— X 


xf* - x’* 

J-l — X 


= iTi’*"’ + + . . . + 


Now, suppose x,- X to he evanescent. In this case we 
may write x for Xi in the riglit-haud side of the preceding 
et^uation, when it becomes but the left-hand side, in 

({u 

the limit, is represented by ' 


Hence 


dx 


dy 

dx 


or 


d (x”) 
dx 




This result follows also from Art. 14 ; for, making 


yi = y2 = 2/3 = 
we evidently get from (4), 

d (j/«) 


= nu 




= y« = Mj 


du 


dx dx' 

This reduces to the iireceding on making u 


fr.. 


(7) 
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.>17. mfirerentlation of a Fractional Power.—^Let 


m 
_ m,n 


y = w, 

then 

hence, by (7), 


s, - M , and , 


< 4 ^ ml 

-- ; 

ax ax 


m 


d {u^) dy _ mu^~^du m -^idti 
^ dx dx n dx 


=S —u 


n 


dx 


( 8 ) 


V 


18. Dlflnerentlation of a UVegative Power.—Let 


y = then y = —, and by (6) wo get 


u 


£ 

dx 


mit 


m~i 


(m~") = - 


u 


2 m 


du 

_m 1 

— = - mu-^' —. 

dx 


( 9 ) 


Combining the results established in (7), (8), and (9), we 
find that 

d (w”*) „ , du 

——- = 

dx dx 


for all values of w, positive, negative, or fractional. When 
applied to the differentiation of any power of x wo get the 
following rule:— Diminish the index by unity^ and multiply the 
power of X thus obtained by the original index ; the result is the 
required differential coefficient, with respect to x. 

J I g. DiflRerentiatlon of a Pnnctlon of a Punctf on.— 

Let y = f(x) and u = ip (y), to find Suppose y^ Ui, to bo 

the values of y and u corresponding to the value Xi for x ; 
then if Ay, Au^ Ax, denote the corresponding increments, 
we have evidently 

th - tt ^ ui-u yi-y 
xi- X yi - y xi -X* 


Av Au Ay 

Ax Ay Ax' 

o 


or 
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As this relation holds for all corresponding increments^ 
however small, it must hold in the limit,* when Aa: is 
evanescent; in which case it becomes 


du du dy 
dx dy dx' 

Hence the derived funetion icitJi respect to x of u is the 
product of its derived with respect to y; and the derived of y 
with respect to x. 

<, 20. miTerentiatioii of an Inverse Funetion.— To 

prove that 

dx I 
~ dy ' 
dx 



Suppose that from the equation 


the equation 


y =/H 

X = 



is deduced, and let sUi, ?/i, he corresponding values of x, y, 
which satisfy the equation (a), it is evident that they will 
also satisfy the equation (6). But 


yi - y ^ ari- X 
xi- X yx- y 


As this equation holds for all finite increments, it must 
hold when Xi- x and y\-y are infinitely small; therefore 
we have in the limit 


dy dx 
dx dy 



The same result may also he arrived at from Art. 19, 
as follows:— 

When y =/(a;), and w = ^(y), 


♦ The Student will observe that this is a case of the principle (Art. loo) that 
the limit of the product of two quantities is equal to the product of their limits. 


Differentiation of sin x. 
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we have, in all cases, 


du 

dx 


da dy 
dy dx' 


This result must still hold in the particular case when u 
in which case it becomes 

dx dy 


= X. 


I = 


dy dx' 


I. 


U s 


Let 


— ir® = 

dn 

dy 


Exaiuples. 

y, Ihcn u — 


4 ^ 

5/, .nd - 


- ‘iZm 


Hence 

du 

-j- = - loa; («»-»’)*. 
dx 

^ du 

Ans^ — 
dx 


M = (a + bx^)K 


« = (i + z^)K 

du 

3- 

dx 


« = (l + jC'*)*"- 

du 

4- 

dx 


= i2.bx^ {a 


(r 

(i + 


We next proceed to determine the derived functions of 
the elementary trigonometrical and circular functions. 

21. DiiTerenttation of sin ir.—Let 

y = sin Xf y^ = sin [x + A), 


y, - y _ sin (a? + 1 i) 
h 


. h f h\ 

2 Sin — cos ar + — ) 
- sin X _ 2 \ 2 / 


. h 

sm - 
2 


But by Art. g, the limit of = i; moreover, the limit of 


cos I X + 


h \. 

- ) IS cos X, 
2 / 
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„ d (sin a:) , . 

Jlenoe ——- = cos a?. (12) 

ax 

22. Diffiereiitiatioii of cos x. 

y = cos a?, yx = cos (a; + A), 

. h . ( h\ 

, n. 2 Bin - sm a: + - 

Vi — y _ cos (a? + A) - cos x _ 2 \ zj 

h h h * 


Hence, in the limit, 


d cos X 
dx 


= — sm X. 



This result might ho deduced from the preceding, hy substi¬ 
tuting — - a for a?, and applying the principle of Art. 19. 

It may be noted that (12) and (13) admit also of being 
written in the following symmetrical form:— 


sin X 
dx 

cos X 
dx 



23. miKerentiatioii of tana;. 

y = tan a?, y\ = tan (x + A), 

sin (a; + A) sin x 
y\ — y tan (a; + A) — tan x _ cos {x + A) cos x 
~~h A A 

sin A 

A cos a; cos (a; + A)* 

in the limit. 


which becomes 


cos* a; 


differentiation of y = sin~^ x. 


21 


Hence 


d (tan x) 


dx 


cos*® 


= see* X. 


(m) 


Otherwise thus, 


. sin X d sin x . d cos x 

,,, V d. - cos X —;-sin X — 

a (tan x) cos x dx dx 


dx 


dx 


cos^® 


cos* X + sin® X 


cos^® 


cos* X 


24. Differentiation of cot ®.—Proceed as in the last, 


and we get 


d (cot ®) 
dx 


Bin' X 


= - cosec' X. 


(*5) 


This result can also be derived from the preceding, by put- 


V 


ting “ ~ 2 for ®, as in Art. 22. 

25. Differentiation of sec ®. 


y = sec ® = 


cos X 


dy sin ® 
dx cos* ® 


= tan X sec ®. 


(16) 


o- , d coseo ® , 

Similarly -=-- — cot x coseo ®. 


dx 


26. Differentiation of y = sin~V 




(HtX/ 

X = sin y, -r- = cos y, 

dy 


'Hence, by Art. 20, we get 

dy I 


as ± 


dx cos y -v/1 - 2!* 
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'rhe ambiguity of the sign in this case arises from the ambi¬ 
guity of the expression y = sin”^ x ; for if y satisfy this equa¬ 
tion for a particulaj value of ar, so also does v — y\ as also 
27 r + y, &c. If, however, we assign always to y its least value, 
i. e. the acute angle whoso sine is represented by x, then the 
sign of the differential coefficient is determinate, and is evi¬ 
dently positive ; since an angle increases with its sine, so long 
as it is acute. Accordingly, with the preceding limitation. 


d. sin"‘ X 
dx 

In like manner we find 

d . cos"* X 
dx 




(17) 




(18) 


with the same limitation. 

This latter result can be at once deduced from the preced¬ 
ing by aid of the elementary equation 


sin“* X + cos"^ X = -, 


27. IMITerentlatioii of tan"* a;. 


hence 


y = tan"* x, .\ x = tan y ; 

dx I 
dy cos® y * 

d. tan"* X dy , i 

-;-= -^ = cos* y = -5. 

dx dx 1 + or 


(J9) 


Similarly, 


d. cot”* X 
dx 


I + or 


' 28. Geometrical Demonstration. —The results ar¬ 
rived at in the preceding Articles admit also of easy demon- 
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stration by goometrical construction, 
method by applying it to 
the case of sin 0 . 

Suppose XP Q Xto be a 
quadrant of a circle hav¬ 
ing O as its centre, and 
construct as in figure. 

Let 0 denote the angle 
XOP expressed in circu¬ 
lar measure; then 


We shall illustrate this 



N M 


Fig. a. 


.. are PX , , „ are PQ 

0 = —and A = A0 = - 


OP 


OP 


Accordingly, 
sin (0 + h) - sin 0 = 


QR QR 
OP PQ 


PQ PQ 

~()jp PQR. Qp 


sin (0 + Ji) — sin 0 

’• % 


= cos PQR 


PQ 

arc PQ* 


PQ 

But we have seen, in Art. g, that the limiting value of- 

° aroPQ 

= I ; also PQR = 0 , at the same time ; hence —cos 0 , 


as before. 

The student will find no difficulty in applying the pre¬ 
ceding construction to the differentiation of cos 0, sin~* 0, and 
co8“^ 0 . The differential coefficients of tan 0 , tan'* 0 , &c., can, 
in like manner, be easily obtained by geometrical construction. 



Exaatplxs. 

I- y = Biii(na; + a). 

dy 

dx ' 

3. y = cos mx cob ns. 

dy 

— — (m COB nz Bin mx + n cos tns sin 

dz 

3, y = 8in**s. 

^ = n Bin*-* X cos x. 
dz 
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4. y = 8in(i + as*). 


-^ = 2X coa (i + «*). 
ax 


5- Show that sin^ x — (sin”»^ sin mx) = m sin (m + i) 

d . . 

Here — (sia'”;i; sin mx) = #» sin"*"*a: (cos x sin mx + sin x cos mx) 
ax 

= m X sin (#« + i)xi &c. 


6- y = (asin'a? + ^ cos* a?)", 
7. y = sin (sin a;). 

Or y = sin u, where u ^ sin x. 


— = n (« * 3 ) sin 2a? (a sin® jr + d cofl*af}»"*, 
ax 


— = cos X cos fsin x), 
dx * 


8 . y = sin"^ (a:"). 

9, y = sin"^ (I — a^)K 

Here (i — x^)i = sin y; x = cosy- 


ay wa*'*"* 

<fa: (l — a:-")** 


, • di/ 

I = - sin y ; 

ax 


10. y = cos"^ 


b a cos X 
a b cos X 


II. y = sec^ a?. 


12. y = secT^ (a:*). 


” dx ~ 

a -t 6 coa »' 


— =r n sec” a? tan a;« 
dx 


_ ^ 

flfa: a?<v/ a:^ — I* 


29. miTereiitlatlon of logo^r. 

Let y = log«a;, yi = loga {x + h)\ 

Vv-y ^ loga + ^0 - ^ +~) 

h h h 

Hence ^ is equal to the limiting value of 


\ l°s. (• + ;) 


when h is infinitely small. 
Again, let h — artf, then 


ilog.(.+i) = i 


I loga (l + m) I 1 / nS 

- i = -■ loga (I + «)“, 

XU X 



4 
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. iy 

' ■ djc 


= - multiplied by the value of logo (i + w)** when u is 

SC 


infinitely small. 


To find the value of the latter expression, lot — = z, then 

iV . . . 

I + — 1 , in which z is regarded as infinitely 

great. Suppose the limiting value of this expression to he re~ 
presented hg the letter e, according to the usual notation. We 
can then find the value of c as follows by the Binomial 
Theorem:— 


(i + uY becomes I 





The limiting* value of which, when z = c», is evidently 


II I 

I + - +-1--+ 

I 1.2 1.2.3 


-h &C. 

.2.3.4 


By taking a sufficient number of terms of this series, we 
can approximate to the value of e as nearly as we please. 
The ultimate value can be shown to be an incommensurable 
quantity, and is'the base of the natural or Napierian system 
of logarithms. When taken to nine decimal places, its value 
is 2.718281828. 


Again, since (i + m)" = e when ti = o, we get 

d . loga X _ logrt e 
dx X 



Also, since the calculation of logarithms to any other 
base starte from the logarithms of some numbers to the base e ; 


* It will be shown in Chapter 3, without assuming the Binomial expansion, 
that a is the limit of the sum of the series 


1 I 

I +-+-+ 

I 1.2 


- + &c., ad infinitum 

I • 2 • 3 
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and moreover, since the logarithms of all numbers are expressed 
by their logarithms to the hase e multiplied by the modulus 
of transformation, tlie system whose base is e is fundamental 
in analysis, and wo shall denote it by the symbol log witliout 
a suffix. In this case, since log c = i, we have 


Again, 


d 

dx 


(log x) = 


A 

dx 


(logioa:) = 


logio e 

X 





where M or logio c is the modiilus of Briggs’ or the ordinary 
tabulated system of logarithms. The value of this modulus, 
when calculated to ten decimal places, is 

0,4342944819. 

On the method of its determination see Galbraith’s “Algebra,” 
P- 379- 

If aj be a large number, it is evident, from the preceding, 
that the tabular difference (as given in Logarithmic Tables), 

i. e. the difference hetweeu logw {x +1) and logio a;, is —, ap- 

proximately. The student can readily verify this result by 
reference to the Tables. 

30. miTerentiatloii of 

Let y = a*, then log y - x log a ; 


. ^(logy) 

dx 


log a; 


but 


^ (log I/) ^ 

dx 

d .a^ dy 


dx 


dx 


d (lo g . 

dy dx y dx* 

= y log a = log a. 



Also, since log e = i, we have 

d. c* 
dx 


= e'. 
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I. 

TiCt 

And since 
we get 


Exampms. 

y = log (sin x), 

sin x~Zf then y — log s. 

dy dy dz 
dx dz * dx^ 

dy cos X 

~ = -1-= cot X. 

dx Bin X 


y = log ^ d^ — x~ == ^ log (a* — a;®); 




dx 


a 


a - <>.2 


- dy 
.Ans, — = 
dx 


, /l — cos X 

y = log J —-: 

> 14 - cos a: 




— cos X 


cos a: 


I • 

J 2 Sin.'' 

2 cos® - 


= tan -; 

2 ’ 


a? 1 

y = log tan Hcnco — = —. 

2 dx sin X 


31. laogarlthmlc DilTercntiatton.—When the func¬ 
tion to be differentiated consists of products and quotients 
of fuEfctions, it is in general useful to take the logarithm, 
of the function, and to differentiate it. This process is called 
logarithmic differentiation. 


Examples. 


I- y = yi • ya • ys .. . y«, log y = log y\ 4 - log ya 4- - - - 4- log y». 


Hence 


1 dy I dij\ 1 dy^ t dyn 

y dx y\ dx y%dx ' ' ’ yn dx‘ 


This fumisheB another proof of formula (4). p. 15. 


sin*** X 

' 2, y=:-. Here, log y s iH log sin a;--n log COB as; 

cos** X y 


I dy cos X sin x 

- — = «i -4- n -; 

y dx sm x cos x 


dx 


a; 

COS**^ I X 


{m cos® X + n sin® x). 
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3- 

I 

Here 

hence 


*' (* - *)» (* - 3 ) 1 - 

5 i 7 

logy = - log (a; - i) " - log (a: " 2) - - log (» - 3 ); 
243 

I ^ ^ S_ l_ _ 3 I _ 7_^ __ 7^^ + 3°^ - 97 . 

yefe 2 a: - I 4X —2 3 ir — 3 la . (a; — i) (* - 2) (a; - 3) ’ 

. _ (^- »)S (73;== + 30X - 97) 

’ * rf'a: i2 - (a: — 2)5 (:r — 3)V* 


4 - y 

5- 

Hence 

6 . 


= 2: (rt* + \/ fl® — re*. 


It* + 2 ;^ — 4^4 

dz 


7- 

Here 


-X/ «3 — Tp2 

y = a-*. Here log y —% log z. 

d ,z* 


lg.(Iog.+ .)i 

ff = Ilcre log y = a;*, 
I rfy tf.a"* 

y rf* 


ifa; 


= a:* (I 4 log X). 


= a:* (r 4 log a:); 


rfy j 

. . ~ e- 

dz 


dz 

a:* 4- log a;). 


y = w®, where « and v arc holh functions of ar. 

log y = r log M, 

I , dv V du 

log « -- 4 - :5- ; 
y ao; az u dz 

dy /, w rfrA , , du 

= w® {log w 3 - 4 - — ) = «® log w — 4 w®-* 

\ dx u dz) dz dx 


3 2. The expression to be differentiated frequently admits 
of being transformed to a simpler shape. In such cases the 
student will find it an advantage to reduce the expression to 
its simplest form before proceeding to its differentiation. 


Examples. 


1. 


Here 


y = Bin 


-1 _ 


I 4 X' 


X 


v/1 4 


= 81Q yi or 


I 4- x^ 


— sin^ y ; hence x = tan y, 


2 ^ 

-;- = COS*yas 

dz l ’k' 


and wo get 
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2. 

Here 


Hence 


Hence* 

4- 

Lot X : 


y — tan"^ 


tan y = 


1 4- «* + \ 

•/1 + »“ - I - z* 

1 + I ~ ■ 

\/ \ -V 3 ^ - •>/ 1-®“ 


v/r 4 a:® tan y 4 I ^ 

“ tan y - I * 


... ** = = sin 2y. 

(1 + tail yY 4 (i — tan y)* 1 4 tan* y 


d\j 

— C 03 ay = 
dx 


^ «fy ^ a? ^ a; 
* * dx cos 2 y 




A/i 4 fl? + V^i-a? 
-v/1 4 x — \/1 - X 


I, I4v^i-** l_ , /-I , 

= - log- - -= -- log (i 4 V I — X^) - - log z. 


dx 


2 a?V i - 


, V 1 + u;- - I , 2a? 

y aa tair^ — 4 tan'^ 


I — a?- 


tau e, and tho student can easily prove that 


y =-z; hence 
^ a da? a 1 + a?® 
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Ex AMPLV-g. 


I. y = 8 CC-* X. 


y = a: lo" j-. 

3. y = log tau X. 



dx 


= I + log «• 


dx 8in XX 


4- y = log tan'^ x, 

5. y = a-v/ X. 

6. y = sin (log x)m 

7. y = tan-^ 




dy ^ _I_ 

dx (i 4 afl) tan-* **’ 


dy 

dx 



dy _ cos (log g) 
rfa? X 

^ = * 


8. y 


tan’ > 


a/ a 

~ * ” I 

I — -x/ r.r 


^ ^ g _ 

-'v/(g + «/. 


Hero 


y = tan"* x + tan“* a. 


A 

#4 

aj^n 


«?y _ 


y* 

y 

“ (I + a: 3 )»' 


dx 

(I 4 - a:2)»*g’ 

to. 

y 

(,_^) - 

i tan*' 3?. 

dy _ 
dx 

«a 

I -a:^* 

11. 

«/ 

II 

? 

\ 

+ 

+ X 

dy _ 

1 



\\/l j- X-^ 

— a? 

dx 

\/ i + a;* 

I 2. 

u 

= sm -*3 + 2^. 


dy ^ 

I 


if 

“v/ »3 


dx 

*s /1 — 32? — ir* 

* 3 - 


— loc ^ 1 h tan*'* X 

^ — 

a; 

y 

(1 +a:)l +3taiiiaf. 

dx 

(I +*)(!+ 

la 

#/ 

1 — a: 


dy _ 

(l + *) 


y 

x/ I -i- »* 


dx 

(l+a:»)V 
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(i - a ;*)3 sin-^ x dtj i - a:* i + aa:® -,1 . , 

y =-i^ -^ (I - • Bin * a:. 


16. y: 


I — tan X 


sec X 


^ - (cos j; + sin a:) 

ax 


17. y =lo| 


v/7 — + X 


a/i - a;® 


-1 


18, y = 


^tan X ^ax — l) 

(l + 


dx 

dy 

dx 


_^2 

{\/ I - X-^ X's/ 2 ) ( 


-X^) 


-1 


(I + rt®) a? ^ * 


(I + a:®)3 


I + a: - _ i + X + x^ y- 

19. y = log ;-^ i log :-—+ VS 


, x^y 3 dt/ 

o tan‘* ~ = 


I - a; 


I - a; + a;-' 


I — a;® dx I — a 5 * 


2u. y =- log {(2a: — i) + 2\/a:® - x ~ i}. 


21, y 


, Ir + a: V 2 + a;' 

-l«s /-/ --; 

\ I — a; -x/ 2 + a: 


, ar-x/2 

+ tan-^- 

2 I — a;^ 


df/ r 

i!/a: (a;!* — a; — i)*’ 

dy 2 ^y 2 

^a? I + 


22. y = «* tan“>;p. 


</y 


— (rr^ ^ a:* tan"!a? (i + log2)^ 


23- Being given that y = a?® - a;®^*^i - —if 


dy cx^ + c'a;* 4 - c"a:® 
rfa; 


•t %. 


(—)■(■-") 

detormine the values of <?, dy d\ ulns. c =-; 3, c' = — 6, d' = -f. 


24. y T= log(loga:). 


^ , 3 + 5 <ios a? 

*5. y = cos *-. 

5 + 3 cos a: 


26. y = sin- 


r - a;* 


<fy _ 1 

rfa: a; log a;" 

^ = 4 

dx 5^3 cosa:' 


— 2 


z + a; 
27. y = sin«» ra^ 

a8. y = sin re. 


»• 


dy _ _ 

dx I + a;*' 

dy 

~ sm'"-^ rx [a sin rx + mr cos rx), 

ax 

■^ = a® + >'* sin {rx + tp)y 
ax 


where tan A = -. 

^ a 
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* 9 - y — loR (v ^X - a + X — i). Ans. 

- r\i 


dx 


^ \/ {z — a) (a; — b) 


30. y = 


Jlero 


2 tan“i 
I — z 




i + X 


* 2 y 

= tau’^ -; x= cos y; -r- = - 


31. y = a:*". 


^ — **"+"■* (»log a; + i). 


f» 


dy 


m « 1 


32. y = (i + a:*)*sin tan"’ *). = m{\ + *2) * cos{(»i-i)taii-'a:}. 

CIX 


, /a cos a: 


- ^ sin X 


— ah 


H- A sin X 


_ 

«ia? a2 cos^ a? — A- sin- a?* 


34. Define the diiTcrcntial coifficicnt of a function of a variable quantity, 
with respect to that quantity, and hhow that it measures the rate of increase of 
the function as compaicd with the rate of increase of the variable. 


35- prove the relation 

dff 


+ 


dx 


a/ X + y* 


I + z^ 


« o. 


ir Tj* 1 a?® + ^-2? + \/ {z- 1 ~ bz 2 ^, , - 

36* If w = log-- T— -' ■■■■ f prove that — is of the form 

ax ~ A/ (a:- + ax)^ — bx 

— -F and determine the values of A and J?. Ans, ^ = 3, If = a, 
\r {x^ 4- — bx 


^ ^ 

37. Provo that ^ I sin 0 cos 


6 a/ 1 - sin- 0^ “ 


^ sin‘ 0 + 7 ?sm ^0 + C 


a/ I — sin’-^ d 

and determine the values of A, i?, ( 7 . Ans, A = 3c®, ^ = — 2(1+ c®), C = i. 

l X^ 1.32:® 1,3.52^ 

38. If w = a: + - —- +-^-H —^— + • • • t«/l ; find tlie sum 

5 fc 32 . 452 , 4.67 


of the series represented by 

aX 


Ans. (i — 


39. Keduce to its simplest form the expression 


3 «‘ 


d X {x- + aff)i 
(x®+ «)i (^* + dx {x^ + a)% 


Ans, 


(x® + a)i(x® + 2a)k' 


Tr • ■ / . \ * 1 , 1 + y) 

40. If sm y = « sin (a + y), prove that — =-:- 

dx 


sm a 
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41 . If *(I4 y)» + yCr -i «)l = o,find^. 

dx 


In this case 


(i + y) = y' (i + *) ; 
X- -y2 = yx{y — x). 


or 


X + y + xy = 0; y = — 


X 


. ... ^ =_L 

I + x’ ' ‘ dx (I + xY' 


1 / -* ‘fy I lx + a 

42. y = log (a: + V ^ - «*) + scc'» 7- = - a/-• 

<? dx X — a 


43. If X and y are given as functions of i by the oq^uations 

X =/{/)■. y=-^(t); 


dy 

find the value of — in terms of 

dx 


du _ F' {t) 


44- 


y = 


-2 


I H ir- 


1 + T* 


Hence y =r= 




1 + &c.y infinitum* 

dy 


I +5^ 


-y x^ + i 


^5. a? = ««• 


Ilence ^ • 


I + log X 


dy log 4/ 


^ (X + lugjr)* 
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CHAPTER II. 


SUCCKSSIVJi Diri'EKKNTTATION. 


33. Successive Berived Functions. —In the preceding' 
chapter wo have eoiisidorod the process of finding tlie derived 
functions of diiforeiit forms of functions of a single variable. 

If the primitive funotion be represented by/’(.•?;), then, as 
already stated, its first derived function is denoted hy f'{x). 
If this now function, /'(jj), be treated in the same manner, 
its derived function is called the second derived of the original 
funotion/(.r), and is denoted lay 

In like manner the derived function of f"{x) is the third 
derived of f{x), and represented by /'"{(c), &o. 

In accordance with this notation, the successive derived 
functions of f{x) are represented by 

/'(.r), f'ix), /'"(S’), . . . ./W(aj), 

each of which is the derived function of the preceding. 

34. feiuccessive Bifrcrciitial Cocliicients. 

If y = f{x) wo have 


Hence, differentiating both sides with regard to we get 


Let 


then 


i (^) V 'B’ 


In like manner -f- ( is represented by and so on ; 


, dx xday^ 


dx^ 
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lienee ^ &o. . . . ^ =/(«) («). 

The expressions 

dy d^y d^y d''y 

dx^ rfic®’ d'j^^ ’ " ’ dod^ 



are called the first, second, third, . . . differential coef¬ 
ficients of y regarded as a function of x. 

These functions are sometimes represented by 








7/W, 


!v notation which will often bo found convenient in abbre¬ 
viating the labour of forming tho successive differential 
coefficients of a given expression. From the mode of 
arriving at them, tho successive differential coefficients of a 
function are evidently the same as its successive derived 
functions considered in tho preceding Article. 

35. Macccssive liilKerentlals.— The preceding result 
admits of being considered also in connexion with differen¬ 
tials ; for, since x is the independent variable, its increment, 
dx, may be always taken of the same infinitely small value. 
Hence, in the equation dy = dx (Art. 7), we may 
regard dx as constant, and wo shall have, on proceeding 
to thoi next differentiation, 

d {dy) = dxd[f' (a:)] = {(lxYf"{x), 
since d [/' (a;)] = f" (x) dx. 

Again, representing d (dy) by d*y, 
we have d~y = /"{x) {dxfi ; 


if we differentiate again, we get 

-r'{x){dx ^); 


and in general 


d^y=ff”){x){dx)^. 


From this point of view we see the reason why /(**) (r) is 
called the differential coefficient of fix). 

1)2 
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In the preceding results it may be observed that if dx 
be regarded as an infinitely amall quantity^ or an infinitesimal 
of the first order, being infinitely small in comparison 

with dx, may be called an infinitely small quantity or an 
infinitesimal of the second order; as also «/*//> if f" {x) be 
finite. In general, d'fi, being of the same order as is 

called an infinitesimal of the order. 

36. Xnflultcsiimals. —Wo may premise that the expres¬ 
sions groat and small, as well as infinitely and infinitely 
small, are to be understood as relative terms. Thus, a magni¬ 
tude whicli is regarded as being infinitely great in comparison 
with 0. finite, magnitude is said to bo infinitely great. Similarly, 
a magnitude which is infinitely small in comparison with a 
finite magnitude is said to be infinitely small. If any finite 
magnitude bo conceived to be divided into an infinitely great 
number of equal parts, each part will bo infinitely small with 
regard to the finite magnitude; and may be called an infini¬ 
tesimal of the first order. Again, if one of these infinitesimals 
be conceived to bo divided into an infinite number of equal 
parts, each of those parts is infinitely small in comparison 
with the former infinitesimal, and may be regai*ded as an 
infinitesimal of the second order, and so on. 

Since, in general, the number by which any measurable 
quantity is represented depends upon the unit with which 
the quantity is comjiared, it follows that a finite magnitude 
may be represented by a very grea t, or by a very small num¬ 
ber, according to the unit to wliich it is referred. For ex¬ 
ample, the diameter of the earlh is very great in comparison 
with the length of one foot, but very small in comparison 
with the distance of the earth from the nearest fixed star, and 
it would, accordingly, be represented by a very large, or a 
very small number, according to which of these distances is 
assumed as the imit of comparison. Again, with respect to 
the latter distance taken as the unit, the diameter of the 
earth may be regarded as a very small magnitude of the first 
order, and the length of a foot as one of a higher order of 
smallness in comparison. Similar remarks apply to other 
magnitudes. 

Again, in the comparison of numbers, if tho fraction (one 


milli on)** or wliich is very small in comparison with 
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unity, be regarded as a small quantity of the first order, the 

, being the same fractional part of — that this 


fraction —- 

I o'* “ * lO 

is of I, must bo regarded as a small quantity of the second 
order, and so on. 

I / I f 1 

If now, instead of the series —r, (—- , 

* io« \ 107 ’ 


3 

.6 / » 


we consider the series \ 

n ir n 


I O' 

in which n is 


p. 


supposed to be increased without limit, then each term in the 
series is infinitely small in comparison with the preceding 
one, being derived from it by multiplying by the infinitely 

small quantity lienee, if -- bo regarded as an infinitesimal 

of the first order, regarded as infini¬ 

tesimals of the second, third, . . . orders, 

37. fSeometrical Illustration of Infinitesimals.— 

The following geometrical results will help to illustrate the 
Iheory of infinitesimals, and also 
will bo found of importanee in tlie 
application of tlie Dilforential Cal¬ 
culus to. the theory of curves. 

Suppose two points. A, B, taken 
on the eircumference of a circle; 
join B to E, the other extremity 
of the diameter AE, and produce 
EB to meet the tangent at A 
in J). Then since the triangles 
ABB and EAB are equiangidar, 
we have 

AB BD AB 

AD ~ AE* AD AE' 

Now suppose the point B to .approach the point A and to 
become indefinitely near to it, tlien BE becomes ultimately. 

AB 

equal to AE, and, therefore, at the same time, = i. 
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Again 


BD 
’ AD 


becomes infinitely small along with 


AB 

AE' 


i. e. BD becomes infinitely small in comparison with AD or 
AB. Hence BD is an infinitesimal of the second order when 
AB is taken as one of the first order. 

* Moreover, since DE - AE < BD, it follows that, when one 
side of a right-angled Uiangle is regarded as an inflnitelg small 
quantity of the first order, the difference between the hypothenuse 
and the remaining side is an infinitely small quantity of the 
second order. 

Next, draw BN perpendicular to AD, and BF a tan¬ 
gent at B', then, since AB > AN, we get AD — AB 
<AD- AN<DN; 


AD- AB ^ DN ^ AD 
BD ^ BD ^ DE’ 


Consequently,-— becomes infinitely small along with 

AD ; AD — AB is an infinitesimal of the third order. 
Moreover, as BF = FD, we have AD ^ AF + BF', .-. AF 
+ BF — AB is an infinitely small quantity of the tliird order ; 
but AF + FB is > arc AB, hence wo infer that the difference 
between i^e length of the arc AB and its chord is an infinitely 
small quantity of the third order, when the arc is an infinitely 
small quantity of the first. In like manner it can bol seen 
that BD - BN is an infinitesimal of the fourth order, and 
so on. 

Again, if AB represent an elementary portion of any 
continuous* curve, to which AF and BF are tangents, since 
the length of the arc AB is less than the sum of the tangents 
yli^and BF, we may extend the result just arrived at to all 
such ctu’ves. 


* In thia extension of the foregoing proof it is asaumed that tho ultimate 
ratio of the tangents drawn to a continuous curve at two indfifinitoly near 
points is, in general, a ratio of equality. This is easily shown in the case of 
an ellipse, sin.ee the ratio oi the tangents is the same as that of tho parallel 
diameters* Again, it con be seen without difficulty that an indefinite number 
of ellipses can bo draw'll touching a curve at two points arhilrarily assumed on 
\he curve ; if now wo suppose the points to approach one another indefinitely 
along the curve, the property in question follows immediately for any con¬ 
tinuous curve. 
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Hence, the difference between the length of an infinitely 
small portion of any continuous curve and its chord is an infi¬ 
nitely small quantity of the third ordery i.o.the difference between 
them is ultimately an infinitely small qujxntity of the second 
order in comparison with the length of tho chord. 

The same results might have been established* from tho 
expansions for sin a and eos a, when a is considered as infi¬ 
nitely small. 

If in the general case of any continuous curve we take 
two points A, By on tho curve, join them, and draw BE 
perpendicular to AB, meeting in E the normal drawn to 
the curve at the point yl ; then all the results established 
above for the circle still liold. When the point B is taken 
infinitel}’- near to A, tho lino AE becomes tho diameter of 
the circle of ciirmfure belonging to tho point A ; for, it is 
evident that tho circle which passes througli A and B, and 
has the same tangent at A as tho given curve, has a contact 
vfthc second order with it. ISec “Salmon’s Conic Sections,” 
Art. 239. 


Examples. 


I- In a triangle, if the vertical angle ho very small in cornparisoH with either 
of the base angles, prove that the diJVcn'nco betwoon the sides is very small in 
comparison with citlier of them; and hence, that these sides may be regarded as 
ultimately equal, 

2. In a triangle, if the external angle at the vortex bo very small, show that 
tho difference between tho sum of the sides and the base is a very small quantity 
of the second ordor- 

3. If the base of a triangle be an infiniicsimal of tho Qrst order, as also its 
base angles, show that the difference between the sum of its sides and its base 
is an iniinitcsimal of the third order. 

This furnishes an additional proof that tho difference between the length of 
an arc of a continuous curve and that of its chord is ultiumtely an infinitely 
small quantity of the third order. 

4. If a right line be displaced, through an infinitely small angle, prove that 
the projections on it of tho displacements of its extremities arc equal. 

5. If the side of a regular p'dygon inscribed in a circle bo a very small 
magnitude of tho first order in comparison with the radius of the clrelc, sho 
that the difference between the circumference of the drclo and tbo perimeter of 
the polygon is a very small magnitude of the second ordia'. 
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* 


38. Fundamental Principle of tlie Infinitesimal 
Calculus. —^Wo shall now proceed to enunciate the funda¬ 
mental principle of the Infinitesimal Calculus as conceived by 
Leibnitz :* it may he stated as follows:— 

If the difference between two quantities he infinitely 
small in doraparison with either of them, then the ratio of 
the quantities becomes unity in the limit, and either of them 
can be in general replaced by the otlier in any expression. 
For let a, / 3 , represent the quantities, and suppose 


a = /3 + or 




Now the ratio becomes evanescent whenever i is infinitely 

small in comjoarison with / 3 . This may take place in tliree 
different ways : (i) when /3 is finite, and i infinitely small: 
(2) when i is finite, and f 3 infinitely great; (3) when /3 is 
infinitely small, and i also infinitely small of a liigher order : 

9 

thus, if i = AH*, then = Ajd, which becomes evanescent 

P 



with / 3 . 


* Tins prmciplo is stated for finite ma^ilndcs by Leibnitz, as follows:— 
“ Caetcvuin scqualLa esse puto, non tantum quorum differentia est onininc- nulla, 
sed et quorum dili’orentia est incomparabiliter parva.” . , - “ Scilicet eas 

tantum homogeneas quantitates comparabiles esse, cum Euc. Lib. 5, defin. 5, 
censeo, quarum ima niimcro sed fiiiito mnlliplieuta, allcram superare potest; et 
quae tali iiuanlilato non dillcrunt, acqualia esse statuo, quod ctiam Archimedes 
siimsit, aliiqiie post ipsum omnes,*' Leilinitii Opera, Tom. 3, p, 328. 

The foregoing can be identified with the fundamental principle of Nowton, 
as laid down in his I'rime and Ultimate Ratios, J^cnima I.: “ (inantitates, nt 
et quantitalum nitiones, quie ad requalitatcm tempore quovis finite constanter 
tendimt, et ante finem temporis illiua proprius ad invicem accedunt quam pro 
d:itd quavis diffcrentui, hunt ultimo acqualcs.” 

All applications of the infinitesimal method depend ultimately cither on the 
limiting ratios of infinitely small quantities, or on the limiting value of the 
sum of an infinitely great number of infinitely small quantities; and it may 
be observed that the difference between the method of infinitesimals and that of 
limits (when exclusively adopted) is, that in the Litter method it is usual to 
retain evanescent quantities of higher orders until the end of the calculation, 
o^d then to neglect tliein, on proceeding to the limit; while in the infinitesimal 
method such quantities are neglected from the commencement, from the know¬ 
ledge that they cannot affect the^na^ remits as they accossarily disappear in the 
limit. 
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Accordingly, in any of the preceding cases, the fraction 

^ becomes unity in the limit, and we can, in general, substi- 

tute a instead of /3 in any function containing them. Thus, 
an infinitely small quantity is neglected in comparison with 
a finite one, as their rntio is evanescent; and similarlj’’ an 
infinitesimal of any order may be neglected in comparison 
with one of a lower order. 

Again, two infinitesimals a, / 3 , are said to bo of the same 
order if the fraction — tends to a finite limit. If tends 

a a 

to a finite limit, (3 is called an infinitesimal of the order 
in comparison with a. 

As an example of this method, let it be proposed to 
delermino the direction of the tangent at a point (x, y) on a 
curve whose equation is given in rectangular co-ordinates. 

Let x + «, y + / 3 , bo tho co-ordinates of a near point on 
the curve, and, by Art. 10, the direction of tho tangent 

dejiends on the limiting valuo of —. To find this, we substi- 

a 

tute x +a for X, and y + (3 for y in tho equation, an^^noglect- 

ing all powers of a and /3 beyond the first, we solve for -, 

a 

and thus obtain the required solution. 

Fcfr example, let the equation of the curve be iP® h- y® = zaxy: 
then, substituting as above, wo get 

r® + ^'jTa + y'' + 3 y '{3 = 3 axy + ^ax (3 + saya : 
hence, on subtracting the given equation, we got the 

IMt of P- = 

a ax — y~ 

39. Subsidiary Principle. —If ni + 03 + a., + . . . + On 

represent tho sum of a number of infinitely small quantities, 
which approaches to a finite limit when n is increased indefi¬ 
nitely, and if / 3 i, /Ss, • • • / 3 n be another system of infinitely 
■^mali quantities, such that 


, 4. 

— 1 + Cl, - — I + € 2 , 


• • 


«n 


= I + t 


n» 
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whero e., . . . £„, are infinitely small quantities, then the 
limit of the sum of j 3 i, jSa, . . . ( 3 n is ultimately the same as 
that of 

For, from the preceding equations we have 

/3i -1 . -1- /3tt = ai + tti a„ + Oiti ¥ + . . . + a„E„. 

Now, if ?} ho tho gfreatost of tho infinitely small quan¬ 
tities, fj, ca, . . . En, we have 

j 3 i + /Sa -I- . . . + - (oi + da + a„) <1/(01 + 02. . . + a„) ; 

hut tho factor oi -1- oa + . . . + an has a finite limit, by hypo¬ 
thesis, and as »/ is infinitely small, it follows that the limit of 
/ 3 i + /ISa + • . . + jSii is tho same as that of oi + oa + - - • + ««• 
Tliis result can also bo cstablislied otlierwiso as follows:— 


The ratio 


(5i + Pi + . . . + pH 
Oi + Oa -I- . . . + On ’ 


by an elementary algebraic principle, lies between the greatest 
and the least values of tho fractions 


i3i pi Pn 


9 9 

Qi a- 




it accordingly has iiuity for its limit under the supposed con¬ 
ditions : and hence the limiting value of /3i H- + . - - + (in is 
the same as that of cti 4 " ci'j + . . . 

40. Approximatious. —Tho principles of the Infini¬ 
tesimal Calculus above established lead to rigid and aocurate 
results in the limit, anrl may be regarded as tho fundamental 
principles of the Calculus, the former of tho Fitferontial, and 
tho latter of the Integral. These principles are also of great 
importance in practical calculations, in which approximate 
results only are required. Foi instance, in calculating a 

result to seven decimal places, if be regarded as a small 


I O' 


quantity a, then a®, a% &o., may in general be neglected. 
Thus, for example, to find sin 30' and cos 30' to seven de- 


•jr 


oimal places. The circular measTire of 30' is or .008 7266; 
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denoting this by a, and eniplo3dng the formnlre, 


. or 

Bin a = a ——i COS a — i -, 

O 2 


it is easily seen that to seven decimal places we have 



.0000381, 


— = .0000001, 
o 


Hence sin 30' == .0087265 ; cos 30' = 9999619. 

In this manner the sine and the cosine of any small angle 
can he readily calculated. 

Again, to find the error in the calculated value of the 
sine of an angle arising from a small error in the observed 
value of the angle. Denoting the angle by «, and the small 
error by a, we have 

sin (a + a) - sin a cos a 4 cos a sin a = sin a a cos o, 

neglecting higher powers of a. Hence the error is roi)re- 
sented by a cos a, approximately. 

In like manner wo get to the same degree of approxima¬ 
tion 


tan (a + a) - tan a = 


a 


cos~a 


Again, to the same degree of approximation wo have 
" a + a a ba - afi 

where a, j3 are supposed very small in comparison with a and h. 

As another example, the method leads to an easy mode of 
approximating to the roots of nearly square numbers ; thus 

\/a* + a = « -h — ; or + d' = a + — = a, whenever a® may 

2a 2a 

be neglected. 

Likewise, 


+ a = a + &c. 

If 6 = a + Of whore a is very small in comparison with a, 

I 

we have v/a6 = V^«* + «a= a + — = . 


9 
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Again, in a piano Iriangle, we have the forniiila 

c® = + 6“ - 2ah cos (7 = (rt + hY sin" — + (« - cos® — 

2 ' ' 2 


Now if wo supposo a and b nearly equal, and neglect (a - by 
ip comparison with (a + b)', we have 


c = L 


+ by siir ~ + {a — b)- cos® ^ — {a + h) sin 


This furnishes a simple approximation for fho length of 
the hase of a triangle when its sides are very nearly of equal 
length. 


ExAJiprES. 

1. Find tlio value of {i -f a) (i - 2a-) (r 3a®), ncglecliiif^ a* and higher 

pomrs of a. • A^ts, I -f a — 2a® + 

2. Find the value of sin {ft a) sin neglecting terms of 2nd order 

in a and 0. Ans. sin a sin b \- a cos a sm b P sin a cos h. 

3. If ill = te — e sin w, e being very small, find the value of tan ^tt. 

Aiis. (i + e'} iu 

' ^ > 

u m c , . \ T . 

liore — = — + -- sin u: tan - - Ian { - 4- a ), ^\llcre a = - sin u : &c, 

222 2 x 2 /’ Z 

4. In aright-angled sjdioilctil triangle have the relation cos c = cos a cos A: 
determine the corresponding fonniila in plane trigonomeliy. 

a - . 

The circular measure of u is R being the radius of tJic sphere; hence, 

2 t 

substituting I - — - for cos a, &c., and afterwards mahing 72 = cc, we get 
— rt® + Ir, 

5. If a parallelogram be slightly distorted, find the relation connecting the 
changes of its diagonals, 

Ans, dl^d 4- o, where c/, denote the diagonals, and Ad, the 

changes in tlioir lengths. In the case of a rectangle the increments are eciual, 
and of opposite signs, 

6. Find the limiting value of 

^a"» H 4- + &c. 

aa" 4- 4- 4- &C- 

when a becomes evanescent. 

/fa*" A 

In this case the true value is that of-— — 

• aa" « 

Hence the required value is zero, or infinity, according as m>, =, or < n. 

£9 
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7, Find the value of 


X - -I- 

6 120 

a:=® 0^^ 

1 -+ — 

2 24 


neglecting powers of x beyond the 4th. 


Ans. I + -• +-. 

3 li 


X 


S. Find the limiting values of - when y = o, 2: and y being connected by 

the liquation = 22!y — a;®. 

Here, dividing by y® wo got 

X 


— ^ 2 - = - y. 


X 

I f \Mi solve for ^ wc have 

y 


^ ^ I ^(r - 7/)S. 

y 

X X 

Jlencc, in the limit, when y — o, wc have — 2, or = o. 

1/ U 


9, Tnfig. 3, Art. 37, if-i4^ bo regarded as a side ofa regular inscribed polygon 
of a ,■ \ gieat number of sides, show that, neglecting small quantities of the 
4th i( r, the difference between the perimeter of tlio inscribed polygon and 
that of the circumscribed polygon of tlio same numbur of sides is represented 

by - BB. 

2 

Let« be the numl-er of sides, then the difference in question is « {AJ} - AB)\ 


but j 


ttAE 
arc Jili * 


n{AD-An)== 


wAYJiAD- AB) 


= irAE -.TriBE- AE) - - MB. q. p. 

AIj 2 

This result shows how rapidly the peiimetoi'S of the circumscribed and in- 
Lcribod polygons approximate to equality, as tho number of sides becomes very 
great. 

10, Assuming the earth to be a sphere of 40,000,000 metres circumference, 
show that the diiiercncc between its circumference and the perimeter of a regular 
inscribed polygon of 1,000,000 sides is less than iVth of a millimi^tre. 

n. If one side ^ of a spherical triangle be small, find an expression for the 
difference between the other sides, as far as terms of the second order in h. 

Hero cos c = cos a cos h + sin a sin h cos C, 

Let z denote the difference in question; i. e. c = a — 3; 

then cos a cos z + sin a sin z = cos a cos h + sin a sin h cos C\ 

sin z — sin b cos C = cot a (cos b — cosjs). 
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Since B and h are both Bmall, we get, to terms of the second order. 


t — h cos C'= (z® — 3*), 


The first approximation gives b cos U. If this bo substituted for a in the 
right-hand side, we get, for the second approximation, 


z — & cos O' — 


3® sin® (7 cot a 


We now proceed to find the successive derived functions 
in some elementary examples. 

41. nerived F'uiictions of af^. 


Ijet 


— /yM 


y = x 


then 


du , d'^u , 

-- = ~ a= m Un - i) a:’”"®, 

dx dx^ ^ * 


d'^y 


and in general, —- = m (m - i) (?n - 2) . . . (m - w + i) x 

(iiV 

If he a positive integer, wo have 

d’” (r™) 

— , —- = 1 ■ 2 ... m. 

dx^^ 


,m-w 


and all the higher derived functions vanish. 

If in ho a fractional, or a negative index, then none of the 
successive derived fimctions can vanish. 


ExAAii>r,Es. 

I. If M = ax" + 6 x"~^ + cz"~‘ + &ii., prove that 

d-H 

— ^ M (n - i) a*"-* + (n - I)(» - 2) Aj?* ® + &ck 


also 


d"n d"*^u 

' j “• and *■ z" “ 1 ss o« 


pinve thut 


Lmd 


dy _ ^ rf®// ^ n{n i)a 

'dx dx^ ^ 

/ \fii ” a 

dx^ ' *' xn*-m 
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*% 

J' 


y-^2a*/ as; 


prove tliat 


dx 


a 


v/i’ 


d^y 

dxi 


a 




2 r 3 * d.r^ 


1 

4 xl 


^ (_ i)n 3 - 5-7 


42. If y = as® log X, to find 

tl»C 


Here 


2 1 ^ 
= 3^^ Jog x + u^; 


also 


di/ 


dx 


j = 6jr log X -( 3./S + 2x = 6 x log x 1 5.r, 


= 6 log .r + 6 + 5, 




as 


It might have been observed that in this case all the 
terms in the successive differentials which do not contain 
log X will disappear from the final result—thus, by the last 


Article, 


{x^) 


dx^ 


= o, accordingly, that term may bo nogloctod ; 


and siVniiar reasoning applies to the other terms. The work 
can therefore be simi)lificd by neglecting such terms as we 
proceed. 

The student will find no difficulty in applying the same 
mode of reasoning to the determination of the value of 


-r=-, where y = log x. 


For, as in the last, we may neglect as wo proceed all terms 
which do not contain log a; as a factor, and thus we get in 
this case. 


d'^y 




I 



X 


X 
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43. Derived Functions of sin tnx. 


Lot 


then 


y = sm niXy 


dx 


= m cos mxy 


(Py 

dP 


- sin mx. 


Sind, in general, = (- i)“w-” siji inx, j 


ffin+lf. 

-r-y.'r = (- COS 7nx. 



(0 


It is easily seen that these may he combined in the single 
equation (Art. 22), 


d'^ (sin mr) „ . / -tr 


d.r'- 


= }if sin I mx + r — 1 • 

9 - 


(2) 


1 n like manner wo have 

d^ cos mx 


d.d 


^ wi’" cos I mx + / 




44. Derived Fnnction$i of e®*. 


T^Ot // --- C"^y 


th('n 


du 
- • - = 

ra , 
tic 


dhj 

(Ip 




dP 




This result may ho written in the form 


A” 

dx] 


. = 






(3) 


(4) 


where tho Pj^mhol J denotes that tho process of di^erentia 
fion is aj)jj/tcd n tunes in sncccssion to the function 



Derived Functions of cos bx. 

In general, adopting tlie same notation, we have 




+ &C. + 




{£)" ' ^ {£)" 
=^oa“e‘** + + &o. 

= \_A»cC* + + A-ia!*’~^ + &o. A^ e®*. 

This result, if 0 (*) denote the expression 

^ 0 ^” + AiX^~^ + . . . A„f 

may he written in tho form 



e®* = 0 (a) e“ ; 



in which ^ (a) is supposed to contain only positive integral 
powers of a. 


45., Xo find the Derived Function of cos bx ,— 

Let y represent the proposed expression, 

J 

then cos hx — sin hx 

ax 

= e®* {a cos hx — h sin hx) ; 

if tan ^ = -, we have b-^a^ + b^ sin and n jy->r 1 / cos <p. 

(i> 

Hence we get 

^ = (a® + 6*)4 e"* cos {bx + ^). 


K 
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Again, 


^ + V^i c"* [a cos {hx + 0 ) - ft sin {bx + 0 )] 

=- {a- -I //-) (f' cos {bx + 2(pi). 

• • 

By ropoating tliis ])rocess it is easily seen that we have in 
general, when n is any positive integer, 


rf”// 


(tx 


^ = (a® + i®)® e®*' cos {bx + n<p). 


( 6 ) 


46 . To find the Derived Funetions of tan"' 
and tan“* x. 


Bet V = tan”’ (or a? = cot 1/: 

\xj 


then 


<tx 


— I 

I + aj’ 


= - sin® y. 


<ix‘ dx \d.c 


^/*o\ ^ \ 

(sin’s,) 

(i 

= sin® y ~ (sin® 1 /) = sin® y sin ' 2 y. 


Again. - 


d , . , . . dyd. . 

~ (sin® y Bin 2y) = ^ ^ (sm® y am 2 y) 


= - sin® y — (sin® y sin 2y) 


1.2. sin®y sin 3 //. 


5, 28.) 


Hence, also 


d\t/ 




dx^ 


- = 1 . 2 . 3 . 8 in‘y sin 4 y; 


and in general, 


djf 


= (- i)** |« - I 8in"y sin ny. 



Theorem of Leibnitz. 


5* 


Again, since 


tan“* x~- - tan”' 

2 X 


, d” {tan''^x) , , 

we have -—- = (- i1 » - i sin” y sin uy, 

where y = cotr' a;, as before. 

This result can also be ■written in the form 

7« n 1 \ sin (n tan”' - 

</”(tan’a:) , V Xi 

- (i + a^)i 


(7) 


dj?” 


( 8 ) 


47. If y = sin (m sin”'a?), to prove that 


Here 


dy m cos (m sin”' a;) 
dx 


(9) 


\/1 - 


X* 


(1 - x^) 



w® cos® (m sin”’ x) =* w* (i — y®). 


Hence, differentiating a second time, and dividing by 2 

dx 

we get the required result, 

4 8. Theorem of lielhnltz. —To find the w** differen¬ 
tial coefficient of the product of two functions of x. Ijet 
y = f/«5; then, adopting the notation of Art. 34, we write 

/, «, r-, for and 

and similarly, y", u'\ ®", &o., for the second and higher 
derived functions—thus, 

^ da?”’ dr”’ 
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Now, if we differentiate the equation y = m®, we have 

y' = u,v' + vu'y by Art. 13. 

The next differentiation gives 

' y" = + wV + + vvi* = urf* + 2vlv + vv(\ 


The third differentiation gives 

y"' = XIV " + mV' + zxiv" + 2u"v' + 
= uv" h ^u'v" -1 3?/'/ + vu"\ 


in which the coefficients are the same as those in the expan¬ 
sion of {a + lif. 

Suppose that the same law holds for the differe dial 
coefficient, and that 

«(") = -tji'v + &c., 

1.2 


then, differentiating again, we get 


+ ; 


+ 


y{n*i] _ -I- + n 

^ + & 0 . . . . + 


«»(««) + (a + i) 4 4 &o. . . 


I . 2 


in which it can be easily seen that the coefficients follow the 
law of the Binomial Expansion. 

Accordingly, if this law hold for any integer value of xi, 
it holds for the next higher integer ; but we have shown that 
it holds when a = 3 ; therefore it holds for n = 4, &c. 

Hence it holds for all positive integer values of n. 

In the ordinary notation the preceding result becomes 

rf" (m) if^v du V w ( 7 * - I) aTm . 

—5 —i = u - ^ n -1- -r- 4 < 5 to. 

daf* dx*^ dx aV*"* 1.2 dx'^ 


+ V 


dx'*' 
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49. To prove that 


dx) 


(e“* n) ^ [a 


dy 

d^] 


(11) 


where « is a positive integer. 

Let f> = e®* in the preceding theorem ; then, since 


dv d'^v 


= a®c“* 


d^V 


= a"e®*, 


we have 


— I == ( «“« + ^- - a”~* -—+ &c. 

f/jy \ dx 1 . 2 djT 

wliich may be written in the form 

(\ ( r. „ 1 ^ nin- i) „ ,/p { 

\jitx j \ dx 1*2 vrtct' j \dx} 


dPu 

~dx^}* 


)■).. 


iff (^«) = ^ (« + 4 )"»; 


( rf \» . 

a + — j is supposed to he 
developed by I lie Binomial Theorem, and ^ 


- -i-x--./-- dx* dx^* ’ dxf 

substituted for resulting ex¬ 

pansion. 

50. In general, if ^(a) represent any expression in¬ 
volving only jiositive integral powers of «, we shall have 


^ U j 


c®®0 (^a 


dx 


(12) 


For, let when expanded, be of the form 


^ fdy . f dy-^ 

-4o{-;j-) +-4i I — ) +. • . 

\ax J \d^ J 


+ A, 
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then the preceding formula holds for each of the component 
terms, and accordingly it holds for the sum of all the terms; 
&c. 

The result admits also of being written in the form 



This symbolic equation is of importance in the solution 
of differential eqtiations with constant coefficients. See 
“ Boole’s Differential Equations,” chap. xvi. 

51. Ky = sin~^ to prove tliat 




- ( 2 » + X) X 






Hero % - 

V^I - 

hence, by differentiation, 



(I- 




X 


dy 


dx 
(i - X‘)^ 


or 






Again, by Leibnitz’s Theorem, we have 

dry 




— 2UX ■ ; n [fi ^ ij 






dxi^' 


Also 




^*^y 

dx^*^ 


+ n 


did*’ 


On subtracting the latter expression from the former, we 
obtain the reqiiired result by (14). 

If aj = o in formula (13), it becomes 

„o 

rfr"*= j. Vrfr"/i ’ 
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where () represents the value of when x becomes 
cypher. 

Also, since j = i, we get, when n is an odd integer, 

\ciX Jo 


c 




/^2y\ 

Again we have = o J consequently, when n i 

integer, we have = o. 


IS an even 


til 


52. If y = (1 +2®)* sin (wtan"'jc), to prove that 

(i + a:-)^ - 2(m ~ ~ = o* (* 5 ) 

Here 

— = ma: (i + »*)*‘* sin (iw tan'^ar) + «i (i + a;’)'-* cos (mtan"' x), 
(U 


or 




(i + a?) Y==mx{i + a!®)^sm(7wtaii’>ir) + m(i+ii;®)''*cosm(tan'^a?) 
(.LX 


m 


= mxy + m{i + a^)® cos (m tan"' x); 


m 


(i + x^)-COB (m tan"'a:) = 


I + dy 


m dx 




The required result is obtained by differentiating the last 
equation, and eliminating cos (i» tan"* x') and sin {m tan~*a;) by 
aid of'the two former. 

Again, applying Leibnitz’s Theorem as in the last Article, 
we get, in general— 


(ic*« 



5 ^ Successive Differentiation. 

Hence, when aj = o, we have 



+ (« - m) (n - tn + 



Moreover, as when « = o, we have y = o, and 

dx 

follows from the preceding that 


m ; it 




i)” m{m- i) 


(m - 2n). (i6) 


For a complete discussion of this, and other analogous 
expressions, the student is referred to Bertrand, “ Trait 4 de 
Calcul Dilforontiel,” p. 144, &o. 
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Examples. 


I. y = re* log *, 


1. y = x Jog ar, 


3- y = 


4. y = log (sin »), 


5. y = tan*i — 


prove that 


99 


dx^ ~ ^ 






19 




^ = «» (i 4 “ log xY + a;*'*, 


2 C 09 a: 

** flfa;® sin^ x * 


I H- a 


- + tan“^ ■ 


M 


6. y = a:« log (a^). 


f f 


, /l+ar-v/a + a;* a-v/ 2 

• ’'■‘'’Nr-Tv'TTS"'”" 7 ^’ •• 


rfir® (i + a?* 

£?a:® a?* 

d'^y 


2 . a;* 


S. y =5 e*'* sin jc, 


99 


sin (a* + 97^) 
dx^ sia«^ 

where tan d> = -, 

r 


9. If y = «"*»■, 


prove that 


d^y 

dx^ 


and 


r « . w(« - i)r (r - i) ^ ^ "I 

= I a^ 3 i^ + + -i- - —i- - a^*r 2 ^r-2 + . , . I 

(i) V*')- 


10. If y = a cos (log x) + b sin (li>g x). 


prove that 


- - V dy 

2:* — + X + y = o. 
rfx* dx 


II, If y = •**^-^*, 




prove that 
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12 Prove that the equation 


z 


thf 

x-^^a-y = o 
ax 


is satished by cither of the following valtu's of y: 


y = C03 (a siu"^ a;), or y = 


— /la *1 B£ik~]« 


13. Being given that y = (a; + a/ a?- — i)"*, 


prove that 

14. If y = ein (sin x)^ 


, ^ . d'^y dy 


prove that 


d^y dy . 

+ — tana: + y cos^a: = o. 


15- In Fig. 3, Art. 37, if -AH be regarded as a side of a regular polygon of an 
indefinitely great number of sides, show that the difference between the circum¬ 


ference of tbo circle and tho perimeter of the polygon is represented by ^ Z?7), 
to the second order of infinitesimals. 


/ 

16. li y = A cos »a: + sin war, prove that + 


y = o. 


Tj, I ^ y V P*. sin«*^ d) 3 in (« 4- 1 ) 0 

17. If y = prove that = (-1)»* L_ ^ \ ^ jy 


where 0 = taT\’^ -. 

X 


This follows at once from Art. 46, since — 

ax 

proved otherwise, as follows: 


(tan-i-) 

\ xj + x^ 


It can also be 


1 ^ I r I _ r 

a® -h x^ ta (— i)i La; — a (— i)* a? + a (-' i)* 

ji»y I ( ® I 

dx^^ ~~ 2a (— i)i \dx) " a? — a (— i)i 2a (— i)i \dz) a? + «(— 0 * 



^ (-1)» I ■ 2 ■ ■ * w r_ 

2rf(— 1)1 (a: - a (—I 


)*) 


n*l 



I 

+ a (- 
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Again, since - = tan <f>, we h&vc a = ■v/ + x‘ sin ami * = a? + ** cos ift: 

^*-1 

hence (a? + «(— = (a* -f sr®) (cos^ + ( - sin^)”* 

n-«-l 

’a® + a:®) {cos(w l) (^ + (- r)4 sin (n + l)<p\ 
n . sin (/» h i) ^ ^ 


( 


and wo get, finally, 


dx?^ 


= (- 0 " 


i8. In like manner, if y = -- 


prove that = 

19. If M = ay, 
prove that 

ao. If M =. (sin"* a)®, 


n . sin“+* (f> . cos (» + i) ^ 

(_ |)« - - - . 

' ' 711+1 


<1' 


d'^u d**f/ ^^**"*y 

— gg I ^ 


prove that 


/w 2 \^'^ 


21. Prove, from the preceding, that 


(l — a*') -— — (2« -J i) a? --— «= o * 


and 


= „. (l"“). 

\dx»+^/ Q \dx»/ii 


22. If y 5= tf®* sin ia?, prove that — 2<« 4 


(a® 


+ y = o- 


23. Given y 


^2^772 > 


find 


<f"v 


Here 


Henc 


ax + d ^ac + b 1 ae ^ h I 
a- — c® 2f a - c 2<5 a; H- c' 

<f**y _ / rfW 4 - i ac ^ b \ 

rfa” 2 c \{a — c)’*+* (a? + 
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CHAPTEll III. 


DEVEl.OPMENT OF FTINCTIONS. 


53. I4cmma.—If n bo a functitm of x -1- y which is finite 
and continuous for all values of a; + y, })ctween the limits 
a and tlieu for all such values we shall have 

dn da 
dx dy 

For, let u = f {x y')^ then if x become x ■¥ h, 

- limit 

dx h 

when h is infinitely small. 

Similarly, if y become y + //, wo have 

- limit of S' + 

dy h 

which is the same expression as before. 


Hence 


du du 
dx dy 


Otherwise thus :—Let z = x + y, then u = y(s), 


dz 

dx 

du 

dx 


It 


I, and — 

dy 


i; 


dll dz 
dz dx 


=/'(*); 


du _ du dz _ X _ du 

dir '^'dy ^ ^ 



Taylor's Expansion. 
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54. If a continuous function f{x + y) be supposed ex¬ 
panded in a series of powers of y, the expansion can contain 
no negative powers; for, suppose it contains a term of the 
form where M is independent of this terju would 

become infinite, for all values of x, when y = o\ but the given 
function in that case reduces tof(x); and since./'(.<;) cannot 
be infinite for all values of x, it follows tliat the expansion 
of f{^-^ y) can contain only positive powers of y. 

Again, if fix) and its successive derived functions be 
continuous, the expansion of fix + y) can contain no Jracliona! 

p 

power of y. For, if it contain a term of the form Py"*9, 


whoreis a proper fraction, then its (w + 1)'* derived func¬ 
tion with respect to y would contain y with a negative index, 
and, accordingly, it would become infinite when y-o \ but this 
is impossible for the same reason as in the former case ; hence, 
with the conditions expressed above, the expansion of fix-><- y) 
can contain only positive integral powers of y. 

55. Xaylor’8 Expansion of ffx + y).* —Assuming that 
tlie function ./‘(a; + y) is capable of being expanded in powers of 
y, then by the preceding this equation must be of the form 

f{x + y) = Po + Pi?/ + P# + &e. H- Png'* + &c.. 


in which Po, Pi, . . . P» are supposed to bo finite and con 
tiiiucsis fimctions of x. 

When y - o, this expansion reduces toy (a;) = P„. 

Again, let %i = fix + y)\ then by dilferentiation wo have 


du 

dx 




dll 

dy 


= Pi + 2P^y + zP-iff + &o. 


• Tho investigation in tliia Article is introduced for the purpose of showing 
the beginner, in a simple manner, how Taylor’s series ran bo arrived at. Jt is 
based on tho assumption that tho function J'{ 3 e 4 * y) is (;apablo of being expanded 
in a scries of powers of y, and that it is also a continuous function. It demon¬ 
strates that Ai'honever the function represented by /{x + ;/) is capable of being 
expanded in a convergent series of positive ascending powe^ro of y, the series 
must necessarily coincide with tho form given in (i). An investigation of the 
conditions of convcrgency of the series, and of the applicability of the Theorem 
in general, will Ijo introduced in a subsequent part of the Chapter.^ Tho parti¬ 
cular cose of this Theorem when f {x) is a rational algebraic expression of the 
degree in x is already familiar to the student who has read the Theory of Equation J, 
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Now, in order that these scries shoiild he identical for all 
values of y the coefficients of like powers must be equal. 
Accordingly, we must have 


I 




1 . 2 dx 1.2 dx^ 1.2'^ ^ 


= - 


I dF^ 


d\f{x) 


^ dx 1.2.3 1.2.3 


/"(!»); 


and ill general. 


Pn 


d^f (x) 


j . 2 ... H d.f”' \ . 2 .. .n 


/(«)(2-) 


Accordingly, when fix) and its successive derived func¬ 
tions are finite and continuous we have 


/(u? + y) =f{x) -t ^ fix) + ft— 

A A • 


y 


n 


f'ix) + ... + f-fWifi + ... (i) 


Tliis expansion is callod Taylor’s Theorem, having boon first 
jmblished, in 1715, by Dr. Drook Taylor in his Methodus 
Incrcmcutonim. 

It may also be writ ton in the form 


/(aJ + 2^) =f{^) 


y dj (;*•) 

I dx 


ir_ dyjx ) 

1.2 dx^ 



tr d-fix) 




or, if 


« ■= /(^)» and ff, =f{x + y). 


y du 

Ul = u + - + 

1 dx 


y'^ d'u y" d’^u _ 

--- . 4 ^ —:7-;r+ &0 

1.2 d.v n cu” 



To complete the preceding proof it will be necessary to 
obtain an expression for the limit of the sum of the series 
after n terms, in order to determine whether the series is 
convergent or divergent. We postpone this discussion for 
the present, and shall proceed to illustrate the Theorem by 
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showing that the expansions usually given in elementary 
treatises on Algebra and Trigonometry are particular cases 
of it. 

56. The Binomial Theorem. —Let u = + y)” ; 

hero/(ii?) = therefore, by Art. 41, 

f'{x) = (x) = w (« - l) . . (n — r + 

Hence the expansion becomes 

{x + = stf* + — ^ + . . « 

1 1*2 


« 0^ " i) • - • ' r -f i) 

- J.it ' 


I . 2 ... r 


(4) 


If n be a positive integer this consists of a finite number of 
terms wo sliall subs<Hpiontly examine tlio validity of the 
expansion when applied to the case where n is negative 
or fractional. 

57. The liOgarithmlc Series. —To expand log (a: + y). 
Here /W = log(a>), /'W = i r'W = 

SI/ X 

./<">(*) = (-1)”- 

Accordingly 

log (a; + ;/) = log a; + ^ - --^ + i. i + &o. 

a; 2 a:- 3 a:® 4 a;* 

If a; = I this series becomes 


log (i + y) = - - — + — - . 

123 


. . (_ i)»« -A ., &o, 

n 


When taken to the base a, we get, by Art. 29, 
log« (i + + &q\ . 

\J 2 3 4 ) 


<5) 


(6) 
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58. To expand Bin {x + y). 

Hero f {jr) = sin x, f'{x) = cos a?, 

f'{x) = - sin Xj = - cos ir, &c. 

Hence 

• / ^ ' f ?/* p , 

Bin ix -h y) = sm a* i-+-«,c. ± . 

' \ 1.2 I . 2.3.4 \2n 


V V 

f cos x\~ - - - 

I 1.2.3 


+ 


!/ 




I -2.3.4.5 


. - . ± 


?/ 


2«-l 


2U - I 


\ (7) 


As tlio preceding series is supposed to hold for all values, 
it must hold when a? = o, in which case it becomes 


y ■>/ ?/* 

sm y ---H- 

I 1.2.3 1.2.3.4.5 

TT 


- &o. 


( 8 ) 


Similarly, if a; = , wo get 

2 


COS V/ ^ I - 


V‘ 


y" 


I . 2 


-& 0 . 


1.2.3.4 


(9) 


We thus arrive at the well-known expansions* for the sine 
and cosine of an angle, in terms of its circular measure. 

59, Maclanriirs Tlicurcm.—If we make a; = o, in 
Taylor’s Expansion, it becomes * 

/ ( 4 -) -/(o) + frco)+ f-f\o) +... ^/w(o) +.... (10) 

A S • 2 Ifv 

where y(o) . . ../C")(o) represent the values which f(x) and 
its successive derived functions assume when a: = o. 

Substitute x for y in the preceding series and it becomes 

/ W -/(o) + f /'(o) + /"(O) + . . . + ^ /(") (o) + &0. 


* These expansions are due to Newton, and were obtained by him by the 
method of reversion of scrit's from the expansion of tlie arc in terms of its sine. 
Tliis latter series he deduced from its derived function by a pi-ocess analogous 
to integration {called by Newton the method of quadratures). See Opmcula^ 
tom I., pp. 19, 21. £d. Cast. Compare Art. 64, p. 68. 




Exponential Senes. 


6.^ 


flio 


This result, may be established otherwise thus; adopting 
same limitation as in the case of Taylor’s Theorem :— 


Assume X (x) — xi + Bx + Cx" -t- Bx^ + Ex'- + «£c. 
then f' (x) = + 2 Cx + ^Dx'‘ + 47i,r‘ ^ &c. 

/" (.r) = 2(7 + 3. 2l)x + 4 . ^Ex^ &,G. 
f" ix) = 3.2i> +4.3. zEx + &o. 

Hence, making a; = o in each of those equations, we get 

/ {o}^ A, /'(o) . B, , C, = B, &c. 


1 . 2 


1.2.3 


whence wo obtain the same scries as befoi’e. 

The preco<liug expansion is usually called kfaelaiirin’s* 
'Pheorem ; it wa^s, however, previously given by Hlirliug, and 
is, as is slio-vu alrr.jly, but a particular ease of T 
Wo proceed to illustrate it by a few examples. 

6 d. K:.\i(»i!entiai ^icrlcs.— Ttet 1 /= n^. 


ay lor s scries. 


Hero ./('■) = 

f'{x) - log a, 

/" C^) -= (log a)\ 

(log a)", 

and the expansion is 


hence X{o) i, 

» /'(o) - logrt, 

.» /'"(o) = log ^0*. 

»» (o) = (log rt)" ; 


^ (.r log ^0 (.rlogrO® (xlos a)” 

a* = I + ^-^ + ... 4 4 &G. 


I . 2 ... u 


(lO 


If 6’, tl le base of the Napierian sj'stera of Logarithms, bo 
substituted for r/, the preceding expansion becomes 



_l_ , ^ ^ -f- ——. ' H” • • • 

1.2 I . 2 ... n 



* Maclniuin no clnini to llic theorem ■which is known hv hia namo, for, 
after provuij; it, he a'lil?—“Tliis theorem was ^iven by Dr. ia}lor, Method. 
S( 0 ^i.iclaiuiirB J’^iusions, vol- ii., Art. 7?i. 

F 
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If a! = 1 this gives for c the same value as that adopted in‘ 
Art. 29, viz.: 


III I 

C = 1 4-1--^-+- 

I 1.2 1.2.3 I. 2.3.4 


+ • • • 


61. liixpan.sion of sin x and cos x l>y IHaclanrin’s 
Tbeorem. Let ./(a:) = sin a;, then 

/(o) = o, fip) = 1, f\o) = o, /"'(o) = - I, &o., 


uiid we got 


+ 




. X 

sin X - - 

I 1-2.3 I.2.3.4.5 


“ &o. 


In like manner 


cos X - i 




- + 




1 . 2 


I - 2.3.4 


• • 


the sarao c^spansions as already arrived at in Art. 58, 

SIneo sin .r) — — sin a*, we might have inferred at once 
that the expansion for sin x in terms of x can only consist of 
odd powers of a*. Simihirlj’-, as cos (- a;) = cos a:", the expan¬ 
sion of cos X can only contain oven powers. 

In gcnoi*al, if ^ F{- x), the development of F(x) 

can only consist of crew powers of x. If F{- x) = - F(x)f the 
expansion can contain odd powers of a* only. 

Thus, the expansions of tana?, sin"*a?, tam’a’, «S;o., can con¬ 
tain no even powers of x ; those of cos x, sec x, &c., no odd 
pow'crs. 

62. Huygens’Approximation to Icngtli of Circular 
Arc.* —If A bo the chord of any circular arc, and B that of 

half the arc; then the length of the arc is equal to ——j q.p. 

3 

For, let li bo the radius of the circle, and B the length of 
the arc : and wo have 

B 


it ^ 21V It ^ 


412 ’ 


• Tills important approximation is due to Iluyttcns. The demonstration 
given above is that of Newton, and is introduced by him as an application of 
^ expansion for the sine of an angle. Vid .' ‘ £pis. Prior ad Oldemburgium.” 




B^uygms* Ax>proximation. 


67 


hence, by (8), 
A^L- 




+ 


2.3.4. /i* 2.3.4.5.16.^* 


- &0. 


SB = ^L- 




+ 


2.3.4 . ig* 2.3.4.5.64 . J^* 


&o. 


consequently, neglecting powers of 


L 

B 


beyond the fourth, we 



SB-A f L* \ 
3 jesoiiO 



Hence, for an arc equal in lengtli to the radius the error in 

adopting Huygens’ approximation in loss than 

the whole arc; for an arc of half the length of the radius 
the proportionate error is one-sixteenth less; and so on. 

In practice the approximation* is used in the form 


L== 2B + -{2B- A). 

3 • 

This simple mode of finding approximately the length of 
an are of a oirolo is much employed in practice. It may also 
be applied to find the approximate length of a portion of 
any continuous curve, by dividing it into an oven number of 
suitable intervals, ami regarding the intervals as approxi¬ 
mately circular. See Hankine’s Hules and Tables, Part I., 
Section 4. 


♦ To show the acciirficy of this approximation, let us apply it to find the 
length of an arc of 30'’ in a circle Avhose radius is 200,000 feet. 

Here B = zR sin 7® 30', A = zR sin 15®; 

but, from the Tables, 

sin 7" 30' = .1305268, sin 15® = .2588190. 

TT « 

Hence zB + -=* 52359.71. 


The true value, assuming ir = 3.1415926, is 52359.88 ; whence the error is but 
• 17 of a foot, or about 2 inches. 
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63. Expansion of —Assume, according to Art.' 

61, the expansion of tau“*a;to he 

Ax + Ba^ + + Dx' + &c., 

where Ay B, C, &c., are undetermined coefficients: 


then 

but 


d. tan“'a; 
dx 

d. taTr':c 


= A + 3Bx‘ + 5Cx* + yDx^ + &o.; 

I 


dx 


I + x‘ 


= i — X' + X* ~ .r* + &o.. 


when X lies between the limi(s ± i. 
Comparing coeilicients, wo have 


Hence 


A = iy B = -~y 0 = -, 

3 5 



, , a? 

tan“*a; =-+ — 

I 3 5 





2n + I 




when X is less than unity. 

This expansion can bo also deduced directly from Mac- 
laurin’s Theorem, by aid of tlio results given in Art. 46. 
This is left as an exercise for the student. 

64. Expansion of sin'V.—Assume, as before. 


then 

but 


sin'^a? = Ax + Bx^ + Cx^ + &c.; 


7 —= A + zBx^ + sCr* &c.; 

(i - x'p 


( 


-:r, = (l - =!+-.« 

I - a?-)i ' ' 2 




2.4 



I . 3 ... 2/’ - I 
+-a?**^ + . . . 


2 . 4 


2/* 


Hence, comparing coefficients, we got 


Finally, 


A=iy = = &c. 

23 2.45’ 


. , X I a?’ I . 3 .r* 

8in"’ar = - + + — 


.-h . • • + 


l.3...2r- I 


X 


;2rf| 


3 2.45 


2.4 


zr 


2/-+ I 


+•••(15) 
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Since we have assumed that sin“’a; vanishes along with x we 
must in this expansion regard sin”*a? as being the circular 
measure of the acute angle whose sine is x. 

There is no difficulty in determining the general formula 
for other values of sin“*.r, if requisite. 

A direct proof of the preceding result can he deducetj 
from Maclaurin’s expansion by aid of Art. 51. We leave 
this as an exercise for tlie student. 

From the preceding expansion the value of tt can be 
exhibited in the following series: 


TT l I I 1.3 I 
2 2.38 2.4.5 32 


H- &o. 


For, since sin 30° = we have — = sin“* -- ; .*. &c. 

2 62 

An approximate* value of tt can be arrived at by the aid 
of this formula; at the same time it maybe observed that 
many oilier expansions are better adapted for this purpose. 

65. £uIcr'H liIx|ircssions for iSiiic an«l Cosine. —In 

the exponential series (12), ifa?v^- i bo substituted for x, 
we get 

x^ x^ ,, 

= I-H-H- &0. . . . 

1.2 I . 2 . 3.4 



A'* 


1.2.3 


+ < 5 cc. 



= cos X + 



— I sin X ; by Art. 59. 


Similarly, = cos x — ^/ - i sin £c. 


Hence 




V-1 


+ 6 




= 2 COS T, 


ga-V-i _ g-x.'-i = 2^ _ 


(16) 


I Sill X. 


A more complete development of those formulas will be 
found in treatises on Algebra and Trigonometry. 


• The expansion fox and also this method of approximating to tt, were 

given by Newton. 
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66. tFobn Demounts Scries.—If, in Taylor’s Ex¬ 
pansion (i) wo uialio y = - and transfer f{x) to the other 
side of tho equation, we get 


x' 


/■ W =/(o) + -t/'W - r-; /"W + . 

1 • ^ I 




2 . 3 


(17) 


This is equivalent to tho series known as Bernoulli’s,* 
and published by him in u^et. Dips., 1694. 

As an example of this expansion, \et f(x) = (f ; then 

/(o) = i, f(x) = <f, r(x) = <f,&o., 

and we get 

Cl? 

= 1 + xe^ -+ &Cm 

X . 2 


(>t\ dividing by (f, and transposing, 

■x‘ 


<^ = 1 -x + 


1 • 2 


- &c., 


wliich ngrees with Art. 60. 

67. Symbolic form of Taylor’s Tbeorc 

expansion 

/+ 2/) =/(^) + y ^ •/(^) + ^ ^ 


■The 


may be written in tho form 


I . 2 \dx. 


. f (.r) + &o. 


/(x + y) = ji + 


y- IdV 

-— 7-) + 

I . 2 \axj 



• (18) 


in which tho stiuleut will perceive that tlie terms within the 
brackets proceed according to the law of tho exponential 
series (12); tho equation may accordingly be written in the 
shape 

/(r t- y) = e^kf(x), (19) 


• In bi's J^cdicr. Quml, ad louq. enrv.^ John Bernoulli introduces this theorem 
again, adding—“ Qiuuu crindum soricni poslca Taylorus, intorjecto viginti 
annorum intovvallo, in lihruni qwem odidit, a.d. i 7T *?, de v^eihodo iJtrre?nentorum, 
transferro dignatns est sub alio tanturn characternm 3 ir,bitu.” Tho great in¬ 
justice of this statement need not he iiisistcd on ; for u’li lo Taylor’s Theorem is 
one of tho most import int in tho entire rang(‘ ofanalyss, that of Bernoulli ia 
comparatively of little use; and is, as shown above, but a simple case of Taylor’s 
Expansion. 
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Symbolic Form of Taylor^s Theorem. 

ri 

where /is supposed to bo expanded as in the exponential 

theorem, and f- written for^ &c. 

’ j«. dx'^ \n \dxj ^ 

This form of Taylor’s Theorem is of extensive application 
in the Calculus of Finite Differences. * • 

68 . Oilier F'orins ilcrivcd from Taylor’s Series. — 

In the expansion (3), Art. 55, substitute h for y, 

hdii Id d'u A" d"u ,, 

then w, =?( + --— +-— + . ..-, „ + etc. 

1 dx 1.2 dx^ i . 2 .. .11 dx'‘ 


T1 now h bo dlmini,''hed indeCnitelj'-, it may be represented 
by and the series l)ecorao 3 


du dx d~ii dx^ 

- + — - + 

dx I dx' I . 2 


d''u dx^ 
d.id 1 . 2 .. .n' ’ 


or 


- „ „ m , fJM^ z:w 

I 1-2 1-2-3 


(20) 


in winch Ul — u is tlio complete increment of corresponding 
to the inorciucnt dx in x. 

Again, since each term in this expansion is infinitely small 
in comparison rvith the preceding one, if all the ierms after 
the first bo neglected (by Ai-t. 38) as being infiuitely small in 
comphrison with it, wo get 

du = f'if) dxy 

the same result as given in Art. 7. 

Another form of the preceding expansion is 

du d'u d-hi d"n „ , , 

- U = -i-- + . . . +-&C. (21) 

I 1.2 1.2.3 1.2... 

69. Theorem.—//’« function of x become infinite for any 
finite value of x then all its successive derived functions become 
infinite at the same time. 

If the function be algebraic, the only way that it can be¬ 
come infinite for a finite value of x is by its containing a 

term of the form -77, in which Q vanishes foy one or more 
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values of x for wliicli P remains finite. Accordingly, let 



<2 = 0 . 


<iu 

dx 


dP_P(IQ 

dx Q dx ; this also hccomcs infinite when 

<2 


Similarly, 


■o> each become infinite \vhen Q = o. 

dx- dx^ 


Again, certain transcendental functions, sucli as c** , 

cosec (.r - a), t^e., Leconie infinite wlien a- = r/; hut it can bo 
easily shown, hj*^ ditrorentiation, that their derived functions 
also heeonio infinite at tho same time. Similar remarks apply 
in all otlu'v cas(js. 


The slmlent who desires a more general investigation is 
referred to !l)o JMorgan’s Calculus, page 179. 

70. uit TsiyBor’s l'lx|iaiiNioii. —Tn the pre¬ 

ceding ai'plicidions ol Taj'lor’s Tlioorem, tho series arrived 
at (Art. 56 excepted) each consisted of an infinde number of 


terms; and it has hecu assumed in our investigation that the 
sum of these infinite series has, in each easr*, n finite fimitimj 


value, re])resonted hy tho original fund ion,/‘(.r a //), ov f{x). 
In other words, W'o have assumed that tho vemnindor of the 


series after n terms, in each case, heconies infinitely small 
when n is taken sulUcionlly large—or, that tho series is con¬ 


vergent. The moaning of this term will ho explained in the 
next Article. 


71. Convergent and Divergent ^erien. —A series, 
?<,, n-,, . . . Un, . . . consisting of an indefinite number of 

terjns, \\hieh succeed each other according to some fixed law, 
is said to ho convergent, when tho sum of its first n terras 
approaches nearer and nearer to a finite limiting value, accord¬ 
ing as n is taken greater and greater; and this limiting value 
is called tlio sum <d‘ tho series, fi’om which it can ho made to 


differ hy un amount less than any assigned cpiantity, on 
taking a sutllcicnt miniher of terms. It is evident that in the 
case of a convergent scries tho terms become indefinitely 
small when n is taken indofinitcly great. 

If tho sum of tho first n terms ai)pi’Oximates to no finite 
limit tho scries is said to ho divergent. 
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In general, a series consisting of real and positive terms 
is convergent v/lienever tbe sum ol’ its first it terms does not 
increase indetinitoly with n. For, if this sum do not heconui 
indefinitely great as n increases, it cannot ho greater than a 
certain Jiiii/c rnlfic, to which it eonstautly approaches as n 
is increased indetinitoly. • . 

72. A|»|ilicatioii to Cicomctrioal Progrpi^sion.— 
The prer-cditig statements will he Lest umlersfood hy apply¬ 
ing them to the ease of tho ordinary progression 

I + a; + a;’ + + . . . + x” f . . . 

.1 — 

The sum of the first n terms of this series is-- in all cases. 

i — X 

(1) . Tjct.'r< I; thou the terms hecome smaller and smaller 
as n increases; and if n ho taken sullieiently great tho value 
of a;” can ho made as small as we i)leasc. 

Hence, tho sum of tho first n h.-nus tends to the limiting 

value —-— ; also the remainder after 11 terras is represented 
1 ~ £0 

hv —^—, which becomes smaller and smaller as n increases, 

■ l- X 

and may ho regarded as vanishing idtimatoly. 

(2) . Lot a; > I. Tho series is in this case an increasing 
one, and becomes infinitely great along with n. Hence 

• I — x’‘ J;" — I 

the sum of n terms,-or -1 as well as tho remainder 

I —X X - 1 

after n terms, becomes infinite along witli n. Accordingly 
tho statement that tho limit of the sum of the series 


i + X + x'^ + ...+ of' + ... cnl infinitum 


IS 


l ~ X 


holds only when x is less than unity, i. o. when the 


series is a convergent one. 

In like manner the sum of n terms of the series 



I — X + x"^ - &o. 

1 - (- i)”a;” 

i + X 
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As before, 'when x< i. the limit of the sum is-; but 

when x> i, a;” becomes infinitely great along with n, and the 
limit of the sum of an even number of terms is — oo ; while 
that of an odd number is + oo . Hence the series in this case 
has no limit. 

73. Tlieorem .—If in a series of positive terms repre¬ 
sented, bn 

+ «2 + • . • + &c., 


t( 


the ratio be less than a certain limit smaller than unity^ for 


u 


ft 


all values of n beyond a certain numbery the scries is convergent, 
and has a finite limit. 

Suppose k to bo a fraction less than unity, and greater 


^Oj+1 


than the greatest of the ratios-... (beyond the numbei 

n), then avo have 


^^n+1 

< ky 

«„+i < kn^. 

^(n 

^0l+3 

T 



< ky 


< 

• • ^ Itr 


Hence, the limit of the remainder of the scries after is 
less than the sum of the series 


kiln + k-Un . . . + Id'u-n ... ad infinitum; 
therefore, by Art. 72, loss than 

kun . , 

-since k<\. 

I - k 

Hence, since Vn decreases as n increases, and becomes infi¬ 
nitely small ultimalely, the remainder aller n terms becomes 
also infinitely small wlicn n is taken sufficiently great; and 
consequently,-the scries is convergent, and has a finite limit. 

Again, if the ratio —— be > i, for all values of n beyond 
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a certain number, the eeries is divergent, and has no finite 
limit. This can bo established by a similar process ; for, 
assuming k > i, and less than the least of the fractions 


W#i+l 



. . then by Art. 72 the series 


Un + kUn + l^Un + &0. ad infinitum 


has an infinite value; but each term of the series 


Un + ttfi-f-i + Ufi'tz "I" &0. 

is greater than the corresponding term in the above geome¬ 
trical progression ; hence, its sum must bo also infinite, &c. 
Those results hold also if the terras of tiio scries bo alter¬ 
nately positive and negative ; for in this c:iso k becomes 
negative, and the series will bo convergent or divergent 
according as — 7 c is < or > i ; as can bo readily seen. 

In order to apply the preceding principles to Taylor’s 
Theorem it will bo necessary to dcterjnine a gcTieral expres¬ 
sion for the remainder after n terms in that expansion; in 
order to do so, wo commence with the following:— 

74. licninia.— Jfi a continuous function vanish when 
X ^ a, and also when x = h, then its derived function rj/(x), if 
also continuous, must vanish for soma value of x between a 
and &.• 

Suppose b greater than a; then if ^'(x) do not vanish 
between a and b, it must bo either always positive or always 
negative for all values of x between these limits; and 
consequently, b}'’ Art. 6, tp{x) must constantly increase, or 
constantly diminish, as x inorcasos from a to b, which is 
impossible, since vanishes for both limits. Accordingly, 
^\x) cannot be either always positive or always negative ; 
and hence it must change its sign between the limits, and, 
being a continuous function, it must vanish for some inter¬ 
mediate value. 

This result admits of being illustrated from geometry. 
For, let y = <l>{x) represent a continuous cur^ ; then, since 
^(a) = o, and ff>{b) = o, we have y — o, whmra^ a, and also 
when x=h\ therefore the curve cuts thQA:i3 of x ahAistances 
a and b from the origin ; and aocoi^Pigl;'' at sora\^inter- 
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mediate point it must have its tangent parallel to the axis* of 
X. Hence, by Art. lo, we must Lave (fif) - o for some 
value of X between a and h. 

75 - liagraiise*$i Tlieorem on tlic of Tay- 

lor^s Sjorios. —Suppose Rn to represent the reniaiuder after 
ai terms iir Taylor’s expansion, then writing X for a; + y in (i), 
we shall have 

fix) -fix) + + (Xzflf’ix) +... 


(X - 

+ ^ /(”-) {X) + Rn, 


n — I 


(22) 


in which/(r), f (.r) .(.r) are supposed tinite ami 

coniinuoiis for all values of the veviiible between X and x. 

l’’roin tliG form of iho terms included in Rn it evidently 
may be written in the shape 





where F is some function of X and x. 
Consequently wo have 


/(X) - I/•(..) + (^) + . . . + (*) 


+ = 
n j 


(23) 


Now, lot c bo substituted for x in every term in the pre¬ 
ceding, iril/t fhe exception of P, and let F{z) represent the 
resulting exju’ession : we shall have 


Fi=) -/(X) - 




(X- =) 


f' (“)+••• + 


{X - zY 


n 




in which P lias the same value as before. 

Again, tlie light-liand side in this equation vanishes 
when z =■- X‘, F{X) = o. 

Also, from (23), the right-hand side vanishes when z=x'y 
F{x) = o. 
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Accordingly, since the function F{z) vanishes -when s = X, 
and also when z = it follows from Art. 74 that its derived 
function F'{z) also vanishes for some value of z between the 
limits X and x. 

Proceeding to obtain F'{z) by differentiation from equa¬ 
tion (24), it can be easily seen that the terms destroy each, 
other in pairs, with the exception of the two last. Thus wo 
shall havo 






/(«) (2) + 


(X - zy -^ 

n - I 



Consequently, for some value of s between x and X wo 
must havo 

(s) = P. 


Again, if 0 bo a positive quantity less than unity it is 
easily seen that the expression 

X + 0 (X — x), 

by assigning a suitable value to 0, can be made equal to any 
numbox' intermediate between x and X. 

Hence, finally, 

P=/(«) (x + 0 (X-x)}, 

where J) is some quantity > o and < i. 

Consequently, the remainder after n terms of Taylor’s 
series can bo represented by 

= + (25) 

I 

Making this substitution, the equation (22) becomes 

/(Z) -/W + W + . . . 

+ W + /'”> (» + 9 (X- a:) J. (26) 

The preceding demonstration is taken, with some slight 
modifications, from Bertrand’s “ Traits de Calcul Difierentiel” 

(273). 
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Again, if h Le substituted for X - ce, the series becomes 
/{x + h) =/(a:) + hf' {x) + &o. 

j.n-i /.n 

+ - /("-» (^) + ' /(«) {x + Oh). (27) 

I /I ““ 1 I 'Iv 

I 

In this expression n may ho any positive integer. 

If 71 = I the result becomes 

f(x + h) =/(«) 4 hf' {x + Qh). (28) 

When n = 2, 

fix + h) =fix) + hf (2:) + —ix + Bh). (29) 

1*2 

The student sliould observe that 0 has in general different 
values in each of these functions, but that they are all subject 
to the same condition, viz., 0 > o and < i. 

It Avill bo a uschd exercise on the preceding method for 
the student to investigate the formuho (28) and (29) inde¬ 
pendently, by aid of the Lemma of Ai't. 74. 

The preceding investigation may be regarded as furnish¬ 
ing a complete and rujoroiis proof of Taylor's Theorem, and 
formnla [z"]) as representing its most general expression. 
j 6 . Geometrical Illustration. —TJio equation 

fiX) =^/(.r) + iX-x)f' [x+OiX-x)} 

admits of a simple geometrical verification; for, let g = fix) 
represent a cnirvo referred to rectangular axes, and suppose 
iX, Y ), (r, y) to be two jpoints Pi, Pz on it: then 


X-x 


r - y 
X - x‘ 


But 


Y-y, 


X-x 


is the tangent of the angle which the chord Pi Pj 


makes with the axis of a?; also, since the curve cuts the 
chord in the points Pi, P2, it is obvious that, when the point on 
the curve and tlio direction of the tangent alter continuously, 
the tangent to the curve at some point heticecn P, and P3 must be 
parallel to the chord Pi Pz ; but by Art. lo,/' (r,) is the tri¬ 
gonometrical tangent of the angle which the tangent at the 
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point {xi, yi) makes with the axis of x. Hence, for some value, 
x-i, between X and a;, we must have 

' x-x - ~ 

or, writing x^ in the form x + 6 {X - x)^ 

/(X) =f{x) ^{X-x)f[x+e {X-x)\. 

77. Second Form of Remainder.— Tho remainder 
after n terms in Taylor’s Scries may also be written in the form 


R 


n — i : . 


n — I 


fW (x + 6/1). 


For it is evident that R„ may be written in the form 
{X-x)P,-, 

.-./(X) ~f(x) + {X-x) f(x) + ... + /(“-» (*) 

Jv ^ X 


+ (X - x) Pi. 

Substitute s for x, as before, in every term except P,; and the 
same reasonhig is applicable, word for word, as that employed 
in Art. 75. Tho valuo of F' (z) becomes, however, in this 
case 

F ' (=) = - ‘-^.7 T~' (=) + 


it 


and, as F'{z) must vanish for some value of 2 between x and 
X, we must have, representing that value by x + 0 (X -x), 

(X - x)”-^ (i - 


Pi = 


n — 1 


fW {a;+ 0 (X-a:)}, 


(30) 


where 9 , as before, is > o and < i. 

If h be introduced instead of X - x, the preceding result 
becomes 


R 


n —;-r- 


n — I 


/(") {X 4 Oh), 


(31) 


which is of the required form. 
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Hence, Taylor’s Theorem admits of being written in the 
form 

/(^:^ i)=/M ^ y/'W +7^/"W + ••• + tfzV*’-'’ 

■ 

+ r — (I - 0) / C”) (a; + 0//). (32) 

- I 

The same remm-hs are applicable to this form* as w'ero made 
with rospocl to (27). 

From tiu'se forimila> wo see that the essential conditions 
for the application of Taylor’s Theorem to the oxpnnsion of 
any function in a series consisting of an infinite number of 
terms are, tlint none of its derived functions shall become 
infinite, and thaf the quantity 

+ Oh) 

shall becoine infinitely small, when n is taken sufficiently 
largo; as otherwise the scries does not cidmit of a finite limit. 

78. liiinit or-^-when n is indefinitely great. 

i . 2 . .n 

T , ii h Wn+1 1 Tl 

Tjet -, then — =-: — becomes smaller 

i . 2 . .u Un n + i ?/« 

and smaller as 11 increases ; hence, when n is taken sufficiently 
great, the series ?^,n, 7r„+2, , . . t^o., diminishes rapidly, and 
the terras bceorao ultimately infinitely small. Consequently, 
U'hcnei'or the deyiced function (r) continues to he. finite for 
all values of n, hou-cver greats the remainder after n terms in 
Taylof*s Frpansion becomes infiniteli/ small, and the series has 
a finite, limit. 

* This Bocoiul form is in some cases more advantageous than that in (27). 
All example of this will beiouud in Art. 83. 
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79. General Form of Iflaclanrin’s Series.— The 

expansion (27) becomes, on making a; = o, and substituting 
X afterwards instead of 


X 




/w -/(o)+j/'(o) /'”-■> (o) 


n — I • 


+ ^/w (B:r). 


(33) 


Hence the remainder after n terms is represented by 

(0^)! 

where 0 is > o and < i. 

This remainder becomes infinitely small for any function 

of* 

f{x) whenever {Ox) becomes evanescent for infinitely 

great values of n. 

We shall now proceed to examine the remainders in the 
different elementary expansions which were given in the 
commencement of this chapter. 

80. Remainder in tbe Expansion of d^. —Our for¬ 
mula gives for Rn in this case 

~ (log 


Now, a®* is finite, being less than a*; and it has been proved 
in Art. 78 that ' becomes infinitely small for large 

values of n. Hence the remainder in this case becomes 
evanescent when n is taken sufficiently large. Accordingly 
tlie series is a convergent one, and the expansion by Taylor’s 
Theorem is always applicable. 

81 . Remainder in tbe Expansion of sin x. — In this 
case 

. fnir ^ \ 


TTfc 
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This value of ultimately vanishes by Art. 78, and 'the 
series is accordingly convergent. 

Tlie samo remarks apply to the expansion of cos x. 
Accordingly, both of these series hold for all values of x. 

82. Itemaiudcr la tlie Expausion of log (1 + x ).— 

•The scries 


X 

—--f — — -j. 

1234 


when a; is > i, is no longer convergent; for the ratio of any 
term to the preceding one tends to the limit — x ; conse¬ 
quently the terms form an increasing series, and become 
ultimately infinitely great. Ilonce the expansion is inappli¬ 
cable in this case. 


Again, since/”(a;) = (- i)"~^ —■ \ the remainder 

o \ / V / ^y, 


Rn is denoted by 


(- 0 " 


“1 


n 


X 

I + ^ positive and 


less than unity^ 1 + Ox fraction, and the value of 

Rn evidently tends to become infinitely small for large values 
of n ; accordingly the series is convergent, and the expansion 
holds in this case. 

83. Binomial Tlieorcm for Fractional and Itfega> 
tive Indices. —In the expansion 


(I + x)”' 


m 

+ — X + 

1 


m {}n — t) 


I . 2 


x^ + .... 


^m(m- i) ... (m-n+i)x!^ ^ 

i.2 ... n 


if M« denote the term, we have 


«rt+i m — n+i 

. - X 

Un n 

the value of which, when n increases indefinitely, tends to 
become - x ; the series, accordingly, is convergent if a> < i, 
but is not convergent if a? > i. 
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Accordingly, the Binomial Expansion does not hold when 
X is greater than unity. 

Again, as 

{x) = m{rn — x) . . . (»» — »+ i) (i + ar)"^. 


the remainder, by formula (25), is 

m(m — 1) . ■ . {m — n+x) 

X,2... n 


(i + 0a;)”-", 


or 

m {m — x') . . . {m — n + x) of' 

X . 2 ... n (i + 0 a;)’-"*’ 

Now, suppose Xpositive and less than unity; then, when 
n is very great, the expression 

m {in — i) — n + i) ^ 

r77n 


becomes indefinitely small; also - is less than unity; 

hence, the expansion by the Binomial Theorem holds in this 


case. 


Again, suppose x negative and less than unity. Wo employ 
the form for the remainder given in Art. 77, which becomes 
in this case 



- i) . 

1.2 


or 


{m — n+ I) a:" 
. {n~x) 



0)”-^ (i - 0a;)”-" ; 



m{m — x) . . . {m - w + i) (i — 0)”*“*a;’* 

I . 2 . . . "(n - i) 


1-0 
X — Ox 


Also, since x< Xy Ox < 0 ; x — Ox > x — 0 ; hence 


1 -0 

I — 0 a; 


is a proper fraction; any integral power of it is less than 
unity; hence, by the preceding, the remainder, when n is 
Bufiiciently great, tends ultimately to vanish. 

o 2 
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In general (« + y)”* may be written in either of the forms 

now, if the index m he fractional or negative, and a? > y, or 

y 

- a proper fraction, the Binomial Expansion holds for the 


m 


m 


senes 

(ip + y) ”* = a:'" ^ 
but does not hold for the scries 


I + - ) = a?"* + -- // + 

x) I 


m(m- i) 


I . 2 


(a; + y)”* = i f - 1 = y"* + — x h-^ 


+ &o., 




since the former series is convergent and the latter divergent. 

Wo conclude that in all cases one or other of the expan¬ 
sions of the Binomial series holds; but never both, except 
when m is a positive integer, in which case the number of 
terms is finite. 

84. Remainder in tbe Expansion of tan^'a?.—The 
series 


^ , X a? St? 

tan~^x -- 1 - 

X 3 5 


&c., 


is evidently convergent or divergent, according as aj < or > i. 
To find an expression for the remainder when x< i, we have, 
(8), p. 50 - 


/(«)(a:) = 


„ In-I .sin(«-- wtan-’a?) 

f 4 -] . tan-*1::=_ ^ == ' 

(I + a;*)3 


Hence we have, in this case. 


- n tan“^ {Ox) 

+ 0 V)S 

which, when x lies between + i and - i , evidently becomes 
infinitely small as n increases, and accordingly the series holds 
for such values of x. 



it?* sin <n — 


Bn = (- l)”-^ 


w{i 
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85. Expansion of sin'^a?.—Since the function sin“^a; is 
impossible unless a; be < i, it is easily seen that the series 
given in Ait:. 64 is always convergent; for its terms are each 
less than the corresponding terms in the geometrical pro¬ 
gression 

X + + &o. 


Consequently, the limit of the series is always less than the 
limit of the preceding progression. 

A similar mode of demonstration is applicable to the 
expansion of tan“’ x when x < i, as well as to other analogous 
series. 

In every case, the value of En, the remainder after n 
terms, furnishes us with the degree of approximation in the 
evaluation of an expansion on taking its first n terms for 
its value. 

86 . Expansion by aid of Differential Equations.— 

In many cases we are enabled to find the relation between 
the coefficients in the expansion of a function of x by aid of 
differential* equations; and thus to find the form of the 
series. 

For example, let y = c', then 


dx 


= e* = y. 


Now suppose that we have 

y = aa + aiX + + . . . a^x” + .. ., 


then — = fl, + 2a*aj + . . . nanx”~^ + &o. 

dx 

Accordingly we have 

Cl 4 2a2X 4 sasx^ 4 . . . * Oo + + ^235® + &c., 


* Thig method is indicated by Newton, and there can bo little doubt that it 
was by aid of it ho arrived at the expansion of sin (wtain'^a:), as well as other 
series.—Vide -E;;, posterior ad Oldemhiirgiuin* It is worthy of observation that 
Ne wton’s letters to Oldemburg were written for the purpose of transmission to 
Leibnitz. 
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hence, equating coefficients, we have 


C(o (I2 (^0 p 

Qt\ ClQm CI2 ^“5 CI2 “ “ > CCO* 

2 2 3 2.3 


Moreover, if we make a; = o, we get tfo = i, 

A 


X 


+ &c.. 


= I + - + -- + - 

I 1.2 1.2.3 

the same series as before. 

Again, let 

y = sin {in sin"' oS). 

Here, by Art. 47, wo have 

, ,, d~y du 

-*^ + »-y = o. 

Now, if wo suppose y developed in the form 
y = a^ + Uix + a-jir + . . . + + *S;o., 

du 

= ai + + . . . + 4- &o,, 

d^y 

-- = 2^3 4- 3 . 2^73£r + . . . 4- — l) 4- &C. 


then 


Substituting and equating tbo coefficients of we get 


^«+2 ~ 




Cln.^ 


(34) 


(rt +1) + 2) 

Again, when a; = o we have y = o; a^ — o. 
lienee we see that the series consists only of odd powers 
of j;; a result which miglit have been anticipated from Art. 
61. 

To find Oi. ^Vhen x = o, cos {in sm"'a:) = i, hence 
accordingly Oi = m ; 

m {tn^ - I) 


1.2.3 


in‘ - I 

^^3 =-< 3^1 = — 

2.3 

»»* — 9 _ m (w® — i) (w* - 9) _ 

^ ^ - (Z'^ -; 

4-5 I. 2 . 3 . 4.5 
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hence we get 
sin* (m Bia~^x) 


m wt (»“ — I) „ 

— X - - a-* 

I 1-2.3 



m ^f - 1) (rf - 9 ) ^ 

I •2.3.4.5 



In the preceding, we have assumed that sin'^a; is an acute 
angle, as otherwise both it, and also sin {m sin“'ji'), would admit 
of an indefinite number of values.—See Art. 26. 

87. Expansion of sin wis and oosmz. —If, in (35), 2 be 
substituted for sin“'a?, the formula becomes 


I — 1 

S' u mz ~ '->> sin 2 — sin^c 

t 1.2.3 


(?»* - i) (m® - 0) . 
\- LI - il. 

I 2 . 3 . 4 . 5 



In a similar manner it can be proved that 


cos mz 




sin’s (;«’ - 4) . , _ 

-+ -_!!- 21 sin'‘s - &c. 

I . 2.3 . 4 


I . 2 




If m bo an odd integer the expansion for sin mz consists 
of a finite number of terms, wliilo that for cos mz contains an 
infinite number. If m be an even integer the number of 
terms in the series for cosw^s is finite, while that in sin mz is 
infinite. 

The preceding scries hold equally rvhen m is a fraction. 

A more complete exposition of tliose important expansions 
will be found in Bertrand’s “ Calcul Diffth'enticl.” 

In general, in the expansion (36), the ratio of any term 


to that which precedes it is -r sin®2, which, when 

^ {n + i) {n A-2) 

n is very great, approaches to sin^s. Hence, since sin 2 is 
less than unity, the series is convergent in all cases. Similar 
observations apply to expansion (37). 


^ * This expansion is erroneously attributed to Euler by M. Bertrand; it was 
orif^inally given by Newton, See preceding note. 
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Development of Functions. 


The expansion 


tfiV €t SO 

gOBUl-lX = J + - ^-(. 


ax 

I 


a (a® + I®) , + 2®) 

-i a;3 + ' a:* + 

1.2 1.2.3 I.2.3.4 


can he easily arrived at by a similar process. 

88 . Arbogast^s mettaod of Derivations. 


If 


cr £K^ 

u = a b- + c - + d -^-+ &c., 

I 1.2 1.2.3 


to find the coeflicients in the expansion of 0 {u) in ascending 
powers of x — 


Let 


(u), 


B C 

and suppose f{x) ^ A — x ^+ &o. 

1 1*2 


=/(o) + -f'{p )+-^r (o) + &c., 

A A • ^ 

then we have ovidontly 

A =/(o) = 0 (fif). 

Also, writing u\ u'\ &c. instead of 

du dht d^u , 

J? 

by successive differentiation of the equation/(a;) = 0 («), we 
obtain 

f {x) = (f («). 

f'ix) = (a) . t/' + (u ). (t0% 

/"'(a*) = 0' (?() . u'" + 3^" (t() . . tt" + (f/" (m) {uy, 

(tf). («) [4^^' + 3 + 6 ^'"{u). {u'y. u" 

+ {u). {u'y. 

Now, when x = o, u, tt", w'", . . . obviously become 
fl, bf c, d, . . . respectively. 



Arbogasfs Method of Denvations. 
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Accordingly, 

f (o) = (a) . l>, 

C = /" (o) = (a) . c + {a) . h\ 

D = f'" (o) = 0' («) . c? + 3^" (a). he + (a). 6®, , 

E = (o) = (fl) . e + (flf) (46^^ + 3c®) + 6^'" (rt). 6®c 

+ (a). h*. 

From tho modo of formation of these terms, they aro seen 
to be each deduced from the preceding one by an analogous 
iaw to that by wJiich the derived functions are deduced one 
from the other ; and, 0.% f'{x)^ f"{x) . . . are deduced from f[x) 
by successive diil’erentiation, so in like manner, By ( 7 , 7 >, . . . 
are deduced from (p (««) by successive derivation ; where, after 
differentiation, «, by c, «&,c., aro substituted for 



d^u 

dx^' 



If this process of derivation be denoted by tlie letter S, then 

B = o . A, C = S.B, 2 ) = S . C, &c. (38) 

From the preceding, we see that in forming the term 
S . ^{a), we take the derived function (a), and multiply it 
by the next letter b, and similarly in other cases. 

Thus 8 . 6 = c, B . c = df . . . 

S . b”*= mh”'~^Cj S . c”* = mc'^~^d . . . 

Also 8 . <j/,'{a)h = <p'(a)c + <p"[a)h^. 

This gives the same value for C as that found before ; D 

is derived from C in accordance with the same law ; and so 
on. 

The preceding method is duo to Arbogast: for its com¬ 
plete discussion the student is referred to his “ Calcul des 
Derivations.” The Itulos there arrived at for forming tho 
successive coefficients in the simplest manner are given in 
** Galbraith’s Algebra,” page 342. 
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Development of Functions. 

As an illustration of this method, we shall apply it to find 
a few terms in the expansion of 


( 


sin f a + 6 - 

I 


or 

+ c-+ d - 

1.2 1.2.3 



Here A. = sin D = S . sin a = b eos «, 

C = S . b cos a = c cos a - b'^ sin a, 

D = S . C ~ d cos a - ^bc sin a - b^ cos a. 


F = S . D = e cos a - (46c? + 3c®) sin a - 66®c cos a 

+ b^ sin a. 


If the series a + bx + c -+ &c. consist of a finite num- 

I . 2 

her of terms the derivative of the last letter is zero—thus, if 
d bo the last letter, S . = o, and d is regarded as a constant 

with respect to the symbol of derivation S. 

If the expansion of ^ {u) bo required when u is of the 
form 

a + /3.JJ + yx- + + <S;c., 

the result can be attained from the preceding method by 
substituting a, b, r, t/, &o. instead of a, / 3 , i . 2 y, i. 2.3. S, 
&c., and proceeding as before. 

The student will observe, that in tlie expression for the 
terms D, F, &o., the coefficients of the derived functions 
^'(a), &c., are com-pleioly independent of the /or?«of the 

function and are expressed in terms of the letters, b, c, c?, 
&c. solely; so that, if they can bo applied 

to the determination of the coefiicients in every particular 
case, by finding the different derived functions ^'(«), 

&c., for that case, and multiplying by the respective coef¬ 
ficients, determined as stated above. 



Examples. 
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Examples. 

T. If « = then - — = iThis furnishes the condition that 

' a dx b dy 

a given function of x and y shouM be a function of aa; + 

2. Find, by Maclaurin’a theorem, the first three terms in the expansion of 
tan X* 

Ans. j: +-h — . 

3 

3. Find the first four terms in tho expansion of see x. 

, X^ SX^ 61 x^ 

Ans, I H— + -— + -. 

2 24 720 

4. Find, by Maclaurin*s theorem, as far as 2;*, the expansion of log (i + ain a?} 
in ascending powers ot x. 

Let f(x) = log (i 4 sin ar), 


then f\x) — 


cos X 
I + sin X 


1 — sin X 
cos X 


= sec a; — tan a?, 


f*\x) = sec X tan x — sec^j? = see x ; 

f*"(x) = —f"(x) see X — f*{x) sec a: tana;, 

(») = -/"'{^) see ^ " ^/"{^) s®c ^ tan x - f'{x) (2 zgc^x — see x ); 

.•./(o) = o, /'(o) = I, /"{o) = -i, r'{o)=i, = 

a x^ 

log(i + sin= + 


5. Find six terms of the development of ■— in ascending powers of x 

cos X 

2X^ x^ * ta;® 

Ans. I + a: + a?*-® H-i- — + — . . . 

3 2 10 

6, Apply tho method of Art. 86, to find the expansions of sin a; and cos®. 
7* Provo that 

# # a 

taa"^ (2?4 A) = tan"iiif + h sin s — (/^sinz)- — + (A sinz)®-^— &c., 


where s = cot“^jr. 




Her6/(2f) = tan"*jr=--«; and by Art. 46, — = (- sm-zsiniiz; .-.ic 
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Examples. 


8. Hence prove the expansion 


w a:na sm 2s . em 3? ^ 

- = r +-COS z H-cos^s H-cos^s + &c* 

z i a 3 

Let A = — cot « = — ic, &o. 

0. Prnv^that 

IT « sin s sin tz sin 7r 

- - - +--f-+-^ ^ &o. 

2 2 1 2 3 

• COS «3 ■” £ a 

Let A sin s = — i in Example 7 : then h + x = -—— - — tan -; 

sm * z 


\ ftc 


lo. Prove the expansion 


IT Sin 2 I sin 22 I sin 

= +- 2 — ^-- A 

2 cos 2 2 cos^a 3 cos^a 


Assume A — —:-, then 

Bin z cos z 

X ~\ h = ~ tan z = tan (ir - 2); «• — « = tan*^ (a? + A), fta 

Substituting in Example 7, we get the result required. 

The preceding expansions were first given by Euler. 

IT. Prove the equations 

sin 9^ = 9 sin a? — 120 sin^j; + 432 sin^a? — 576 + 256 Bin^x, 

cos 6z = 32 cos®jr — 48 cos*z +18 cos^j; — 1. 

These follow from Iho formulae of Article 87. 

12. If w = 2, Kewton^s formula, Art. 87, gives 


sin 2X 


( , sin^a? sin^^K ^ ) 

^21 sin X --&c. 5 ; 

( a a • 4 I 


verify tbrs result by aid of the elementary equation sin 22 ? = 2 sin 2 ; cob x. 

13. If ^ (a? + h) + ^ (x — A) = (x) ^ (A), for all values of a? and A, 

prove that -^-r = ^rrrv = = constant; 

^ 4 >(x) 

and also 4>{^) = o» = o, &c- 


= &c. = constant; 


and also 


4 >"(x) 


14. If, in the last, - ■ ~ = a^; prove that ^(x) = ^ + 

<p(Z) 

<b** (x'i 

If \ = — ; prove that ^ (x) = 2 cos (ax). 
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15, Apply Arbogaat’s method to find the first four terms in the expansion 


(a + + «?* + da^ + 


Ana. a" + hx 4- + nac^ 


ar* 


»{ 


(«- 0(»»- 2) 


2.3 


an-3 J8 + jj a>*~^be + a“‘w| 4- &c. 


4- I 


16, Prove that the expansion of . x can contain no odd powers of x. 

For if the sign of x be changed, the function remains unaltered. 


i7* Hence, ahow that the expansion of -contains no odd powers of x 


beyond the first. 


Hero 


X X X e* 1 

-- + -^ =s - , --; /. &C. 

2 2 a* — I 


i8. If w --, prove that 

— I 


n M (« — i) fd*^u\ /di{\ , , 

- ( 3 i ) + —-- ( 3 L ) +•••+«{ 3 + (« 0 = ^ t 

I \rfa;»"Vo 1*2 \dx*^'^Jo \dj^/o 

and licncc calculate the coefficients of the first five terms in the expansion of u. 
Here e*u = a? + «, and by Art. 48, wo have 

4 

( du n(n—i)d-u d»u\ d**u 

w + » — + ' 3-7 + • • • + 3- I = 3—1 ••• 

dx 1.2 dx ^ dx ** / dx *^ 

__ a? X Bi -^2 j 

lo. If-= I -h-- z* -»* + ■ , - - - 

^—1 2 1.2 X.2.‘l.4 1*2. ..o 


prove that 


J?l = >, ^2 — ■—» -®3 = } ^4 = » &C. 

6 30" 42" 30 


These are called Bernoulli’s numbers, and are of importance in connexion 
with tho expansion of a large number of functions. 

20. Prove that 

C*+I 2 I. a' ' I. 2.3.4' ' 1.2. ..6' 


• « 
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Examples 


21. Ucnce, prove that 

- I 


+ I 


= jSij? (2» - i) + (2^ " I) + , “ i) + &C. 


3-4 


3 • 4 • 5 • ^ 


22. Provo that 


X cot a? = I — 


-h-&0. 

2 24 240 


2* ^12?* 2< 


2®i?32« 


1.2 1 . 2 . 3*4 I. 2...6 


X 

23. Also, tan - = B\z (2* — i) +- (2^ ^ i) + &c. 

2 3*4 


24. Provo that 


XX ^ ^ B^afi 

- cot - = r — i?i T- B2-, -iT" 

22 |2 |4 16 


This follows immediately hy suhstituting - for x in Ex, 22, 


25. Given «(« — a:) = i; find the four first terms in the expansion of 1# in 
terms of Xy by Maclaiirin's Theorem. 


26. If 


d-y du 


expand y in powers of x by the method of indeterminato coefficients. 

27. Show .that the series 


+ — 4 — 4 — + • • • 

is convergent when a? < i, and divergent when a? > I, for all values of «•, 

28. Prove the expansion 

_/(f)_ 1 /(«) , I d ma) I 

{x — «)'« <f> (a;) {x — a)*** ^{a) {x - da | ^(a)) 


I MVf/W) , . 

I . 2 . (a? - «)«-* \da} 1 - 


29. Find, hy Maclatirin’s Theorem, the first four terms in the expansion of 
(I 4 x)* in ascending powers of z. 

Let /(*) = (i+»)-, 
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. * / I log (* + 3r)\ 

then /'(*) =/(z) - 

“-/W ^ ® + 4*® “ j' 

••• /"(^') = -/'(^) (2 " 3 ® ■*■ 4 ** ” *^’) ■’■ (^ “ 2 ® ■'■ *‘'") ’ 

/"'(*) = -/"W + *«=•) + »/» (^ - i * + *“•) 


Blit, by Art. 29, 


/(o) =«; 


Hence 


•'•r(o) = -\, /"(°) = ^, r'(o)=-~e. 

(l + x)* = — — +-^ a’ + &c. 

' ' 2 24 l6 


This result can be ycrillcd by direct development, as follows: 


«=(* + »)*, 


then 


I ftH 

log « = - lag fl + «) = I - ;^ + — 

X A ^ 


- 2 3 

I-;+I_^ 




O 3 

X T T 


r fx \ x^ /1 X x^ x^ /1 X \* "I 

■'L'-U-i-^r-J+iU-rr-) —J 

t x lix'^ Jx^ *1 

I-- +- --7 • - ■ • 

2 24 16 J 

30. In Art. 76, if f{z) and/'(j*) bo not both continuous between the points 
A, show that llicrc is not necessarily a tangent between those points, parallel 
to the chord, 

X sin ^x 

31. Find the development of -n -r-— in ascending powers of a?, the coef- 

sin X sin 2x 

ficients being expressed in Beinoullian numbers. “ Camb. Math. Trip., 1878,” 
X sin 3'T 

Since -:-= x cot x + x cot 2J?, the expansion in question, by (22), 

Bln X sin 2x 

is 

3 22W-.a:s ^ 2*BiX* ^ ^ 2«J76i« , . 

-- ^ (2 + 1) - (2» + I)- —(2» + I) - &C. 
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CHAPTER IV. 


INUETEBMINATE FOEMS. 


8 g. Indeterminate Forms. —Algebraic expressions some¬ 
times become indeterminato for particular values of the- 
variable on which they depend; thus, if the same value a 
when substituted for ne makes both the numerator and the 

denominator of the fraction vanish, then'becomes of 

the form —, and its value is said to bo indeterminate. 

o 

Similarly, the fraction becomes indeterminate if /(x) and 
^ (j?) both become infinite for a particular value of x. We 
proceed to show how its true value is to bo found in such 
cases. Py its true value we mean the limiting vahic tcJiich the 
fraction aesumca ivhen x differs hy an infinitely small amount 
from the jyarticular value which renders the expression indeter¬ 
minate. 

It will be observed that the determination of the diffe¬ 
rential coefficient of any expression / (ic) may be regarded as a 
case of finding an indeterminate form, for it reduces to the 

determination of ^ when h = o. 

h 

In many cases the true values of indeterminate forms can 
be best found by ordinary algebraical and trigonometrical 
processes. 

We shall illustrate this statement by a few examples. 


Examples. 


I. The fraction r--;-becomes of the form - when a? = c; but since 

bx^ - 2 bcz + bc^ O 


it con be written in the shape rr-its true value in all 

b{x -c)- 


coses 18 ' • 
0 
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2. The fraction 


X 


•s/ a X - a — 


becomes - when x - o. 


X 


To find its true value, multiply its numerator and denominator by the com- 
plementary surd, a x y/a — and the fraction becomes 

«(\/+ a? + \/rt — a?) H“ a; + v • 

-IZ-L-£ or - --- - -: 


207 


, when * = o. 


the true value of which is a when a? — o. 

^ + f 737 + or- — + a;® 

a )■ X — a —a; 

Multiply by the two complemenhuy surd forms, and the fraction becomes 

2 ax {\/ti X \/a — x] 

2 x {\/a*+ ^/J7 f -H -v/ a^—ax-i^x^}^ 


or 


_ a {-y/a + x-^* ya~x) 

-f ffo: -h a?’^ + a* — oa: -4- x^ 


t 

the true value of which evidently is a w'hon a: = o, PVoni the preceding 
examples wo infer that when an expression of a surd foim becomes indeter¬ 
minate, its true value can usually be determined by multiplying by the com¬ 
plementary surd form or forms. 


2a? - 


X — — d 

a — 


when X ~ a. 


Ans, 


x^ 


when a? = o. 


An$, —• 
’Zn 


, a Rin 0 — sin aB . o . 

V*-- becomes - when 0 = o. 

0;coa0—(•os«0) o 

To find its true value, substitute their expansions for the sines and cosines, 
and the fraction becomes 

a 0-+...)- laB - + • . . J 

V T-J-t / \ 1.2.^ _ I 

9 (- - - - + . . . + ;- - • • •} 


OT 


03 

^-(«3 


1 . Z 


“<*)+• 


“va- 


• i)-. 
H 
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Indeterminate Forme. 


Divide by (a^ - r), and since all the terms after the first in the new numerator 

and denominator vanish when 0 = o, the true value of the fraction is - in this 

3 

case. 

7. The fraction 


becomes ^ when x = 00: 


aoz*^ + + ... + 


00 


its true value cun, however, bo easily determined, for it is evidently equal to 
that of 


Ai Az 

Aq H-h —+ 


j;m-n 


(ll 412 

^*0+ — + '~h • 

X 

A\ Az 


Moreover, when x = 00, the fractions —\ —7 . -. — . . ..all vanish: hence, 

X X 

the true value of the given fraction is that of 

X"*'" — when x = 00, 
flo 

The value of this expression depends on the sign of m -- n. 

(i.) If in > w, = 00 wlien x = 00; or the fraction is infinite in this 
case. 

(2.) If 4« = M, the true value is —. 

ao 

(3.) If m < fly then x"* ** = o when x == 00 ; and the true value of the frac¬ 
tion is zero. 

Accordingly, the proposed expression, when x = 00, is infinite, finite, or zero, 
according as m is greater than, equal to, or less than n. Compare Art 39, 

8. w =r X a - x + when x = 00. 

a — h 


llrre u = 


= o when x oo. 


Ans. -- 
2 


y^ X h a + y^ X 4 A 
y. y^x- 4 rtx — X, when x = 00 , 

10. M = a* sin I — I, w'hon x = c 

(i.) If a < I, a* — o wdicn x » 00, and therefore the true value of u is zero 
in this caso. 

'2.) If a > I, then becomes infinite along with x; but as — is infinitely 

c c 

small at the same time, we have sin — 's Hence, the true value 

a* a» 

of u is c in this case. 
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Here 


^ IT Id — X , 

11. M — cot - -ia of the form o x oo when « = «. 

^ 2 >f a + a? 

“ a;- 


u s 


tan 


IT la - X 
2 \la + X 


but) when a — a; is infinitely small) 

IT la -- X IT ja ^ X 

tan - a/-= - a/-; 

2 ^ a ^ X iNa + a? 


a- — a X . 

u = ■ ._ =? = ■■■ ■' = — when x ^ a, 

TT IT 


TT la — X 
2 A/a H- a? 


13 . 


X sin (sin x) — sin^a: . 
u =-::-, when x = o. 


X 


6 


Substitute the ordinary expansion for sin a;, neglecting powers beyond the sixth, 
and a becomes 


( . sin^a? sin®a:) / a:® x^\ 


a:6\a 

|3 ‘ IT 


*6 


X* x^ 1 / a:® \ ® a:* / x* \ 

“r3'^]5“6r~|37) ■^il" *(* ~\i^ it) 


Hcnre we get, on dividing by the true value of the fraction to be — when 

1 o 


a: = o. 


^ 3 - 


(a sin®* 1- P cos®*)« — /S'* , 


Ans, sin®^* 


Similar processes may be applied to other cases; there 
are, however, many indeterminate forms in which such pro¬ 
cesses wordd either fail altogether, or else be very laborious. 

We now proceed to show how the Differential Calculus 
furnishes us with a general method for evaluating indetermi¬ 
nate forms. 

oo. —method of the Diflnerentlal Calcalua. —^Sup- 

f (») . o 

poseto be a fraction which becomes of the form - when 

^{x) o 


X = a; 


i. e. f (a) = o, and ^ (a) = o ; 

H 2 
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Indeterminate Forms. 


substitute a + h for x and the fraction becomes 

/(a + h) -f(a) 

+ h) h 

<j>{a + hy 0(a 4- h) — ^{fi) ’ 


but when h is infinitely small the numerator and denominator 
in this expression become/'(a) and^'(«), respectively; hence, 
in this case, 

<l>{a + hj <y{o)‘ 

nf f 

Accordingly, represents the limiting or true value of 
the fraction"^-—. 

f ('0 

(i.) J.if'{a) = o, and {a) be not zero, the true value of 


/(^) • 
«/> (a) 

ri? Wi 


IS zero. 


(2.) If./’ (a) be not zero, and ^'{a) - o, the true value of 


/(^O .. 
^(«) 


IS 00. 


(3.) If/'(a) = o, and ^'(a) = o, our new fractionis 

0 (a) 


o 


still of the indeterminate form Applying the 


o 


preceding process of reasoning to it, it follows that 

/"(«) 


its true value is that of 




o 


If this fraction be also of the form -, we proceed to the 
next derived functions. 

In general, if the first derived functions which do not 
vanish be /^”^(a) and ^^'•^(a), then the true value of 

<p{a) 

IS that of - v..,, ; . 



Examples. 
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ExAltfPtKS. 


a? sin^p — 

« =t when a: =s 

cos z ' 2 


Hei6 


•JT 


Hence 


2 . 


Uore 


/ (ar) = a? sin a? — 

^ (z) = coaz ; 

*\ f\z) = a; cos ® + sin a;, 


^'(a:) ~ - sin a:, 


M s — 1, when X = . 

2 

„ - --M’ben X ^ a. 


^ (I) - - 

C) = - 


{x-a) 

f(x) = 


^'(^/) is 0 or 00, as r > or < i. 


^>(^-) = (j - «)••; 

..f{x) = 

t'M = »■(■<'• - «)’■■*. 

fEcnce the true value of w is oo or o, acconling as r > or < i. 

This result can also ho arrived at hy wiiting the fraction in the form 

_ I f^mh _ | 


(x - ff)' 


4 *- 


wlK-rc 4 ar — I?; 


hence, expanding and making h = o, we evidently get tho same lesult as 
before. 


a? - sin a: 


3 - 

-^— when a; = 0. 


Here 

f\x) = 1 - cos a?, 

/'(o) = o. 


<p'{x) = lx\ 

= o. 


/”(*)= sin a:, 

/» = o. 


= 6x, 

f '(O) = 0. 


r*'(x) - cos a-, 

/■"'(o) = I. 


4 >'"W - 

<t>'"{0) = 6 . 
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Indeterminate Forms. 


Hence, the true value is 7, as can also be immediately arrived at by substituting 

6 


a: — -g + &c- instead of ain 




when X — a. 


Ans. log a. 


^/(a:)-.y(^) f{a) +/^(a) 

e^tp{x) - tf'^ip(a) * ” ^(a)+ <;>'(»)* 

It may be observed that each of these examples can be exhibited in the form 
00 ^ 00 f that is, as the difTcrcnco of two functions each of which becomes in- 
Anite fur the particular value of x in question. 


91. Form o x oo.— The expression /(x) x <lt{x) becomes 
indeterminate for any value of x "which makes one of its fac¬ 
tors zero and the other infinite. The function in this case is 

easily red\icible to the form - ; for suppose /{a) = o, and (f> (a) 


= 00, tlien the expression can he written 


which is of the 

I ’ 


required form. 



Examples. 


f. Find the value of (1 — z) tan — w’^hen a: = i, 

f — ir 2 

This expression becomes . . the true value of which is • when a? = i. 

TTX ir 

cot — 


2, See X 


/ Tr\ 

I X sm - j, 


when a? =* “. 

2 


X sin z — 

2 

This becomes ■ % a form already discussed. 

cos z 


3. Tan (a? - a). log {x - a), 


when s? = a. 


Ans. o. 


4. Coseo^^z. log (cos frx)^ 


ff 
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02. Form As stated before, the fractionalso 
becomes indeterminate for the value a; = at, if 

f{a) = 00 , and (p(a) = 00. 

It can, however, be reduced to the form - by writing it 
in the shape 


/(^) 


1 

f(‘^) 

The true value of the latter fraction, by Art. 90, is that of 

•P'M 


./» ’ V'mUw) ■ 

/(^) 

Now, suppose A represents the limiting value of ‘ -7-: 
when X = a, then we have 

./(«) 0(a) 

that is, the true value of the indeterminate form ~ is found 


in the same manner as that of the form 

o 

In the preceding demonstration, in dividing both sides of 
our equation by A^ wo have assumed that A is neither zero 
nor infinity ; so that the proof would fail in either of those 
cases. 

It can, however, be completed as follows:— 

/* /^\ 

Suppose the real limit of *^-7-^ to be zero, then that of 

0 («) 

^ where k may be any constant; but as the 
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Indeterminate Forms, 


latter fraction has a finite limit, its value by the preceding 
method is 

/'W ^ V(«) ,, . 


0 '(«) 


^\a) 


therefore '—,^r = o; i. e. when A is zero, is also zero, and 


vice versa. 


Similarly, if tho true value of '^-7^^- bo infinity when x - a, 

then is really zero ; we have, therefore, v//-c = o, by what 

/ \ 

has been just established ; .•.'-7— = 00. 

^>00 


Accordingly, in all cases the value of * determines 

<!> [a) 


that of - for either of the indeterminate forms - or ^ 

I r? 1 r\ 00 


^ 00 


<p{n) 


o 


f*(x) 

* On referring to Art. 6o, tho student will observe that * t, i is of the form 
tz whenever r-^ = so that the process given above would not seem to assist 


00 




us towards detenuining the true vsihn; of llio fraction in (his case; however, wo 
generally iind a common factor, or else honic simple traiisformation, by Avhieh 

we are enabled to exhibit our cx2)rcssion, after differentiation, in the lorm -• 

o 

For example ■ ■ is of the form when x =~: here /\x) 




00 


sec*a:, </>'(a‘) = and tho fraction ii still of the form but it can 


TT 

X - 

2 




TT 

X - 

2 O 

be transformed into —7-, which is of the form -: tho true value of the latter 

o 

IT 

fraction can be easily shown to be — 00 when x = 

In some instances an expression becomes indeterminate from on infinite value 
of X, Tho student can easily see, on substituting - for x^ that our lulcs apply 

y 

equally to this case. 
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93. Indeterminate Expressions of the Form 

Lot w = then log n - log./’(j). 

"Chis latter product is indeterminate whenever one of its fac¬ 
tors becomes zero and the other infinite for tho same value 
of .r. 

(i.) Let ^{x) = o, and log {/(ir)) = + 00; th(J latter re¬ 
quires eithor/(j;) =00, oTf(x) ^ o. 

Hence, { becomes indeterminate when it is of the 

foim o", or CO*'. 

(2.) Ijet (j){x) = ± CX 3 , and log {/{x) } = o, ot/(x) = i; this 
gives the indeterminate forms 

I ® and I"". 

Hence, the indeterminate forms of this clnss are 

o®, 00®, and r*‘. 


ExAjirLi's. 


I. (■bin x) ' is of the form o®, when a; = o. 


Ucre 


log = tan x log (sin x) = - 


log (sin x) 


cot* 


The true value of this fraction la that of 
* cot X 

-7 = — cos X Bin X, or o when * = o. 

— cosuc-* 

Hence tho value of (sin a:)*®" * = a® = i at the same time. 

2. (sin *, when a: = -. 

This IB of the form i but its true value is easily found to bo unity. 


3. 


t 

whoa x — Om 

Here 

log 11 = 

logi 

/tun x\ 

[ / 



bat 

tan X 

X 

1 + 

- + &c. 

3 
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Indeterminate Fonns. 


, tan a? , / \ £L 

log log ^ &*^'y = y ^ 

Hence, the true value of log w ia - when a: = o; and, accordingly, the value of « 
is cl at the same time. 


when a; = o. 


Tet 


a: = -, then log « ---; 


a 


by Art. 02, the tjne value of log w when 5 = ©e is that of - 
I y 9 o I ^ az 

Hence, the value of n is i at the sumo time. 


or 15 zero 


M = ^ I + , when X = 


QO. 


Lot 


I log f I + rfz) 

X =~‘ ~ , then log H -- 

z z 


the true value of which is a when z is zero. 

licnco, the tiuo value of a ib c" ; us also follows immediately from Art. 29- 





when X — o. 


when a? = a. 


Ans, 



94. Compound Jliidctcrminate Forms. —If an in¬ 
determinate form be the product of two or more expressions, 
each of which becomes iudctcrniiuato for the same value of <tr, 
its true value can be determined by considering the limiting 
value of each of the expressions separately; also when the 
value of any indeterminate form is known, that of any power 
of it can bo determined. These are evident principles : at 
the same time the student will find them of importance in the 
evaluation of indeterminate functions of complex form. We 
will illustrate their use by a few elementary applications. 


ExAMI’LKS. 

I. Find the value of 

, . /ir- 2ar \" 

sc”‘ (am a;) *“" * I —:-) i 

' ' \2 am 2x1 


when x = ~ 


•K 

2 


The value of ia is unity: see p. 105. 
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Again, 


IT — 2a? 

2 sin 2 a? 


becomes 


—-on substituting - — 2 lor «: hence its true 

2 sin 22 2 


value is - when s o. 


Accordingly, the true value of the proposed espression when .v = - 


TT • 



7 * 


when a? — 00. 


This fraction can be written in the form 



The true vuluo of by thr 


method of Art. 92, is that of but the value of the latter fraction is zern 

- en 

n 

when a: =00; heneo the true value of the proposed fraction is also zero at the 
.same time. 


5. u — (log a?)"*, when x = o, and m and n are positive^ 


Here 


n 

u — (z™ log a;)”*. 


log X 


X 


n 

m 


is of tl.*3 form - - when x — oi 

00 ^ 


its true value is that of 


I 

X 


n 

- X •» 

m 


or 


— mx 


n 


n 

m 


Hence, the true value of the given expression is zero. 

This form is immediately reducible to the preceding, by assuming j?« = 0~y. 



u 




when X 


Here — 

but if 5 > r, and n > m, & 00 when a? = 00. Consequently the value of u ia 
of the form o*, or is zero in this case. 

Again, if m > n, = o when a; = 00, and the true value of m is 00. 
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Indeterminate Forma. 



« *’* T, 

u =-when = o. 


0 ^ 


l_ 

m 


Let X ~ and this fraction is iimncdiately reducible to the form disciissedin 
** • 

the previous Example. 




(t — cos|lo-(l + a:)}'" 


X 


i(' Hi 


, when x = o. 


An$» —. 
2 ^ 


(I + a:) 

u --when a? = O, 

X 


From Art. 29, this is of the form - ; to find its true value, proceed hy the 
method of Art. 90, and it becomes 


(I ( ^-(t +a;)los(i + a;) 

( X'{! + X) 


Again, substituting for (i + a:)* its limiting vnluo we get 


‘'I 


a; - (r + a:) log (I f x) \ ^ 
ir- (I + x) 


the true value of which is readily found to be — - when a; = o. Compare Ex. 29, 
p, 94. 

I — I [ f sin 2; — sin ajj: )« 

8. I -- <—7-, when a? = o. 

sin a? I (ar(coS2:—cosfl^); 


■fjj't — I 

The true value of-« when ~ o, is log m ; 

sin X 


and that of 


a sin X — sin^j: 
a‘(cosa;-cos/r.r) 


, when a: = o, 


a 


has been found in Examph* 6, Art 89, to be -; hence the true value of the given 


expression when ar = o, is log /», 
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Ex4urx,ES. 


J /(*)-/(«) 

* 4'{») - 

when a: = a. 

<() {«) 

/sin nx\ 

X = 0. 

« 

cos x6 — cos nd 

{x^ -ti^Y ’ 

X — n. 

00 • 

^ « + X — 2ir 

« H- 3^ — 2-^/ jT 

X = a. 

V^2. 

^n+l _ (2*^^ 

» + I * 

w = — I. 

(«)• 

^ c* - e"* - 2a: 

• («^-,)3 * 

r = 0, 

1 

3 

^ I — sin X + cos X 
*’ sinx + cos a: — i* 

IT 

X = 

2 

I. 

tan X “ sin x 

. 0 f 

BUl^X 

X = O- 

1 

2 

(a® - a;2)i + (a — ar)! 


\/ 2a 

- a:3)i 1 (a—a;)^’ 

X ^ €t. 

I h a\/ 3 

a:i tan a? 

10.- 

{e^— i)^ 

X = 0- 

I. 

£|smx _ ^ 

II. ,-;-, 

It>g Sin X 

ir 

X s= -. 

2 

a log a. 

n ^ fx\ 

12 .-cot 1 - J , 

« \«/ 

x = o. 

0. 

a?® + 2 cos ar — 2 

^3- -- , 

X =• 0, 

1 

12* 

/ . ■ 

1 X + sin aa: — 6 sm - | 

.. V 2 / 

[4 + cos a? - s cos - j 

x = 0. 

»(?)• 


'4 



1 lO 


Eocamples 


ir + cos IX — sin X 

15* - T —-- 

a?sin + a?coax 

^ sin na — n" sin x a 
Ian na — tan xa * 


when X 



Ans, 


to 

' • 

3 » 


X = n. 



xl _ 

I — cos fnx 


tanwa: — n fan x 
n sin X ~ sin ?ix* 


(n cos na — sin na) coB^na. 



(2 sin a: - sm2a:)2 
(scc.r - cos2.t)3 * 

a: = 0 

T 

19. j:*--, 

X = 1. 

(* - y)* 

2<p {x) + 2<p{t/) 

. » « = y. 

_ *log(i + ar) 

XI.-—-• 

1 — COS a; 

II 

0 

• 

X 

22 . X . 

II 

0 

• 

- r* 

^ log (i + a:)’ 

■ 

0 

II 

TTX. — 1 ^ 

24.---1. _ _ _ 

2X^ ^ «. I) aj' 

X =0. 

log (tan 2x) 

log (tan.)-' 

II 

0 

• 


8 

'25’ 

I 

e 

6 • 


2. 


00 . 




3 



26. 


log (i - ar) - I 


tana: - x 


zm 







I 



I + fn 

I -T^ »» = I. 


18. 

> 9 - 


(t + 2 : + .r®) + log {i — a: + x^) 
sec X — cos X ® 

^<>1* + «2* + . . • ^ 




COS 3^ 

3 


I. 


^3 • • • 




Examples 


1 r I 



when a; = 00. 

I. 

{l^-xY-e 


V ■ ^ 


• 

0 

If 

t 9 

1 

’ ^4 

sinar - los(«'-coa j!) 

-—■ — 

a: = 0, 

r 

2 

33. + i)'-«^iog (, 3 

r = 00. 

s 

8* 

1 - x + logs: 

* = I, 

- 1. 

— X 

35 - --- 

1 - ;r 4- log 

a = I. 

00, 

— X 

3 &. —- 

l ~ X + \OQX* 

* = 1. 

-- 2. 

+ ^) + sin a; - 1 
^ - (1 + 

« 0. 

0. 

-h sin a: - 1 

>>s [I + X) ’ 

2^0 

a 

— ZX 

tan X ^ X * 

a? = 0, 

I. 

in ^ hx 1- 

\ «ia; 4 / * 

X S 00, 

a 

tfi* 

^ ^ X — rt l(>g 

a - V 2fla: - x- 

4 ? = a. 

— I. 

tan (<* 4 x) — tan (*7 — a?) 
tun-*(a + a:) - tan ' (« - a;)’ 

3: = o. 

I + 

cos^a 

^ , *'• - 3 X + 2 

■* ** - 6x* + 8x - 3’ 

a? s I. 

o»* 
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Examples. 


44. (8inx)"“*, 

when X = o. 

Ans, I. 

45. (srcx)'^'‘®^*, 

i 

0 

II 

1. 

tun z 

46, (ain x) , 

w 

A - I, 


1 


47. Find tilt? value o{ 

{x - y )«" + (y - «) 4 - (g " « .«- I ^n-2. 

(® - S') (i/ -«)(«- *) * m“ 

when x=^y — a. 

Substitute a -1- h for .r, and a ^ k for y, and after some easy transformations we 
get the answer, on mating h = o, and = o. 



r H fan or - tan 2 x 
2x -t- tanx - tan 3.1:* 



Ans, 


7 

26* 



X + Rin X “ sin 2x 
2X ! tiu'X—tan 3^* 




v/ X - \/" g -h 'v/ 





X — r7. 




2 . 

- sm .r 
*» 




I 

- - tan X 


a? = 


o. 
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CHAPTER V. 

PAKTIAI. DIFFBKENTIAL COEFFICIENTS AND DIFFERENTIATION 
OF FUNCTIONS OF TWO OR MORE VARIABLES. 


95. Partial PilTerentiation.— In the preceding chap¬ 
ters we have regarded the functions under consideration as 
depending on one variable solely; thus, such expressions as 

sin bXf ir”*, &c., 

have been treated as functions of x only; the quantities 
(If hf trif . . . being regarded as constants. We may, however, 
conceive these quantities as also capable of change, and as 
receiving small increments; then, if we regard x as constant, 
wo can, by the methods already established, find the differen¬ 
tial coefficients of these expressions with regard to the quan¬ 
tities, a, b, m, &o.f considered as variable. 

In this point of view, c“* is regarded as a function of a as 
well as of Xf and its differential coefficient with regard to a 


is represented by 


di^) 
da 


, or X e®* Art. 30; in the derivation 


of which X is regarded as a constant. 

In like manner, sin {ax + by) may be considered as a 
function of the four quantities, y, a, 6, and we can find its 
differential coefficient with respect to any one of them, the 
others being regarded as constants. Let these derived functions 
be denoted by 

du du du du 
dx^ dy* dcH dh* 

respectively, where u stands for the expression imder con¬ 
sideration, and we have 


du 

dx 

du 

da 


= a COB (ax + by), 


du 

dy 

du 


b 00s (ax + by). 


X cos (ax + by), ^ “ y cos 
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These expressions are called the partial differential eoef- 
fioients of u with respect to a?, y, respectively. 

More generally, if 

./’(«» 8 ) 

denotes a function of three variables, a*, y, s, its differential 
coefficient, when x alone is supposed to change, is called the 
partial differential coefficient of the function with respect to x; 
and similarly for the other variables y and s. If the function 
be represented by its partial differential coefficients are 
denoted by 

du du du 
dx' d\f dz* 

and from the preceding it follows that the partial derived 
functions of any expression are formed by the same rules as 
the derived functions in the case of a single variable. 


I. 

Here 


3 - 

4 - 
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g6. nittlerentiation of a Function of Two ITarl- 
ables. —Let m = 0 (*■, y)> and suppose a? and y to receive the 
increments A, A, respectively, and let denote the corre¬ 
sponding increment of «, then 

Am = 0 (a; + A, y + A) - 0 (a?, y) 

{x + h, y k) ~ (It (a?, y + k) + (j, (x, y + k) - (j> (x, y) 

= ^ ?/ + ki) -(j, (x, y + k) ^ ^ (a*, y + A) - ^ (a?, 


If now h and k he supposed to become infinitely small, 
by Art. 6 we have 

0 (ar + A, y + k) - (f t {x, y -j- k) _ rf . 0 (a?, y + A) 

A dx * 

and » V + A-) - 0 (r, y) d . (jt {x, y) 

k dy ' 

In the limit, when k is infinitely small, 0 (*, y + A) 
becomes 0 (a;, y), and 

becomes 

aa; eke 

hence we get^ rieglecting injiniiciy small guantit*‘^z of the second 
order, * 

, dt’ . du , 
du = — h + As 
dx dy 

where A and A are infinitely small. 

If dxy dy, be substituted for A and A, the preceding 
becomes 


, du , du , 

aw = — aa; + — dy. 

dx dy 


(0 


In this equation du is called the total differential of u, 
where both x and y are supposed to vary. 

The student should carefully observe the different mcan- 
ings given to the infinitely small quantity du in this equation. 

Thus, in the expression -j- cb:, du stands for the infinitely 
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small change in xi arising from the increment in a*, xj being 

regarded as constant. Similarly, in — d^y du stands for the 

infinitely small change arising from tho increment dg in y, a? 
being regarded as constant. If these partial increments be 
represented by d^xiy dyU, the preceding result may be written 
in the form 

dn - dxU + dyU. 

That is, tho total increment in a function of two variables is 
found by adding its partial increments, arising from tho 
differentials of each of the variables taken separately. 

E::la.mpl£s. 


I. Let X — rcosd, in wliicli r and 6 are considered variables, to find the 
total differential of x. 


Here 

Hence 

2 . 

Here 


- — coa0, — = — rsin^* 
dr do 

dx = cos e dr ^ r sin B dO, 


u = 


X* 1/ 

I 

a- 


A 


du 

IX 

du 

2V 

A 

dx 


dy ~ 

v 

II 

e 

■ 

• 

— dx 


iy-^ 

“‘Hi 

JV Let? 

= then 

// 

y 


du 

du dz 

¥ 

ill 

dx 

dz dx 


y ’ 

du 

du dz 



dy 

dz dy 


r * 

II 

e 

• 

• 

\y; 

1 ydx 

^xdy 


Again, zniiltiplying the former of the two preceding equation^ by and the 
latter by y, and adding, we got 
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97. Difrerentiation of a Function of Tliree or 
more Variables. —Suppose 

u = <l> (x, y, s), 

and let 7 t, k, I represent infinitely small increments in ar, y, s, 
respectively; then 

Au = ^ (x + hf y + 7 Cf z + 1 ) - ^ (ir, ;//, s) 

^ {x + 7 ij y + 7 c, z ->r 1 ) - 0 {x, y + k, z + T) j 

= _ I 

. -^(ir,y,s+0 , _<lt{x,y,z+l)-<l>(x,y,z) , 

+--- k + -^- /, 

which hecomes in thv limit, Ly the same argument as before, 
when dx, dy, dz, are substituted for 7 ), k, I, 


, du ^ du - du , 

du — dx + — dy + — dz. 

ay GT 


ilx 


(2) 


Or, the infinitely small increment in u is the sum of its 
infinitely small increments arising from the variation of each 
variable considered separately. 

A similar process of reasoning can be easily extended to 
a function of any number of variables; hence, in general, if 
u be a function of n variables, xi, x^, x-, . . . Xn, 


^ du . du ^ du , 

du = -7— dXi + -7— dX:t + . . . + dXn. 


( 3 ) 


dxi ' ' dXz . dXn 

98. If 

« =/% «'■)» 

where v, w, are both functions of x ; then, from Art. 96, it is 
easily seen that 

du df(v,w)dv df{v,tc)dw 


dx dv dx dw dx ’ 
This result is usually written in the form 


In general, if 


du du dv du dw 
dx dvdx^ dw dx' 


(4) 


« = 0(yi> • • • yn)t 



ii8 


Partial Differentiation. 


where yui/a . . . Vm are each functions of a?, we have 

du df/n 


du du dt/i du dy% 
dx di/i dx dtji dx 


• + 


dljn dx’ 


( 5 ) 


Also, if yi, y^y &o., be at the same time functions of 
another variable z, we have 


and so on. 


du 

dz 


du dyi du dy 


1 IfVa n 

- + + & 0 . + 


dyi dz dy-i dz 


du dj^ 
dyn dz^ 


1. Let 
whore 

then 


U s 


•.SAMPLES. 
^ (X, y), 


but 


X = 

- ax + hy. 

r = 

rt'a? -h Uy ; 

du 

du 

dX 

du dY 


dx 

^ dX 

dx 

dY dx ’ 


du 

dn 

IX 

dn dY 


dy ' 

" dX 

1 

+ 

dV'd^' 


dX 


dX _ 

, dY 

. «?y 

dx 

= 

dy 

■- b. — 
dx 

= a, — 
dy 


* V. 


Hence 


du du , du 
dz ~ 
du , du du 

3. More generally, let 

u = ^(X, Yf Z)f 
where X = aa; + + cz, 

y = a'a; + 4 V + 

Z = a"a: + + c"*. 

When these substitutions are made, u becomes a function of y, z, and we 
have 

du du du ^,du 

Tx ~ ^'d± ^ * dY^ ® JZ' 

dy dX dT dZ' 

du du . du ,, du 

dz dX^ dY^ dZ 
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q 8*. HlATereiitlatlon of a Function of DifTe- 

rences. —If be a function of the differences of the vari¬ 

ables, a, / 3 , 7 : to prove that 

du du du 

da d(5 dy ^ 

Let a-j 3 = a?, /3-7“y, 7-a = s; then, m is a function 

of iP, y, s; and, accordingly, we may write 


t* = <p(a^, Vy 2 ). 


Hence 


du 

du 

dx 

du 

dy 

du dz 

du 

da 

dx 

da 

dy 

dn 

dz da 

dx 

du 

du 


liU 

du 

du 

du 

d^" 

~ dy 


aX* 

dy 

^ Tz ' 

"dy" 

du 

du 


du 




'' dk ■* 

d(5 

+ 

dy 

0 . 




du 

dz' 


This result admits of obvious extension to a function of 
the differences of any number of variables. 


Examples. 


I. If 


2 . If 







I, 

If 

*1 

A = 



/8, 

7 i 

8 , 





7 ^ 

S-, 





y. 

6 ^ 

<fA d£k, 


£A 

da 



da ^ dp 


dy 

^ dS 

= 0. 




h 

I, 

If 

I. 

A = 


«> 

B, 

7 f 

8 , 




0 -. 

7 ^ 

8 *. 



«*» 


7 ^f 

8 ‘, 



h 


If 

h 

dA ^A 



0 , 

7 f 

8 , 




0\ 

7 *, 

8 >, 



«», 

0^ 

7 ®f 

8 ®, 


, prove that 


y prove that 
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gg. Deflaltion of an Implicit Function. —Suppose 
that y, instead of being given explicitly as a function of a;, is 
determined by an equation of the form 

fix, y) = o, 

then y is said to ho an implicit function of x ; for its value, or 
values, are given implicitly when that of x is known. 

lOO. Dlircrentlation of an Implicit Function.— 
Let k denote the increment of y corresponding to the incre¬ 
ment h in a?, and denote./(a;, y) by u. 

Then, since the equation f [x, y) = o is supposed to hold 
for all values of x and the corresponding values of y, we 
must have 

f{x + hyij k) ~ o. 

Hence du = o; and accordingly, by Art. g6, we have, 
when h and k are infinitely small. 


hence in the limit 



k = o; 


k dy 
h dx 


du 

dx 

du 

dy 



This result enables us to dete»Sime the differential 
coefficient of y with respect to x whenever the form of the 
equation f{x, y) = o is given. 

In the case of implicit functions we may regard x as 
being a function of y, or y a function of a;, whichever we 
please—^in the former case y is treated as the independent 
variable, and, in the latter, x : when y is taken as the inde¬ 
pendent variable, we have 



dx dy I 

dy du dy 

dx dx 


This is the extension of the result given in Art. 20, and 
might have been established in a similar manner. 
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Exaufi.es. 


I. If 


+ y* — taary = c, to find - -. 

ax 


Here 


See Art. 38. 


g = 3 (**-ay), g = 


. 

' ' dx ax — y^' 


2. If 


ym 


= I, to find 


dx 


Here 



du du 

dx a”* ’ dff ~ 

xlogy-ylogflf = o. 


— /a:\ /i\ *** 

ax'" \y/ 

?//ar logy-y \ 
a; Vyloga;-a:/‘ 


</a; 


101. If M = ^ (ar, ?/), whero « and y are connected by the 
equation /(tr, y) = o, to find the total differential of u with 
respect to a;; y being regarded as a function of a?. 

Hero, by Art. 98, we get 


Also 


du d<ji dy 

dx dx dy dx' 

^ Q 

dx dy dx 


Hence, eliminating 


dx' 


we get 


d<ft df df d<^ 
du _ dx dy dx dy 
dx df 


( 7 ) 
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This result can also be written in the following deter¬ 
minant form: 


du 

dx 


d<i> 

da?’ dy 

da?’ dy 

^ ■ 
dy 


More generally, let m =- ^ (i?, y, a), where a?, y, g, are con¬ 
nected by two equations. 


/i(a?, y. s) = o, /,(a?, y, a) = o; 
then, as in the preceding case, we have 


and also 


Hence, wo get 


da _ d0 dtp dy d(p dz 
dx dx dy dx dz dx' 


dx dy dx dz dx * 


dx 


+ 


du 

dx 



dfi dz 

dy dx 

dz dx 

d<p 

dtp 



Ty' 

dz 


dfi 

dfi 

dx' 

dy' 

dz 

dfz 

dA 

dh 

dx' 

dy' 

dz 

dA 


dff 

dy' 


dz 

dA 



dy' 


dz 


= o. 


This result easily admits of generalization. 
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102. Euler’s Tbeorem of Homogeneous 
tlons.— 


Func- 


where 


u = jiaP if + -BdJ**' + Ca^' y^' + &c.. 


to prove that 


P q= p' + q* =p" + 9 ^' = &o- = Uy 


du du 
X ~ y ~ = nu, 
^ dy 


(9) 


Here 


du 


as — = ApaP if + Bp' cif if' ■¥ &o.; 

J 

y ^ = Aqa^ f/ B<f y^ + &c.; 


^ ^ + B{p' + f)xP' y’l' + &c. 

= nAxP if + nBotf y^ + &c. = nu. 

Hence, if u bo any homogeneous expression of the w*" 
degree in x and y, not involving fractions, we have 

du du 
x-~ + y~r- — nu. 
dx dy 

Again, suppose m to be a homogeneous function of a 

fractional form, represented by — ; where ^i, are homo- 

^2 

geneous expressions of the and degrees, respeotiveljr,. 
in X and y ; then, from the eqaxation 

M = — 

<Pz 


we have 


and 
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accordingly we get 



blit, by the preceding, 


hence 




7 i2 “ W(f>\ ^2 




which proves the theorem for homogeneous expressions of a 
fractional form. 

This result admits of being established in a more general 
manner, as follows: 

It is easily scon that a homogeneous expression of the 
degree in x and //, since the sum of the indices of x and of p 
in each term is n, is capable of being represented in the 
general form of 

a?" tj) 



Accordingly, let 



= x^v. 


where 


Then 



du 

dx 


nx^~'^v + a?” 


dv 


and 


dn „ dv 
— = a:” —: 
dy dy 


multiply the former equation by x^ and the latter by y, and 
add; then 



= noi^v + X — + 

dx 
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but (by Ex. 3, Art. 96), 


X 


dv 

dx 


+ y 




hence 



= nad'v = nUf 


which proves the theorem in general. 

In the case of three variables, x^ y, s, 
suppose u = AxP z*", 

then we have 


du 

X — 

dx 


= Ap xP y® z*". 



= Ag x^ y^ z% 


du 

dz 


= Ar x^ y* z*"; 



A{p + q + r) xp If z'" 


{p q + r) u \ 


and the same method of proof can be extended to any homo¬ 
geneous function of three or more variables. 

Hence, if w be a homogeneous function of the degree 
in Xj y, z, we have 


X 



du 

dy 



nu. 



It may be observed that the preceding result holds also 
if n be a fractional or nggative number, as can bo easily seen. 

This result can also be proved in general, by the same 
method as in the case of two variables, from the considera¬ 
tion that a homogeneoTis function of the degree in a?, y, z 
admits of being written in the general form 


or in the form 


y z 


y z 

u = x'*^ («’, w), where v = and tc = 

S/ »c 


Proceeding, as in the former case, the student can show. 
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without difficulty, that we shall have 


du du dii 
ar — + y-r-+s — = nu. 
dy 


dx 


dz 


Another proof will he found in a subsequent chapter, along 
with the extension of the theorem to differentiations of a 
nigher order. 

Examples. 

Verify Euler’s Theorem in the following cases by direct differentiation:— 

1 . 


2 . 




du 

+ 

du 

5w 

u 



^ dy 

2 



du 


du 


u 

a’x^ + iV ’ ’* 

dz 

+ 

^dy ~ 

Urn 



du 


du 


u 

« am*' -Tf It 

^ dx 

■f 

“ 

0 . 


/a'3_j/3v 

du 


du 


u 

= -t;—^.1 , 


+ 

y-r- = 

U* 


103. Theorem.—If U = tin + Ui + Uz .. . «ni 

where Uo is a constanl,, 'md «„ . . . u„, are homogeneous 

fxmetions of x, y, z, &o., of the ist, 2nd, . . . degrees, 
respectively, then 

dZr dU dU , , 

X + y — —I- z --- -I- ...» Ml + 2M2 + 3M3 + .,. + «M„.. (11) 

dx dy dz 

For, by Euler’s Theorem, we b*" 7e 

dUr dUr dUr „ 

a; — + M + z + &c. = rur. 
dx dy dz 

since Ur is homogeneous of the degree in the variables. 
CoK. If ?7 = o, then 

dU dU dU , , / X 

X— + y — + s — . . . = - {m„_i + 2 m ,^.2 + nuo], ( 12 ) 

Cliff cpy rts 

This follows on subtracting 

nuo + nui + . . . + WM„ = o 
from the preceding result. 
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104. Remarks on Ruler’s Xheorem.— In the appli> 
cation of Euler’s Theorem the student should be careful to 
see that the functions to which it is applied are really 
homogeneous expressions. For instance, at first sight the 

( •J? 4“ t/ \ 

appear to be a homogeneous 

function in x and y ; but if the function bo expanded, it is 
easily seen that the terms thus obtjtined are of different 
degrees, and, consequently, Euler’s Theorem cannot be 
directly applied to it. Ilowever, if the equation bo written 

in the form = sin «, we have, by Euler’s formula, 


or 


hence 


X 


d sin 

u d sin u 

X 

dx 

+ 

1 

f 

du du\ 

cos ulx 

^ ^ dyj 

du du 

^2.n u I 

dx ^ dy 

■ ^ 'a; 


x + y 


2 + yi)* - {x + yY 


When, however, the degrees in th-^ numerator and the 
denominator are the same, the function is of the degree zero, 
and in p,ll sueh oases v.'0 

dn 

y'T' = O’ 

dx dy 


For example, sin~* tan 


•P 4" f/ “ 

e^y &0., may bo 

X y 


treated as homogeneous expressions, whose degree of homo¬ 
geneity is zero. The same remark applies to all expressions 

which are reducible to the form ^ ; as already shown in 

Ex. 3, Art. 96. 

105. If X = r 008 0 , y = r sin 0 , 

to prove that xdy - ydx = (13) 
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In Ex. I, Art. 96, wo found 

clx = cos Odr - r sin OdO ; 


similarly dy = sin Odr + r cos QdQ. 

Hence, xdy = r cos 9 sin 9 dr + y® cos® BdO^ 

ydx = r cos 0 sin Odr - r® sin® OdO ; 
xdy — ydx = r® dO. 

106. It X and y havo tlie same values as in the last, to 
prove that 

{dxy + {dyY = {dry + r' {dOf. (14) 

Square and ®dd the exprefisions for dx^ dy, found above, 
and the required result follows immediately. 

The two preceding formulae are of importance in the 
theory of plauo curves, and admit of being easily established 
from geometrical considerations. 

107. If M = ax^ + hy' + cs® + 2fyz + 2gzx + 2hxy^ 

to find the condition among the comtants that the same values of 
X, y, s should satisfy the three equations 


Here 



du 

dx 


= zax + 2hy + 2gz — 




= 2hx s- ihy + 2 fz - 



du 

dz 


= 2gx + 2fy + 2CZ = 



Hence, eliminating iP, y, a between these three equations, 
the required condition is 

ahc - aff — hg* - ch^ + zfgh = o; 

Or, in the determinant form, 

a h g 

h b / 1 = 0. 

9 f o 
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The preceding determinant is called the discriminant of the 
quadratic expression, and is an invariant of the function; it 
also expresses the condition that the conic represented by 
the equation u = o should break up into two right lines. 
{Salmon's Conic Sections^ Art. 76.) 

The foregoing result can be verified easily fronf the latter 
point of view; for, suppose the quadratic expression, w, to be 
the product of two linear factors, X. and Y ; 


or 

where 

then 


u = XY, 

X = &; + my + nz, Y = Vx + m'y + n'z ; 

ax ax ax 


du dY ^dX , 

~-=X-~ + X -^ = mX + mY. 
dy dy dy 

du dY dX 

~ =X—T- +Y -r- = nX + nY. 
(Xz ' uz dz 


Here the expressions at the right-hand side become zero for 
the values of a?, y, s, which satisfy the equations X = o, 1 ^= o, 

or ' lx + my + nz = o, Vx + m'y + n'z = o. 

Henco in this case tho equations 

du du du 

— = 0. — = 0, — = 0 

dx dy dz 

are also satisfied simultaneously by the same values. 

"We shall next proceed to illustrate the principles of 
partial differentiation by applying them to a few elementary 
questions in plane and spherical triangles. In such cases we 
may regard any three* of the parts, a, 6, c, . 4 , i?, < 7 , as being 


* The case of the three angles of a plane triangle is excepted, as they ace 
equivalent to only two independent data. 

K 
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independent variables, and each of the others as a function of 
the three so chosen. 

io 8 . Equation connecting tlic IFarlatlonus of the 
three tildes and one Angle. —If two sides, «, &, and the 
contained angle, O, in a plane triangle, receive indefinitely 
small increments, to find the corresponding increment in the 
third side c, we have 

c® = a* + - 2ab cos C ; 

ede ^ {a — b cos C) da + ih — a cos C) db + ab sin CdC ; 

hut a = b cos O' + c cos jB, 5 = a cos C 7 + c cos A. 

Hence, dividing by c, and substituting c sin B for b sin ( 7 , 
we get 

do = cos Bda + cos Adb + a sin BdO. (15) 

Otherwise thus, geometrically. 

By equation (2), Art. 97, we have 

, do j dc „ do 
dc = — da + -yr db + -j-pi dC. 
da db dC 


• • dc 

Now, in the determination of — we must regard b ^d C as 

constants; accordingly, let us sup¬ 
pose the side CB, or rt, to receive a 
small increment, BB^ or Aa, as in 
the figure. Join AB^^ and draw B^D 
perpendicular to AB^ produced if 
necessary; then, by Art. 37, AB^ 

= AD when BB' is infinitely small, 
neglecting infinitely small quanti¬ 
ties of the second order. 

Hence 

Ac = AB' - AB ^ AD-AB« BB; 



rig. 4. 


de 

da 


= limit of 


Ac 

Aa 


BD 

Bff 


= cos j 5 . 


• • 
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rfo • 

similarly, — = cob A ; which results agree with those arrived 
at before by differentiation. 

Again, to find Suppose the angle G to receive a 

small increment At?, represented by c 

liCE in the accompanying figure; 
take CB' = CB, join AJff, and draw 
BD perpendicular to AJf. 

Then 


Ac = AE - AB = B'D (in the Umit) 

- BB' cos ABTB = BE sin ABC{(i.p.). 

Also, in the limit, BB' = EC sm BCE => a AC. 



Fig- 5. 


Hence 


^ = limiting value of = « sin ^; 


the same result as that arrived at by differentiation. 

In the investigation in Fig. 5 it has been assumed that 
AB — AB is infinitely small in comparison with BB ; or that 

the fraction -— vanishes in the limit. For the proof 

of this the student is referred to Art. 37. 

When the base of a plane triangle is calculated from the 
observed lengths of its sides and the magnitude of its vertical 
angle, the result in (15) shows how the error in the computed 
value of the base can be approximately found in terms of the 
small errors in observation of the sides and of the contained 
angle. 

dC 

100. To find . when a and b are considered 

dA 

Constant.— In the preceding figure, BAE represents the 
change in the angle A arising from the change A (7 in C?; 
moreover, as the angle A is diminished in this case, we must 
denote BAE by - AAy and we have 


BE 


abaa 


ABAA oAA 


sin AEB cos B 

K 2 


ooai?' 
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BIT 


a cos B’ 


(i6) 


This result admits of another easy proof by differentiation. 
For a sin B = h sin A ; 

hence, when a and b are constants, we have 

a cos B (IB - h cos A dA ; 
also, since ^4 + J? + C' = tt, we have 

dA + dB + dC = o. 

Substitute for dB in the former its value deduced from the 
latter equation, and we get 

(a cos B -vb cos A^ dA = — a cos B dG\ 

or c dA = — a cos B dO, as before. 

no. Equation connecting tlie Tariattons of two 
Sides and tlie opposite j!t.nglcs. —In general, if wo take 
the logarithmic differential of the equation 

a sin B = b sin A, 

regarding a, i. A, B, as variables, we get 


da 


+ 


dB 


a tan B 


h ^ tan A’ 


(«7) 


III. Iianden*s Transformation. —The result in equa¬ 
tion ( 16 ) admits of being transformed into 


dA 


dC 


but 


flcos B 


c = - 2 ab cos C7, and a cos B - \/d^ — h^ sin’^A; 

hence we get 


dA 


dC 


sin M + b"^ — lab cos G' 
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If C be denoted by 180® - 2^1, the angle at A by and 


- by A, the preceding equation becomes 
a 


d<^ 


2dt^\ 


2C?^, 


^I - k^ sin®^ 's/1 + 2k cos 20i + /c® v^(i + A)*— 4A sin*^i 


d 4 >) 


(i + k) \/ 1 ~ ki sin*01 ’ 


(18) 


where 


Ai = 


2-v/A 
I + A' 


Also, the equation « sin ^ = J sin ,4 becomes 

sin (201 - 0) = A Bin0. 

The result just established furnishes a proof of lianden’s* 
transformation in Elliptic Functions. 

We shall next investigate some analogous formulae in 
Spherical Trigonometry. 

112. Relation connecting tbe 'Variations of Tbrec 
Sides and One Angle. —Differentiating the well-known 
relation 

cosc = cos a cos h + sin a sin h cos ( 7 , 
regarding a and h as constants^ wo get 


dc sin a sin h sin C 
dC sine 


= sin a sin B. 


• 

Again, the value of —, when b and C are constants, can 

dct 

be easily determined geometrically as follows:— 


• This transformation is often attributed to Lagrange; it had, however, been 
previously arrived at by Landen, (See Fhilosophical Tramaciiom^ 1771 and 
« 77 S-) 
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In the spherical triangle ABC^ making a oonstruotion 
similar to that of Fig. 4, Art. 108, we have 


BP> = Aa; ^ = limit of ~ \ 

da ^a Bli y \ 

(in the Kmit) = cos B. y \ 

Similarly, when a and O are con- \ 

. . dc Il'l r -- 

stants, = cos A. 
do 

Hence, finally, 

dc = cos Bda + cos Adb + sin a sin B dC. (19) 

This result can also he obtained by a process of diffe¬ 
rentiation. This method is left as an exorcise for the 
student. 

As, in the corresponding case of plane triangles, we 
have assumed that AB = AD in the limit; ^.c., that 

-— is infinitely small in comparison with AD in the 

limit; this assumption may be stated otherwise, thus:— 

If the angle A of a right-angled spherical triangle bo 

C 1) 

veiy small, then the ratio becomes very small at the 

same time, where e and h have their usual significations. 

This result is easily established, for by Napier’s rules we 
have 

. tan h sin h cos c 

cos A = T-=-i—;—; 

tan c cos b sm c 


B-e 


veiy small, then the ratio 


I — cos A sin c cos h — cos c sin h sin {c — b) ^ 

‘ ’ I + cos A sin c cos b + cos c sin b sin (c + 6) * 

or 

• / i. 2-^ • / sin(c-J) . , A 

sin (c - 0) = tan® — sm (c + o); sm(c + b) tan—. 

2 j 2 

tan — 

2 

But the right-hand side of this equation becomes very small 
along with Ay and consequently c - b becomes at the same 
time very small in comparison with that angle. 
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The formula (19) can also be written in the form 


dC = 


dc 


da 


dh 


sin a sin B sin a tan B sin b tan JT 


(20) 


The corresponding formulte for the differentials of A and B 
arc obtained by an interchange of letters. 

Again, from any equation in Splierical Trigonometiy 
another can bo derived by aid of the polar triangle. 

Thus, by this transformation, formula (i g) becomes 

dO - — cos li dA — cos a dB + sin A sin h dc. (21) 

These, and the analogous formulas, are of importance in 
Astronomy in determining the errors in a computed angular 
distance arising from small errors in observation. They also 
enable us to determine the most favourable positions for 
making certain observations; viz., those in which small errors 
in observation produce the least error in the required result. 

113. Remarks on Partial RilTercntials. —The be-' 
ginner must be careful to attach their proper significations to 

cl {l^V 

the expressions -7;^, &c., in each case. Thus when a and 


da^ dO 


do 


0 are constants^ wo have = sin a sin B; but when A and a 

(i>\y 

arc com^autSf we have — = ; those are quite different 


dC tan C 


dc 


quantities represented by the same expression 

The reason is, that in the former case wo investigate the 
ultimate ratio of the simultaneous increments of a side and 
its opposite angle, when the other two sides are considered as 
constant; while in the latter we investigate the similar ratio 
when one side and its opposite angle are constant. 

Similar remarks apply in all cases of partial differentia¬ 
tion. 

When our formulae are applied to the case of small errors 
in the sides and angles of a triangle, it is usual to designate 
these errors by Aa, Ai, Ac, A A, A.ff, A C ; and when these 
expressions are substituted for dh, «&c., in our formulae, 
they give approximate results. 
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For instance (19) becomes in this case 

Ac = Aa cos 5 + A5 cos A + AC sin a sin B; ( 22 ) 

and similarly in other cases. 

It is easily seen that the error arising in the application of 
these formulae to such cases is a small quantity of the second 
order; that is, it involves the squares and products of the 
small quantities Afl, Ai, Ac, &o. This will also appear more 
fully from the results arrived at in a subsequent chapter. 

114. Tlicorem.—If the base c, and the vertical angle ( 7 , 
of a spherical triangle be constant, formula (19) becomes 

da dh 

-A + -= O- 

COS A cos B 


sin O 


sm c 


Now, writing ^ instead of a, xp instead of b, and k for 
, this equation becomes 


since 7 c 


d^ 


sin A sin B 
sin b 


Bin <2 


\ —7^ sin®0 ^ y X ~ H- sin® \p 


dxfj 


= o. 


(23) 


where 0 and \p are connected by the following* relation 
cos c = cos 0 cos + sin 0 sin xp cos ( 7 , 
or cos c = cos tp cos xp + sin ^ sin xp y 1 ~ A® sin® c. 

115. In a Spberical Triangle, to prove that 


da 


+ 


db 


+ 


do 


cos A cos B cos G 


= o, 


(24) 


sin (7 

wben —:-is constant. 

sm c 


* This mode of establishing the connexion between EUiptio Functions hy 
aid of Spherical Trigonometry is duo to Lagrange. 
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Let sin C = k sin c, and we get 


, _ k cos c , sin A cos c . 
dC =-^ dc = ^ dc : 


cos C 


sin a cos C 


substitute this value for dC in {ig), and it become^ 

, - „ T. , cos c sin ^ sin ^ , 

dc = cos Ado + cos B da + -- dc ; 


or cos A dh cos B da 




cos C 
cos c sin A sin B 


cos^ cos^ 
cos O 


cos C 


dc \ 


do 


since 


Hence 


sin A sin B cos c = cos C + cos A cos B. 


da 


+ 


dh dc 
+ 


cos A cos B cos C 


= o. 


Again, since cos A = \/1 - sin '-4 = \/1 — Bin*«, «S;c., 
the preceding result may be written in the form 

da dh dc 

(25) 


v^i - A® sin®a ^ ^/1 - A® sin®& ^ 1 - h 


+ 


t® sin‘ a 




where a, ft, c, are connected by the equation 

cos c = cos a cos h + sin a sin h 1 - /c® sin*c. 

116. Tbeorem off I<egcndre. —"We got from (24) 
cos B cos Oda + cos A cos Cdh + cos B cos Adc = o, 
or (cos A - sin B sin C cos a) da + (cos B- Bin A sin C cos h) dh 

+ (cos C - sin^ sin B cosc) dc = o\ 
cos Ada + cos Bdh + cos Cdc 

= sin 5 sin Cd (sin d) + sin^ sin Cd (sin h) + sin A sin Bd (sin c) 
= A:* (sin h sin cd (sin a) + sin a sin cd (sin h) + sin a sin hd (sin c )) 

= k^d (sin a sin J sin c); 
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or >y \ sin® ada + sin® bdh ■\->y \-W sin® c dc 


= Ic^d (sin a sin h sin c). (26) 

This furnishes a proof of Legendre’s formula for the compa¬ 
rison of Mliptio-Functions of the second species. 

The most important application of these results has place 
when one of the angles, G suppose, is ohtuso; in this case 
cos C is negative, and formula (25) becomes 

da dh dc 

-v/1 - sin®a 1 - 1 i' sin® 6 i — A* sin®c‘ 

where the relation connecting a, c is 

cos c = cos a cos h - sin a sin h —ld‘ sin’ c. 

In like manner, equation (26) becomes, in this case. 


I — kr sin® ada + ^y i — A® sin® b db 


= y I - Jo sin® c do + /ij® d (sin a sin b sin c). 

117. If = (j){x + at, y + ( 5 t), wbere x, y, a, ( 5 , are in- 

dependeut of t, and of eaeb other, to prove that 


Let 

then 


du du ~ du 

dt dx^ ^ dy 

aJ = X + at, y' = y + (it; 

u = f). 


and 


dZ 


dZ 


dx da dt 


= a. 


dif 


-a 


’ dy *’ dt dt 
Also, since y' is independent of x, we have 


dll du dec du 

dx dx' dx dx'’ 


and 


du du dx' du di/ 
dt dx' dt ^ dy' dt 


du du 
dy ~ dif 

du - du 

a— + /3 


dx 


dy 


(27) 


Hence 
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In like manner, if 2/', be substituted for x 
s + 7^, in the eejuation 

+ o«, y + / 3 <, 


u = ^{x + atj y + j 3 ^, s + yt)y 


it becomes 

M = 0 (a;', s') ; 


also 

du du dx* dud]f dii dz' 
dx dx dx dy' dx dz' dx ’ 


but 

0 

II 

0 

11 

M 

II 


• 

• • 

du du du du du du 

dx ~ dx' dy ~ dy'* dz ~ dz'’ 


Again 

du du dx' du dy' du dz' 
dt dJ dt ' dy' dt ^ dz' dt ' 


but 

dx' dtj dz' 

dtdt dt 


Hence 

du du , du du 

dt ^ dx^ ^ dy^ ^ dz' 

(28) 


This result can he easily extended to any number of variables. 
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Examples. 


- If w = sin"* + sin”* ff\ ,prove that du = -- + — y~- 

\aj \bj ^ V^d>- 


2. If « = oP!/^ f I j , 


$$ 


du du 

a: — + y — s= au. 
dx di/ 


3, Find the conditions that u, a function of x, y, should be a function of 

® + y + «. 


. du du du 

Ant. :r = :r = :r- 

dx dy d% 


4. If f{ax + by) = Cy find 


a 


5. If/(w) = </>(«?), whore m and v are each functions of x and y, prove that 

du dv dv du 
dx dy dx dy* 

t>. Find the values of a: ^ V —, when 

dx dy 

(“> “ - 

w) “-‘“'■’(Iri)'- 

7. If M = sin aa; + sin by + tan”* , prove that 

sdy ~~ ydz 

du^ a cos axdz-Vh cos by dy H-r— 

y® + a* 

« TJ* 1 ^ 1 J . du I du — log as 

S. If u = logya?, find — and —. Ans. — = —=-, — =s —- 2 -—. 

dx dy dx xlogy dy y(logy)* 

as 

9. If ^ = tan-* —, prove that 

y 

(ic® + y*) d 6 = ydx — xdy» 

10. If « = y**, prove that 

du = y*»-* (a:z^y + ys log ydx + asy log y«fo). 



Examples. 


141 


_ 

II. If a + «*-»* = ye “ , prove that 

_ - y 

^ a® — 

12- In a spherical triangle, when o, b are constant, prove tliat 

dA _ tan A dC ^ sin G 
dB dB sin i# coa^‘ 

13. In a plane triangle, if the angles and sides receive small variations^ 
prove that 

chB + h cos A^O = o; a^b being constant, 
cos C/^b + cos B^c = o ; A being constant, 

tanAAb ^hAC\ B being constant. 

14. The base c of a spherical triangle is measured, and the two adjacent 
base angles Aj B are found by observation. Suppose that small errors dA, dB 
arc committed in the observations of A and B ; show that tho corresponding 
error in the computed value of C is 

— cos adB — cos bdA, 

15. If the base c and the area of a spherical triangle be given, prove that 

a b 

sin* - dB + sin* - dA = o. 

2 2 


16. Given the base and the vertical angle of a spherical triangle, prove that 
the variation of the perpendicular p is connected with the variations of tho sides 
by the relation 

Bia Cdp = sin dda + sin sdb^ 

9 and y being the segments into which tho perpendicular divides tho vertical 
angle, 

17. In a plane triangle, if the sides a, b be constant, prove that the variations 
of its base angles are connected by the equation 

dA _ d B 

— A* sin*.^ *s/b'^ — a* sin*^* 


18. Prove the following relation between the small increments in two sides 
and tho opposite angles of a spherical triangle. 


da dB 
tan a tan B 


dA db 
ton A tan b* 


19. In a right-angled spherical triangle, prove that, if be invariable 
sin zedb = sin zbdc \ and if 0 be invariable, tan <nda + tan hdb = o. 


142 


Examples, 


ao. If a be one of the equal aides of an isosceles spherical triangle, whose 
vertical angle is very small, and represented by prove that the quantity by 

which either base angle falls short of a right angle ia - cos a 

2 

21. In a spherical triangle, if one angle C be given, as well as the aum of 
the other angles, prove that 

da db 
sin a ^ sin d 


22. If all the parts of a spherical triangle vary, then will 


where 


cos Ada + cos Bdh + cos Cdc = hd {k sin a sin b sin e ); 

^ sin A sin J$ sin C 

^ sin a sin b ^ sin c * 


Also 


da db 
cos A cos B 


dc 

cos C 


tan^ tan21 iwxvCd 



These theorems can bo transformed by aid of the polar triangle?— iPCullagh^ 
Fellowship Examination^ 1837. 

These are more general than the theorems contained in Arts. 115 and 116, 
and can ho deduced by the same method without difficulty. 

23. If c = ^ (a:- - prove that 


y 






X 



, prove that 


25 

form 


dz dz 

+ y-T + « = 
dx dy 

Find ^ and ^ when y, z are connected by two equations of the 


/(«, y, a)=o, 4>(«, y,f) = o. 


. dy 
Am. -- 
dx 


dx dz 
dz dy 


dz dx 


d£dj 

dy dz 


df dip df d^ 

dz dy dz dx dy 

dz dy dy dz 



Examplea. 


H3 


26. Prove that any root of the following eq\iation in y. 


y’" + x!f = I, 


satisfies the differential equation 


D / X 

27. lEow can wo ascertain whethor an expression such as 

<P (^> 1/) + v/- y) 

'idmits of being reduced to the form 


/(i*?+ y^/- I)? 


Ans. ~ 
dx 




dtp 


dyp 

dx 


28. If + mF+ nZy VX + m'T+ n'Z, l"X + «n"F + «"Z, bo substituted 
for X, ijj 3, in the miadratic expression of Art. 107 ; and if i/y <fy dly be 

the respective coemcicuts in the now expression, provo that 


o' 

/' 

d 

1 ^ 

f 

e 

r 

V 

d' 

= 0, whenever 1 f 

b 

d 

e' 

d' 

d 

1 c 

d 

c 


29. If the transformation be orthogonal^ i. e- if + s® = A* + F* + 

prove that the preceding determinants arc equal to one another. 


29. If w bo a function of f, ij, and { = y + 

z 



C=a;-f 



show that 


du du du du du .du f du du du\ 
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OnAPTER YI. 


SUCCESSIVE DIFFERENTIATION OF FUNCTIONS OF TWO OR MORE 

VARIABLES. 


118. Suecesslve Partial DilTercntlatlon.—Wo have in 
tho preceding chapter considered tho manner of determining 
the partial differential coefficients of the first order in a func¬ 
tion of any number of variables. 

If M be a function of x, y, z, &o., the expression 

du du du 
d? di; dz^ 


being also functions x, y, z, &o., admit of being differen¬ 
tiated in the same manner as the original function; and the 

partial differential coefficient of —, when x alone varies, is 

ctoo 


denoted by 


A 

dx \dxj 


d^u 



as in the case of a single variable. 


du 


Similarly, the partial differential coefficient of when y 
alone varies, is represented by 


dy \dx} 


or 


dyda^ 


- —r— denotes that the function u is first 
dy”' dx” 

differentiated n times in succession, supposing x alone to 
vary, and the resulting function afterwards differentiated m 
times in succession, where y alone is supposed to vary; and 
similarly in all other cases. 


and, in general. 
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THie Order of Differentiation is Indifferent. 

We now proceed to show that the values of those partial 
derived functions are independent of the order in which the 
variables are supposed to change. 

119. If u l>e a Function of x and to prove that 


dHi (Pu 


d /du\ d fdu\ 

dy\dxj dx\dyf dydx dxdy* 


(0 


where x and y are independent of each other. 

Let u = ip {Xy y), then — represents the limiting value of 

<P (a; + y) -tp (a?, y) 


when h is infinitely small. 

This expression being regarded as a function of y, let y 

become y + 7 i:, x remaining constant; then i ^ ) is the 

dy\dxj 

limiting value of 

tp {x + hyy + 1i) -p{xyy + k ) -<p{x + h, yf+J>fx, y) 

hk 

when both h and k become infinitely small, or evanescent. 

In like manner ~ is the limiting value of 

•/ 

i p{x,y + k) - p (xy y) 

k 

when k is infinitely small; hence ^ limiting value 

of 

p{^x^^^ly y + A;) -p{x^hy y) - 0 (a;, y + k) + 0(a?,y) 

hk 

when both h and k are infinitely small. 

Since this function is the same as the preceding for all 

L 
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Sticcessive Partial differentiation. 


finite values of h and A, it will continue to be so in the liiuit; 
hence we have 


dx 



In like manner 


for by the preceding 
dx \dxdi/ 


• • 


<Pu 

dx^dy 

d^u 

dxdy 


d^u 
dydx^ * 
d‘‘u 
dydx ' 


d 

dhi 

d d 

du 

d d 

du 

dx 

dydx 

dx' dy 

dx 

dy' dx 

dx 


similarly in aU other cases. Hence, in general, 


dP^'iu _ dP^’iu 
dxP dy'^ dy^ dj^' 

Again, in the case of functions of three or more variables, 
by sii^ar reasoning it can bo proved that 

d^H d^u 
dzdxdy dxdydz 

Hence we infer that the order of differentiation is in all cases 
indifferent^ provided the variables are indejjendent of each 
other. 


Examples pob Vebipication’. 


2. If « = W , 

3. If w = Bin {ax^ + 


yerify that 


iPu d^u 
dffdx dxdy* 


** dy^dx dxd^* 

d^u d^u 
** dx^dy^ dy^dx^ 


120. Condition that Pdx Qdy sball be a total 
IHfflSerentlal. —This implies that Pdx + Qdy should be the 
exact differential of some function of x and y. Denoting this 
function by «, then 

i 

du^ P dx + Q dy. 



Condition for a Total Differential. 


*47 


and, by (i). Art. 95, we must have 



c?P _ d\i dQ _ d^u 

dy dydx^ dx dxdy 


Hence the required condition is 


dy dx' 



121. Ttu be any Function of x and y, to prove that 



where x and y are independent variables. 

Here each side, on differentiation, becomes 



F{u) 


(Pu 

dxdy 


+ P'(w) 


dit dn 
dx dy ’ 



122. more generally, to prove that 

d f do\ _ d f dv 
dy \ dx) dx \ ^ dy 




where u and v are both ftmctions of z, and z is a function of 
X and y. 


For 


dy \ dx) 


du dv 
dy dx 


+ M 


d^v 

dydff 



du du dz dv dv dz 

dy dz dy* dx dzdx* 


and 


d f dv\ 
dy Vdx) ~ 


du dv dz dz d*v 

-rr + u 


dz dz dx dy dydx * 


^ evidently the same value. 


L 2 
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Successive Partial Differentiation. 


0 s 


123. Euler’s Tbeorem of Homogeneous Func¬ 
tions. —In Art. 102 it has been shown that 


< 



where « is a homogeneous function of the degree in 
V and y. 


Moreover, as ^ and ^ are homoneneous functions of the 

ax ay ° 


degree « - i, we have, by the same theorem, 



X 







du 

d? 



X 







multiplying the former of those equations by ar, and the 
latter by y, we get, after addition. 



cru 


+ zxy- 


dxdy 







This result can be readily extended to homogeneous 
functions of any number of independent variables. 

A more complete investigation of Euler’s Theorems will 
be found in Cliapter YIII. 

124. To find the Successive DilTercntlal Coeili- 
cients with respect to t^ of the Functlou 

<l>{x + at j y + ( 3 t)y 


where x, y, a, / 3 , are independent of ty and of each other. 

By Art. 117 we have in this case, where 0 stands for the 
expression ^(a; + o^, y + f 3 t)y 


d^ 

dt 




d<l> 

ly 



Honoe 


Differentiation of <^{x + at, y + /3<). 
d f d(f> 
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= n-T. 


+ e-f®' 

dt\dxj ^ dt\dy^ 


d fd<p\ ^ 

"^diydi) 




= a-^ + 2a/3ff 

dx’' dxdy ^ dxf 

This result can also be written in the form 




( 6 ) 


dt^ 




(7) 


in which ^ + /3 is supposed to he developed in the 

d"(t} { d \* 

usual manner, and ”, &o., substituted for f ^j tp, &o. 


Again, to find 

df 


^y. 


dt? ~dt\dt'‘)~dtVdx^^ 

( d ^ d\d<p ( d ^ dVf d(j> r,dij>\ 

° y dx'^ ^ dy) dt ~ y dx'^ ^ dy) ydx '^^dy) 

d o d\ 

^Tx^^^Ty)^' 

By induction from the preceding it can be readily shown 




d 


(? V* 

7Yn ~ I ®”r + [^~7~ I 0' 
df^ ^ dx ' dy) ' 


This expression, when expanded by the Binomial Theorem, 
^ves the differential coefficient of the function in terms of 
its partial differential coefficients of the order in x and y. 



Examples. 
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ExAMPIiES. 


I. If M = 3in verify tte equation 


dru 


dxdy dydx 


2. If w » sin (y H- ax) + (y ^ ax)®, prove that 

d’^H d-u 

di/'* 

3. In general, if « = /(y + ax) + ^ (y — ox), prove thul 

{Pu 


dx- di/ 


4. If M = y*, prove that 


dhi dhi 

' tfyaar 


xyz 

5* If ti: , find the values of 

ax by + cz 


d^u dhi 
dx^* rfy-* 


and 


d^u 


6. If u = (.i.^ + y")i, prove tliat 


„ d^fi fPu « 

£f^- dxdy dy^ 


o. 


7. If tt = (x® + y^)*, prove that 


- - dhi 

^ T~^ + ~nr + 2/ ”, ; 



8, If F*« + iBy^x -i- ^Cyx^ + prove that 


d^dV^ 

dx^- dy^ 


dPV dVdV 
dxdy dx dy 


iPVdV^ 
dy^ dx^ 



- xy, 

V/, B, G 
B, C, J) 




and show that the loft-hand side of this equation vanishes when F is a perfect 
cube. 


9. Ifu 


(x® + y* + «**)* 


, prove that 


d^u d*u d*w 
dx^ dy* ^ 



( I5I ) 


CnAPTER VII. 

Lagrange’s theorem. 

125. l^agrange’s Theorem. —Suppose that we axe given 
the equation 

3 = a; + y0(z), (1) 

in which x and y are independent variables, and it is reqtiired 
to expand any function of z in ascending powers of y. 

Let the function he denoted by or by and, by 
Maolaurin’s theorem, wo have 



7/” fd”u\ 


0 

zero is substituted for y after differentiation. 

It is evident that = F{x). 

To find the other terms, wo get by differentiating ^i) with 
respect to a;, and also with respect to y. 


where Moj 


du 


, &c., represent the values of w, &o., when 


dz 

dx 


= I + y^\%) 


dz 

dx* 


dz . . r / \ 


dx 


{i - y^'(z)) = I, 


dy 


{i -y0'(z)} 


hence 



Also, since m is a function of s, we have 


du du dz du du dz 

dx dz dx* dy dz dy* 
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Lagrange^s Theorem. 


hence we obtain 




Again, •denoting ^(z) by if, we have by Art. i2i, since 
if is a function of u. 



Uonoo also 



since x and g are independent variables; 


but 




ty (3), 


or 




du 

dx J * 


hence 




To prove that the law hero indicated is general, suppose 


that 




f 


then« since 



we have 



dx^^ 




and hence 



( 6 ) 



Lagrange^8 Theorem. 
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This shows that if the proposed law hold for any integer 
n, it holds for the integer « + i; but it has been found to hold 
for w = 2 and w = 3 ; accordingly it holds for all integral values 
of n. 


It remains to find the values of 


dll d'^u 


&c.. when wo 


dif dir 

make y = o. Since on this hypothesis Z or 0(s) becomes 
<lt{x), and ^ becomes-^— or F'{x)^ it is evident from (3), 
(4), (5), (6), that the values of 


du (Pn dhi d’^^hi 
dy* dir dif ‘ ' ' dir^^ 

become at the same time 


Consequently formula (2) becomes 
F(z) .F{x) + I i.{x)F'(,x) + ^ W] + &C. 

(7) 


1.2 ...{n + 


TJlis expansion is called Lagrange’s Theorem. 

If it bo merely required to expand s, wo get, on making 
F(z) = a, 

z = x+^;ip(x) 



y" d’*-^ 

i .2 .. .n 


{tj>{x)]” + &o. 




154 Laplace's Theorem. 

126. liaplace’s Tbeorem.—More generally, suppose 
that we are given 

z =/{a; + y0(s)}, (9) 

and that it is required to expand any fxmction F (s) in ascend^ 
ing powers of y. 

Let t oe + y^{z)^ then z and we have 

^ = a; + y^{/(^)}. (lo) 

Also F{z) = F[ f{t)] ; and the question reduces to the 
expansion of the function F{ f{t)] in ascending powoi’s of y 
hy aid of (lo); accordingly, formula (7) becomes in this case 

/’(-■) -J’l/W) =P(/wi +|^(/w)i?'|/(®)) +&0. 

{[*(/(-))]”- n/w]j -&o. (..) 

This formula is called La]daco’s Theorem, and is, as we 
have seen, an immediato deduction from the Theorem of 
Lagrange. These theorems evidently only hold when the 
expansions are convergent series. 



Examples 
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ExAMPI.E 9 . 

1. Expand z, being given tbo equation 

« s= a + 


Here X = a, y = <p[z) = 

and we get, from formula (8), 

« = a + ba^ + 36-rt* -f + &c. 

Lagrange has shown that this expansion represents the least root of the pro¬ 
posed cubic, and that a similar principle holds in like cases. 


2. Given 


« = fl 4- lincl the expansion of s. 

b^ 

Ans, * =: a + iP^b + -+ 3«(3» — i) -+ &c. 


1 . 2 


1.2.3 


3- Given z = x + yc®, find the expansion of z. 


Ana. z = X + ye^ + + —=— 3er^ + 




1 • 2 


1.2.3 




4. z = a 4 z sin z, expand (i) z, (2) sin z. 


(1) . Ans, z = a + sin a +-- (sin^a) +- 1 1 (sivPa) + &c. 

1 . 2 da ^ ' 1 . 2 . 3 \daj ' 

d 

( 2 ) . „ sin z = sin + z sin a coa a 4-— (sin^a cos a) 4- &c. 

1 ■ 2 


X 


5 . If z = a 4- - (z^ — i), prove that 

2 


z 




d /a^ - t\» 

+ — , - ( - ) + • • • 

i . 2 da \ 2 / 

I . 2 .. . M \da) \ 2 / 


n 

4 - &c. 


6 . Hence prove that 



2«x + x^)‘i 



\ ® - I \ * 

iT 5 W.; P2~j ■*■••• 

I . 2 . . . n \<^«/ \ 2 / 
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CnAPTER VIII. 

IIXTKNSION OF TAYI.Oli’s TIIEORKM TO FUNCTIONS OF TWO 

OR MORE VARIAULES. 

127. Expansion of ^(2! + /i, y + /t). Suppose m to be a func¬ 
tion of two variables x and y, represented by the equation 
V ^ i/>(ir, y) ; then substituting x + h for x^ wo get, by Taylor’s 
'J.^bcorein, 


<p{x + h,y) = <l>{x, y) + {x, y)) + ^ {^(ar, y)) + &c. 


I . 2 dx^ 


A gain, let y become y + k, and we get 


d 


<^{x -I- /<, y + /.) = y + k) + k — [^{x, y + k)] 


d? 


I . 2 dx?' 


[(^{x, y + k)] + &(i. (i) 


But 


d . . . . k^ d- 


y + k) = 0(.r, y) + y) ) + 


I. 2 dy 


+ &c. 


Also 


, du 7 c® d^u „ 

— Ur -\- fC --1--+ &O 1 

O f/ I . 2 di/^ 


. rf , . du JJ d^u klc* d^w p 

+ / 0 } = k^ + —2 


I / 

{^(^> y + 


1. 2 


A® ^ 
I . 2 da;* 



7i®/; flt®M 

1. 2 di»®dy 


+ &o. 


and 



Extension of Taylor^s Theorem. 
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Substituting these values in (i), we get 


(a? + Aj y + = u + h 


du 

dx 



du 

dy 



A® 

I . 2 dj^ 


+ Jik 


ePu 

dxdy 


1 ^ 


1. 2 ilif 


i e 
+ «&.c. 



128. This expansion ean also he arrived at otherwise as 
follows:—Substitute x + at and y + ^t for x and y, respectively, 
iu the expression ^ (a?, y), then tho now function 


^{x + aty y + ^30, 

in which jr, y, a, ) 3 , aro constants with respect to t, may be 
regarded as a function of ty and represented by E{t) ; thus 

^ {x + aty y ■¥ / 3 «f) = F{t). 

The latter function T'{t)y when expanded by Maclauriii’s 
Theorem, becomes, by Art. 79, 


P 


Fit) =Fio) + ^ i^'(o) + 


+ ^ FW (Ot), ( 

where F'{o) is tho value of JP(^) when t = o, i.e. F{o) = ^ {Xy y) 
- u'y also F'{o)y F"{p)y &c. aro the values of 

dP dP' ’ 


when ^ = o ; whore ^ stands for ^{x + aty y ( 3 t). 
Moreover, by Art. 117, we have 


d^ 

dt 



* Since it is indifferent whether we first change x into x + h, and afterwards 
change y into y + k, or vice versa ; tho expansion given above furnishes an in¬ 
dependent proof of die results arrived at in Art. 119. 
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Extension of Taylor's Theorem. 


but, when ^ = o, ^(a? + a^, y + /30 becomes «, or J'(o), and ^ 

CJLv 

becomes a ^ ^ at the same time. 

dx dy 


Hence 


-nn \ 


Also, by the same Article, 


^0 ,^*^0 o ^0 02^*0 

si " "\7? ^ 


which, when ^ = o, reduces to 


^ d? ^ ~ ^ 




( 4 ) 


&c. 


&0. 


& 0 . 


These equations may also be written in the symbolio 
form 




FW(o) = 




Again, 


a 


dx 


r 

« = a*" —, &0., since a, ] 3 , are independent 

Cldl/ 


of X and y : and hence the general term in the expansion of 
F{t) can be at once written down by aid of the Binomial 
Theorem. 



Extension of Taylor*s Theorem. 


»59 

Finally, we have, on substituting h for aty and k for / 3 ^, 

, , ^ da , du A® cPu ,, dhi 


A:® d^n i 

+- T-Z + . . • + 


1 . 2 dy^ 


d d 


129. Expansion of ^ (a; + h, y ^ k, z + 1 ).—A function 
of three variables, ar, y, )s, admits of being treated in a similar 
manner, and aceordingly the expression 

<p{x + at, y + f 3 t, z + yt), 
when u is substituted for ^(x, y, z), beeomcs 


*(:r+« 7 , *+T<) =» + 7(«^ + 7^) 


u 


f ( d „d d\’ , 


or 


dt(x + h, y + k, z + 1 ) = u + (h~ + k-^ + 

^ \ dx dy dz) 


. d . d .dV „ 
h— + k — + I— w + &c. 
I . 2 V dx dy dz J 


.du ,du ,du /«® <Pu A:® (Pu P dPu 

^ ^ tit ^ Jf ■ “■ ~ '■ ■ "■ — " ’ —— 

dx dy dz i.zdx^ i.2dy^ i.zdz^ 


,, cPw „ - - dhi, . 

+ hk - - + /A , — + -rr—r + &o. 
dxdy dzdx dydz 


( 6 ) 


The general term in this expansion, and also the r( 
liuder after n terms, can bo easily written down. 
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Extension of Taylor*s Theorem. 


Those results admit of obvious generalization for 
number of variables. 

Also, by making sr, y, s each cypher in (6), we have 


any 




{du^ ^ Jdu 


dyja \dzJo 


Id- (cPu\ p 
H- - - I ) + <xC* • • • 

I . 2 KdiV^Jo 


whore 




. . . denote the values which the functions 


du dll . . , 

> -r-j • • • assume on making x = o, y = o, and s = o. 
dx dy 

Tills result may be regarded as the extension of 
Maclaurin^s Theorem. 

130. Symbolic Expression for preceding Results.— 

Since 


c 


, ft ft 

.+A 


d , d 


A-.- + 7 . 


dx dij 


+ 


X f, d 


d\ 




^ (1 ^ 7 V 

+ — 4 — + K— - 1 - &C., 

\n \ dx dy J 


equation (5) may be written in the shape 


d d 

h 4 - X~r. 


e (ir, y) = <p{x + hy y + k) 



This is analogous to the form given for Taylor's Theorem 
in Art. 67, and may bo deduced from it as follows :— 

d 

"We have seen that the operation represented by e*'*® 
when applied to any function is equivalent to changing x 
into X + h throughout in the function. 

Accordingly, (a-, y) = tp{x + /i, y), since y is indepen¬ 
dent of X. 



Extension of Taylor's Theorem, 


i6i 


In like manner, the operation when applied to any 
function, changes y into y + hi 


d ^ 


(x, y) = + A, y) = ^(^ + A, y A), 


or 


c*<*»***'^ (ir, y) = 0 (a; + /i, y + /c), 


assuming that the symbols k ~ and h are combined ac¬ 
cording to the same laws* as ordinary algebraic expressions. 
In an analogous manner we obtain the symbolic formula 

y, z) = <l){x + hy y + ky z + 1 ). (8) 

131. If in the development (2), dx be substituted for h, 
a rxd dy for k, it becomes 

•p(x + dxyy + dy) = ^ + ^dx+^^dy 

^ ^ + 2‘ ‘''A +< 9 ) 


I . 2 \dxr 


If the sum of all the terms of the degree n in dx and dy 
be denoted by the preceding result may be written in 
the form 


0(a; + (fir, y + f?y) = 0 + -^ + ^ + 

A 1 m 2 1 m 2 » ^ 


+ • • • 


+ -T^ + &C. 


n 


Since dXf dy, are infinitely small quantities of the first 


* That this is the case appears immediately from the equations 

d^u . 

&c. 


dx^dif dyd^^ 


M 
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Extension of Taylor^s Theorem. 


order, each term in the preceding expansion is infinitely small 
in comparison with the preceding one. 

Hence, since is infinitely small in comparison with 
dtfti if infinitely small quantities of the second and higher 
orders ho,neglected in comparison with those of the first, in 
accordance with Ait. 38, we got 


d^ = ^{x + dx, y + dtj) - ^{x, y) = 




which agrees with the result in Axt. 97. 

132. Kuler’s Theorems of llomogeneoas Func¬ 
tions. —We now proceed to give another proof of hauler’s 
Theorems in addition to those contained in Arts. 102 and 123. 

If we substitute gx for A and gy for k in the expansion (5), 
it becomes 


i^{x + gx, y + flry) = « + g{x 


dll 

dx 




1.2 



d'u dPu 

d'jp ^ dxdy 




wliere ii stands for ^(x, y). 


But + gx, y + gy) ^ + g)x, (i + g)y }; 

and, if ^ (a*, y) bo a homogeneous function of the degree 
in X and y, it is evident that the result of substituting (i + g)x 
for X, and (1 + g) y for y in it, is equivalent to multiplying it 
(i + fl')”. Hence, Ave have for homogeneous functions. 


^{x-vgx,y^- gy) = (i + g)”’ ^ {x, y) = (i + y)”w. 


or 


(i ^ g)'*u = u + g{x 


du 

dx 




1.2 



+ 2xy 


d'^u 

dxdy 



+ &o.. 


where u is a homogeneous function of the degree in x 
and y. 
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Since the preceding equation holds for all values of gr, if 
wo expand and equate like powers of we obtain 


du 


du 


dx dij 


d}u 


dHi 


dhi 




dhl 


dhi 


dhi 


dht 




& 0 . 


&0. 


&c. 


The foregoing method of demonstration admits of being 
easily exteiirled to the caso of a homogeneous function of tlireo 
or inoro variables. 

Thus, substituting gx for h, gy for h, gz for ly in formula 
(6) Art. 129, and proceeding as before, we get 

du du dll 
a; — + y-7- + s— = nu. 
dx ■' dg dz 



+ 2 xy 


d^u 

dxdy 


+ zzx 


d^u 

dzdx 



d^u , . 


&o. 


&c. 


These formulae are duo to Euler, and are of importance 
in the general theory of curves and surfaces, as well as in 
other applications of analysis. 

The preceding method of proof is taken from Lagrange’s 
Micanique Analytique. 


M 2 



( ) 


CHAPTEE IX. 

MAXIMA AND MINIMA OF FUNCTIONS OF A SINGLE VARIABLE. 

133. Definition of a Daximum or a Dinlmum. —If any 

function increase continuously as tlie variable on -vviiich it de¬ 
pends increases up to a certain value, and diminish for higher 
values of the variable, then, in passing from its increasing to its 
decreasing stage^ the function attains what is called a maximum 

value. 

In like manner, if the function decrease as the variable 
increases up to a certain value, and increase for higher values 
of the variable, the function passes through a minimum stage. 

Many cases of maxima and minima can bo best determined 
without the aid of the Dilferoutial Calculus ; we shall com¬ 
mence with a few geometrical and algebraic examples of this 
class. 

134. Citeometrical Example.— To find the area of the 
greatest triangle %chich can he inscribed in a given ellipse. Sup¬ 
pose the ellipse projected orthogonally into a circle; then any 
triangle inscribed in the ellipse is j)rojecled into a triangle 
inscril3ed in the circle, and the areas of the triangles are to 
one another in the ratio of the area of the ellipse to that of 
the circle (Salmon’s Conics, Art. 368). Hence the triangle in 
the ellipse is a maximum when that in the circle is a maxi¬ 
mum ; but in the latter case the maximum triangle is evidently 
equilateral, and it is easily seen that its area is to that of the 

circle as ^2 7 to 47r. Hence the area of the greatest triangle 
inscribed in the ellipse is 





where a, h are' the semiaxes. 

Moreover, the centre of the ellipse is evidently the point 
of intersection of the bisectors of the sides of the triangle. 
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Examples. 

1. Prove that the area of the greatest ellipse inscribed in a given triangle is 
(area of the triangle). 

2. Find the area of the least ellipse circumscribed to a given triangle. 

3. Place a chord of a given length in an ellipse, so that its distance from the 
centre shall bo a maximum. 

The lines joining its extremities to the centre must bo conjugate diameters. 

4_ Show that the preceding construction is impossible when the length of 

the given chord is >a^/ 2 or <b\/^ ; whore a and b are the semiaxes of the 
ellipse. Provo in this case that if tlic distance of the chord from the centre bo 
a maximum or a minimum the chord is parallel to an axis of the curve. 

5. A chord of an ellipse passes through a given point, find when the triangle 
formed by joining its extremities to the centre is a maximum. 

6. Provo that the area of tho maximum polygon of u sides, inscribed in a 

given ellipse, is represented by - ah sin —. 

2 91 

135. Algebraic Examples of*maxima and minima. 

—Many cases of maxima and minima can be solved by ordi¬ 
nary algebra. AVo shall confine our attention to one simple 
class of examples. 

Let f (x) represent the function whoso maximum or mini¬ 
mum values are reqtiired, and suppose u = f(x), and solve 
for X; then tho values of u for which x changes from real to 
imaginary, are tlie solutions of tho problem. Tiiis method is, 
in general, inapplicable when the equation in x is beyond the 
second degree. We shall illustrate tho process by a few ex¬ 
amples ;— 

Examples. 

I. To divide a number into two ports such that their product shall be a 
maximum. 

Let a denote tho number, x one of the parts, then x {a ^x) is to be a maxi¬ 
mum, by hypothesis. 

Here u = »(» — x\ or - aj? + 11 = o ; 

solving for x we get 



accordingly, the maximum value of u is —, since greater values would make x 
imaginary. 
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3. To find the zuaximuin and zainimum values of the fraction 


I 


Here 




a:- + I 


. X I v^(i — 2M) (i-h 2tt) 

, or a?* + f m\ X - -h-• 

U 2 U^ 2 U 


In this caie wo infer that the mazimum and minimum values of u are - and 

2 

-; and the proposed fraction accordingly lies between the limits - and- 

2 2 2 

for all real values of t. 

These results can bo also easily established ^ as follows. We have in all cases 

(a: -f y)" = (x^ y)® + 4^y. 

Accordingly, if a; + y be given, x// is greatest when a: — y = o, or when a? = y. 
Conversely, if be given, tho least value of a; + y is wlicn x — y* 

lloncc, denoting xy by tho minimum value of x -{— is 2a, for positive 

X 

values of x. 

Again, it is evident that when a function attains a maximum value, its in¬ 
verse becomes a minimum; and vice versd. 

X 1 

Accordingly, the max. value of „-i, is —, under tho same condition. 

2;^ + < 4 * za 


3. Find the greatest value of 


(a + a:) (6 + 


(<i-¥x){b-}-x) , , ab . . /— 

Here-is to bo a minimum, or — + x\sek mm*; ••• a? = v ad, 

X X » f 


and the max. value in question is 


{ya + ysy' 

{x + a) (2: + d) 


X + e 


Lot X + c — Zy and the fraction becomes 


(s + a — 0) (z + d — c) 


In order that this should have a real min. value, {n — c) (d — e) must beposi- 
ti\ 0; i. o. the value of e must not lie between those of a and d, &c. 


5* Find the least value of a tan 8 ^ b cot 

a? + a 


Aus. 2y/ ab» 


6« Prove that the expression 


- will always lie between two fixed 


js® + djr + 

finite limits if a* c^> ab and d- < 4 c-; that there will be two limits between 
which it cannot lie if + gi > ab and d‘^ > 4 ; and that it will bo capable of all 

values if a® + c* < ad. 


ot 


136. To find tlie IHaxtmum and SUnimum values 

ax^ -f 2bx?/ + cf/^ 


+ zVxy + c'\/* 
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Let u denote the proposed fraction, and substitute s for 

, y 

then we get 

_ as* + 2 bz + c _ 

** aV + 2b'z+ c' ’ . 

or {a-fu)z‘ + 2{h-b'u)z-vc~c'u = o. 

Solving for s, this gives 

(a — a'a)z + 6 - h'u = ±(b — b'uY — {a — a^u) (c — c'u). (2) 

There are three cases, according as tho roots of the equation 

(6'* — a'o') a* + {ac' + m' — 2 bh') m + 6* - ac = o (3) 

are real and unequal, real and equal, or imaginary. 

(I). Let tlie roots ho real and unequal, and denoted by 
a and j 3 (of which is the greater) ; then, if 6'* — a'c > o, we 
shall have 

(a — a'u)z + b — b'u = ± {U^ — a'c) (it - a ) {u - j 3 ). 

Here, so long as u is not greater than a, z is real; but 
when u> a and < ( 3 , z becomes imaginary; consequently, the 
lessor* root (a) is a maximum value of u. In like manner, it 
can be easily seen that the greater root (ft) is a minimum. 

Aecordingly, when the roots of tho denominator, aV + zb'x 
+ c' = o, are real and unequal, tho fraction admits of all pos¬ 
sible, positive, or negative values, with the exception of those 
which lie between a and ft. 

If either a' = o, or c' = o, the radical becomes 

b' */(h~ a) (u - ft)j 

and, as before, the greater root is a minimum, and the lesser 
a maximum, value of u. 


• In general, in seeking tho maximum or minimum values of y from tho 
equation, y = ^(^}, if for all values of p between the limits a and ) 3 , tho corre- 
eponding values of x aro imaginary, ■while x is real when y = o, or y = JS; then 
it is evident that the lesser of the quantities, a, ) 3 , is a maximum, and the greater 
a minimum, value of y. This result also admits of a simple geometrical proof, 
by oonsidoring tho curvo whoso equation is y = 
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(2.) When a = f 3 y the expression under the radical sign is 
positive for all values of u, and consequently tt does not admit 
of either a maximum or a minimum value. 

(3.) When the roots a and /3 are imaginary, the expres¬ 
sion under the radical sign is necessarily positive, and u in 
this case also docs not admit of either a maximum or a mini¬ 
mum value. 

Hence, in the two latter oases, the fraction admits of all 
possible values between + 00 and - 00 . 

In the preceding, tho roots of the denominator are sup¬ 
posed real; if they be imaginary, i.e. if 6'* — aV < o, we have 

(a - a'u)s + b- h'u - ± ^ («'c' — 6'^) (« - a) ((3 — u). 

It is easily seen that s is imaginary for all values of w 
except those lying between a and / 3 . Accordingly, the greater 
root is a maxiimim, and tho lessor a minimum, value of w. 

Hence, in this case, the fraction represented by u lies be¬ 
tween tho limits a and f 3 for all real values of x and ?/. 

137. €).uadratlc for tlctermiiung s.—Again, the value 
of s, corresponding to a maximum or a minimum value of «, 
must satisfy tho eq^iatiou 

(a - a'n)z + b ~ b'u = o. 

Substituting for n in (i) its value derived from this latter 
equation, wo obtain the following quadratic in s : 

{ah' - i«.') 2® + s {ac — ca') + he' — ch' = 0. (4) 

This equation determines tho values of s which correspond 
to the maximum and minimum values of u. It can bo easily 
seen that if tho roots of equation (3) are real so also are those 
of (4); and vice verm. 

The student will observe in the preceding investigation 
that when u attains a maximum or a minimum value, the 
corresponding equation in z, obtained from (2), has equal 
roots. This is, as will bo seen more fully in the next Article, 
tho essential criterion of a maximum or a minimum value, in 
general. 
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Find the maximum or minimum values of u in the follow¬ 
ing cases:— 

Exaiifi.es. 


I. 


iP* + + r 1 

n — --, 

+ 43? + *o 


M = 2, a max., a min. 


2 . 


w = 


3 :^ — ip + 1 
3 ;® + 3f — 1 


2—23? 




3 ;^ + 3? “ I 


1—35 , . + I 

— is a max. or a min. according as-is a min. or a max., i. e. 

I 1—3? 


as-3?»is a maximum or a minimum. 

1 — 3? 


rc = o, or ac =^2 ; the former gives a maximum, the latter a minimum solution. 


Wo now proceed to a general investigation of the condi¬ 
tions for a maximum and minimum, by aid of the principles 
of the Differential Calculus. 

138 . Condition for a Maximum or Minimum.—If 

tho increment of a variable, tr, bo positive, tbon tlio corre¬ 
sponding increment of any function, /(ic), has the same sign 
09 that of/'(a;), by Art. 6; hence, as sc increases, f{x) increases 
or diminishes according as f'{x) is positive or negative. 

Consequently, ichen f{^') changes from an increasing to a 
decreasing state, or vice versa, its derived function f'{x) must 
change its sign. Dot rt ho a value of x coiTespondiiig to a 
maximum or a minimum value of/(a;); then, in the case of 
a maximum wo must havo for small values of h, 

/(«) >fia + h), and/(a) >f{a-h ); 

and, for a minimum, 

f{a) <f{a + h), and ./(a) <f{a-h). 

Accordingly, in either case the expressions 
/(a + h) -f{a), and/(a- h) -/(a), 
havo both the same sign. 
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Again, by fonnuloe* (29), Art. 75, we have 

/(« + h) -f{a) = hf\a) + + Bh), 

1*2 


/(«,- -/(«) = - ¥'{(^) + 


— /"(a - eji). 
I » 2 


Now, when A is very small, and ,/"(a) finite, the second 
terra in the right-liand side in each of these equations is very 
small in comjnirison with the first, and henco f(a + A) - f(a) 
and f(a - A) - f(a) cannot have the same sign unless 
f'(a) - o. 

Hence, t/ie values of x which render f[x) a maximum or a 
minimum are in general roots of the derived equation f'{x) = o. 

This result can also bo arrived at from geometrical 
considerations ; for, let y = f{x) bo the equation of a curve, 
then, at a point from which the ordinate y attains a maximum 
or a miiiimuTn value, the tangent to the curve is evidently 
parallel to the axis of x ; and, consequently /'(a?) = o, by 
Art. 10. 


Moreover, if x bo eliminated between the equations 
/(ir) = u and /'(;?) = o, the roots of the resulting equation in 
u are, in general, the maximum and minimum values of f{x). 

This is the extension of the principle arrived at in 
Art. 134. 

Again, since./'(«) = o, we have 


f(a 4 A) -/(rt) = + Oh), 

/(a - h) -/(,,) - f- f\a - U) 




• In tile investigation of maxima and minima given above, Lagrange’s form 
of Taylor’s Theorem has been employed. For students who are unacquainted 
with this form of the Theorem, it may be observed that the conditions for a 
maximum or niinituum can bo readily established from the form of Taylor’s 
Series given in Art, 5^, viz,, 

A3 A3 

/(« + h) -/(«) = hfia) + ^f\a) + —— r'{a) + &c.; 

1.2 1.2.3 

for when h is very small and the coefficients&c. finite, it is evident 
that the sign of the series at the right-hand side depends on that of its hrst 
term, and hence all the results iiri’ived at in the above and the subsequent 
Articles can be readily established. 
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But the expressions at the left-hand side in these equations 
are both positive for small values of h when./"(«) is positive; 
and negative, when f"{a) is negative; therefore f{a) is a 
maximum or a minimum according as f"{a) is negative or 
positive. 

If, however,/''(a) vanish along with /'(a), wo’ have, by- 
Art. 75, 


/(a + h) -/(a) = - ■■--/'''(«) + 

i ■ 2 ^ 



o 



/>^(a + 0/<), 


/(« - Ji) -/(«) 


- 

1.2.3 


r{a) 4- 


h* 

I . 2.3.4 


- Of). 


Hence it follows that in this case, /(«) is neither a 
maximum nor a minhnum unless /'"{a) also vanish; hut if 
/"'{a) = o, then/(r/) is a maximum when is negative, 

and a minimum whcuy'*''(^7) is positive. 

In general, lot f‘^{a) be the first derived function that 
does not vanish ; then, if who odd,/(/■/) is neither a maximum 
nor a minimum; if n be even, /(a) is a maximum or a mini¬ 
mum according as/^”) {a) is negative or positive. 

The student who is acquainted with tlio elements of the 
theory of piano curves will find no diillculty in giving tlio 
geometrical intcrj)retation of the results arrived at in this 
and the subsequent Articles. 


Examtlbs. 


1, u = a sin x + b cos Xm 

lloro the masimum and minimum valuoa are given by the equation 

da a 

= a cos a? — d Bin a? = o, or tan a? = r. 
dz b 


Hence^ the max, value of u is «- + and the min. is — This is 

also evident independently, since u may bo written in the furm 

+ A" sin {X + d)f 
b 

where tan a 

a 


2. = —Bind?. 


— =S I — COS z. 

dx 


dx^ - 


d^u 


- CO8 0 


In this case 
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Accordingly, if 


du 

~d^ 


. d^n _ 

o, we navo —= o, and —^ = r. 
dx^ dx^ 


Consequently, the function z — sinx docs not admit of either a maximum or a 
minimum valuo. 

This result can also bo easily seen from geometrical considerations. 


'3. u = a (!os X + d cos a and b being both positive. 


Ilere 


dll 

-V- “ - « sinx — ‘lb sin 2X, 
dz 

dr-n 

^ a cos x — 40 cos 2®. 
dx^ 


Tho maximum and. minimum values arc given by the equation a sinx ^ ih 
sin 2X = o: 


we have, (i), sin z = 0; or (2), cos z = 
The simplest solution of (1) is x —o, in which case 

us^ a •\- bj -— = — a — 4w; 
dx'^ 


— a 
4 *‘ 


consequently this gives a maximum soliitiou. 


d^u 


Again, let x = tt, and we have « = ^ - a, ~ = » — 4J; consequently this 

Cl J/ 


gives a maximum or a minimum solution, according as a is < or > 4A. 


If fl = 4ft, we get when x = tt, 


d'U 

dx^ 


= o. 


On proceeding to llio next diirt*rcntiation we have 

(P 7 l 


dz^ 


= a (sin X -t a sin 2x), = o when x = 


d^Xi^ 

Again, —r = a (cos x + 4 cos 2x) = 3a. Consequently tho solution is a 
niininium 111 llii.s ca^o. 

Again, the solution (2) is impossible unless a be less than 4A In this case, 
i. o. Avhen a < 4^, we easily find positive, and accordingly this gives a min. 

value of «, viz. — — — 

4. Find the value of x for which see x — x is a maximum or a minimum.. 

Am* sinx =s — 


1 
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139. Application to Rational Algebraic KxprcH- 
slons.—Suppose f{x) a rational function containing no 
fractional power of a?, and let the real roots of ./"(a) = o, 
arranged in order of magnitude, he a, ( 5 , 7, &o.; no two of 
■which are supposed equal. 

Then f'i^) = ~ o) ~ fi) (x - y) . . . 

and /^^(«) = (“ “ /^) (“ “ 7) • • • 

But by hypothesis, a - f 3 , a — 7, &o. are all positive; hence 
/"(a) is also positive, and consequently a corresponds to a 
min imum value of/(ir). 

Again, /"(/ 3 ) = (^ ~ «) (/3 - 7) • . . . 

here j 3 - a is negative, and the remaining factors are positive; 
hence /"((i) is negative, and /(/ 3 ) a maximum. 

Similarly,/(7) is a minimum, &c. 

140. Raxima and Rliilma ITalucH occur alter- 
nately.—Wo have scon that this principle holds in the case 
just considered. 

A general proof can easily be given as follows :—Suppose 
/(x) a maximum when x = a, and also when x = b, where b is 
the greater; then when x = a + h, the function is decreasing, 
and when a: = 6 - 4 , it is increasing (wlioro h is a small incre¬ 
ment) ; but in passing from a decreasing to an increasing 
state it must pass through a minimum value; hence between 
two maxima one minimum at least must exist. 

In like manner it can bo shown that between two minima 
one maximum must exist. 

141. Case of Kqual Roots.—Again, if the equation 
/’{x) = o has two roots each equal to a, it must be of the form 

/'(a?) = {x- uY 4, (x). 

In this case f"{a) = o,/'"(a) = (a), and accordingly, 

from Art. 138, a corresponds to neither a maximum nor a 
minimum value of the function /(x). 

In general, if /'{x) have n roots equal to a, then 

/'(x) = (a: - o)"i/-(a?). 

Here, when n is even, /(a) is neither a maximum nor a 
minimum solution: and vhen n is odd,/(«) is a maximum or 
a minimum according as it (a) is negative or positive. 
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142. Case ivliere f'{x) = 00. The investigation in 
Art. 138 shows that a function in general changes its sign in 
passing through zero. 

In like manner it can he shown that a function changes 
its sign, in^goncral, in passing through an infinite value ; i.e. if 
<^(a) = 00, ^(a - hi) and ^(a + 4 ) have in general signs, 

for small values of h. 

For, if M and ~ represent any function and its reciprocal, 
they have necessarily the same sign; because if m be positive, 
- is positive, and if negative, negative. 

Suppose Ui, Ui, 113, three successivo values of w, and 
—, —, —, the corresponding reciprocals. 

'iH t/3 

Tlion, if «2 = o, by Art. 138, Mi and M3 have in general 
opposite signs. 

Hence, if — = 00 , — and — have also opposite signs: and 

U-i Ih Ms ^ 

we infer that the valuers of x which satisfy the equation f\x) 
= CO may furnish maxima and minima values of f{x). 

143. Wo now return to the equation 

f'(x) = (x- a)»xp{x)3 

m which n is supposed to have any real value, positive, nega¬ 
tive, integral, or fractional. 

In this case, when x^-a,f'(x) is zero or infinity according 
as n is positive or negative. 

To determine whether tlie corresponding value of/(a?) is 
a real maximum or minimum, we shall investigate whether 
fix) changes its sign or not as x passes through a. 

When X = a + hf f'{a + h) = \p{a + A), 

„ X = a — h, f' {a, — 1 i) = hY ’/'(<*-^0• 

now, when h is infinitely small, ^ (a + h) and ^{n-h) become 
each ultimately equal to (a): and therefore f'{a + h) and 
f\a - h) have the same or opposite ‘■jigns according as ( - i)" 
is positive or negative. 
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(1) . If » be an even positive or negative,/'(^) does 

not change sign in passing through a, and accordingly a cor¬ 
responds to neither a maximum nor a minimum solution. 

(2) . If » be an odd integer^ positive or negative, f {a + A) 
and f'{a — Ji) have opposite signs, and a corresponds to a real 
maximum or minimum. 

2 r 

2.V ^ 

(3) . If n be a fraction of the form ± —, then ( - i) 

r 

± - 

= I ^ I, and a corresponds to neither a maximum nor a 
minimum. 

(4) . If n be of the form + then ( - i) ^ 

this is imaginary if p be even, but lias a real value (- i) when 
p is odd. In the former case, ./’'(a — A) becomes imaginary; in 
the latter,/'(a+ /() and f'{a — h) have opposite signs, and f{a) 
is a real maximum or minimum. 

Thus in all cases of real maximum and minimum values 
the index n must be the quotient of two odd numbers. 


Exahvles. 


I. 

Here 


f{x) = «** + 2 .hx + e. 
f{x) = z{ax + 4 ) = o; 
f'(x) = 2a. 


hence * --, 

a 


€iC 

And-is a maximum or a minimum value of + lias + «, according 

a 

as a is negative or positive. 

a. f(x) = xiT* — iSic® + 36* + *0. 

Here f'(x) = 6{x^ - 5^: + 6) = 6{x - 2) (a> - 3). 

(r.) Let a? = 2 ; then/"(^) ^ negative; hence f {2) or 38 ia a maximum. 

<2.) Let iP = 3 ; then/ ''{z) ia positive; hence f (3) or 37 is a minimum. 
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It is evident that neither of those values is an absolute maximum or mini¬ 
mum ; for when a? = 00 , /(^) = when sc = - ^ , f{x) = — 00 ; accord- 

ingly, the proposed function admits of all ])Obbiblo values, positive or negative. 

Again, neither + 00 nor — 00 is a proper maximum or minimum value, because 
for large values of f{x) constantly increases in one case, and constantly dimi¬ 
nishes in the other. 

It is easily seen that as x increases from — 00 to + 2, f{x) increases from — 00 
to 38 ; as a: increases from 2 to diminishes from 38 to 37 ; and as x in¬ 

crease's from 3to«',/(2') incicascs from 37 to 00, When considered geome¬ 
trically, the preceding investigation shows that in the curve represented by the 
equation 

y = + 362: + 10, 

the tangent is parallel to the axis of x at the points = 2, y = 38 ; and a? = 3, 
y = 37 9 that the ordinato is a maximum in the former, and a minimum in 
the latter case, &c. 

3 - = a b{x ~ Ans, x — o, Neither a max. nor a min. 

4. f(x) = A + €(x — a)^ + cf(a; — «)*. 

Substitute a + A for x^ and the equation bcnomcB 

f{a + h) = b+c 0 + dki\ 

also /{a — 7 *) = A + ch^ + dh ^; 


but when h is very small ia very small in comparison with nnd accordingly b 
is a niinimum or a maximum value of f{x) according us c is positive or negative. 


5. f^x) = 5a;® + 122:® — 152;* — 4oa;3 + + 602: -f 17. 

Ans. a? = ± i gives neilhor a max. nor a min.; 2; = — 2 gives a min. 



{x- i){x-6) 
a; — 10 


Let 2; — 10 = s, and the fraction becomes 


(a + 9)(a+4) _ .. . 3^ 

-, or fl + 13 + —. 

s s 


The maximum and minimum values are given by the equation i-= o; 

a* 

2 — + 6, and hence x = 16 or 4 ; the former gives a miuimiun, the latter 
u maximum value of the fraction. 



Hence 



(a- - 0 » 
(x+ i)»* 


/'{*) = 


(g - i)» 

(* + 1)* 


(x + 5). 


If z = is neither a maximum nor a minimum} if z = — 5,/{x) is a 

maximum. 
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Max. and Min. 



oar* + zhry + c//* 
a'a;* + zh'xy + cy*' 


(a? +1)* 

Again^ the reciprocal function ^^ is evidently a max. when a; = — 1, 

for if we suDstitute for a?, — i + A, and — l — A, successivoly, the resulting 
values are both negative ; and consequently tho proposed function is a minimum 
in this caso. 

This furnishes an example of a solution corresponding to /'(^) Soe 

Art. 142. 


144. We shall now return to the fraction 


' aa?‘ + zhxy + c//® 
cix‘^ + zb'xy + c'y*’ 

tho maximum and minimum values of which have been already 
considered in Art. 136. 

Write as before tho equation in tho form 

2’*(a - o'm) + 2z{h - b'u) + (p - c'u) = o, 


X 


where z = —. 

y 


du 


Differentiate with respect td a, and, as -7- = o for a maxi¬ 


mum or a minimum, we have 


dz 


a(a — a'li) + (J — b'u) =0. . ■ ■ 0) 


Multiply this latter equation by a, and subtract from tho 
former, when we get 

z{b — b'u) + (c - c'u) = o. 

Hence, eliminating a between those equations, we obtain 

(a - a'u) (g — du) = (6 - 


or u^ia'd — h'^) - u{ad + ca' — zhb') + (ac - 6’) =0; (3) 


the same equation (3) as before. 

Tho quadratic for a, 

a*(aJ' - ba') + z{ad - ced) + bd - cb' = o, (4) 

is obtained by eliminating u from the two preceding linear 
equations. 

N 
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This equation can also be •written in a determinant form, 
as follows;— 


I 




a 




It may Lo observed that tbe coefficients in (3) are in- 
rariants of tbe quadratic expressions in the numerator and 
denominator of tlie proj)csed fraction, as is evident from tlie 
principle tiiat its maximum and minimum values cannot be 
altered by linear transformations. 

This result can also bo proved as follows :— 


Ijfit 


aX^ + 2bXY-\r cY^ 

“ ~ a'X^ + 2b'XY + c'r*’ 


whore X, Y denote any funotions of x and y ; then in seeking 
the maximum and minimum values of u we may substitute 
y 

z for —, when it becomes 

X • 


OfS® + 2hz^- C 
a'z^ H- 2h'z + d* 


and we obviouslv e-et the name maximum and minimum values 
for itj whether wo regard it as determined from the original 
fraction or from the equivalent fraction in s. 

Again, let X, Y bo linear functions of x and y, i. e. 

X = lx + my^ Y=^ I'x + m'ljy 
then ti becomes of the form 

Ax^ + 2 jlxy + Cjf 

A'x^ +Ti?v 7 +" GY 

where Ay By C, A'y B', C'y denote the coefficients in the trans¬ 
formed expressions ; hence, since the quadratics which deter¬ 
mine the maximum and minimum values of u must have the 
same roots in both cases, we have 

AC - B^- = X{ac - 6 ’), AC' + CA' - 2 BB' = X{ad + cal - 2bb')y 
A'C' -B'^ = X{a'c' - b'% Q.E.D. 
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It can be seen ■without difficulty that 

A = ijm' — nity. 

We shall illustrate the use of the equations (3) and (4) by 
applying them to the following question, which occurs in the 
determination of the principal radii of curvature at any point 
on a curved surface. 

145. To flmd tlie maxima and minima TalneB of 

r COS®a + 2S cos a COS /3 + ^ cos®/ 3 , 
where cos a and cos ^ are connected by the equation 

(l COS*a + zpq cos a COS /3 + (l + q^) C0S®/3 = I, 

and p, q, r, s, i are independent of a and / 3 . 

Denoting tlie proposed expression by w, and substituting 


- cos a . 

z for-we got 


cos /3 


rs® + 2SZ t 


u = 


(1 +7>®)s® + 2 pqz + (i 5®)' 


The maximum and minimimi values of this fraction, by 
the preceding Article, are given by the quadratic 

M®{I + j9® + j®) -{(1 + 2®)»* - 22yqs + (i +p^)t} +rt = o\ (6) 


while the corresponding values of s or 


cos a 


are given by 


S' 


cos /3 

{(i + p^)s -pqr) + s{(i +p'^)t - (i + q^)r) 

+ [pqt - + q^)s] = o.* (7) 

The student will observe that the roots of the denominator 
in the proposed fraction are imaginary, and, consequently, the 
values of the fraction lie between the roots of the quadratic 
(6), in accordance with Art. 136. 


* Lacroix, I)if. Cal., pp. 575, 576. 
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To find tbe Maximum and Minimum Radius 
Tector of the Ellipse 

ax^ + zhxy + cy* = i. 

(i). Suppose the axes rectangular; then 

r* = a:® + y® is to he a maximum or a miniTmim . 


Let - = s, and we get 

y 



s» + I 
+ zhz + c 


Hence the quadratic which determines the mn-ximnni and 
minimum distances from the centre is 


r* {ac - 6®) - r* (a + c) + i = o. 
The ocher quadratic, viz. 


— {a - c)xy - by^ = o, 

gives the directions of the axes of the curve. 

(2.) If the axes of co-ordinates bo inclined at an angle tu, 
then 

r* = a:® + y* + zxy cos cu 

s® + 22 cos to + 1 
as® + zbz + c * 

and the quadratic becomes in this case 

r* (flc — 6®) — r® (a + c - 26 cos to) + sin*(o = O, 

the coefficients in which are the invariants of the quadratic 
expressions forming the numerator and denominator in the 
expression for 1^. 

The equation which determines the directions of the axes 
i the conic can also be easily written down in this case. 
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147. To investigate tlie Maximum and Minimum 
¥alues of 

aa^ + ^hx^y + ^cxy^ + dif 

+ d'^' 

(C 

Substituting z for and denoting the fraction by m, we have 

1/ 

az^ + 3 ^® + 3^z + d 
^ a'z^ + ^b'z^ + 3c'z + df’ 

Proceeding, as in Art. 1 44, we find that the values of u and z 
are given by aid of tho two quadratics 

az* + 2hz + c = (flV + 2b'z + o') m, 

6z® + 2CZ + d = {b'z^ + 2CZ + d')u. 

Eliminating u between these equations, wo get the following 
biquadratic in z :— 

z*(a&' - ba') + 2z\a(f - ccfj + z^[ad' ~ dd + ^{hc' — ch')] 

+ 2z{bd' - db') + (cd' - cd) = o. (8) 

Eliminating z between tho same equations, wo obtain a 
biquadratic in whose roots are tho maxima and minima 
values of the proposed fraction. Again, as in Art. 144, it 
can easily be shown that tho coefficients in the equation in u 
are invariants of the cubics in tho numerator and denominator 
of tho fraction. 

148. To cut tlie Maximum and Minimum Ellipse 
from a Right Cone which stands on a given circular 
base. —^Let AD represent the axis of 
tho cone, and suppose BP to be the 
axis major of the required section; O 
its centre; a, &, its semi-axes. Through 
O and P draw LM and PR parallel to 
BC. Then BP = za^ 4 ® = LO . OM 
(Euclid, Book iii., Pr. 35); but LO 

0 M = —; .*. b^=-.BC .PR. 

2 2 4 . a 

Hence PP® . PR is to be a maximum 

Fig. 7. 



or a minimum. 
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Let L BAD - a, PBC = 0 , BC = c. 


Then 


BP = B 0 % 


PB = 


u = 


sin^PC? cos ( 61 -a)' 

„ yj sin PPP c cos (0 I- «)_ 
^ sin PPP ~ cos (0 - «) ’ 

cos (0 + a) . 
cos® (0 - a) 


IS a mn.yinnim or a minimum, 


sin20 = 2 sin2a. 


-rrr sin20-2sin2a 

U-Once — —-- o • 

dO cosM0-«) ’ • 

The solution becomes impossible when 2 sin 2a > i; i.e. if 
the vertical angle of the cone be > 30°. 

The problem admits of two solutions when a is less than 
15°' 1 ^'or, if 01 bo the least value of 0 derived from the 

equation sin 20 = 2 sin 2 a ; then the value-0i evidently 

gives a second solution. 

Again, by dilTorentiation, we got 


d~u 2. cos 2 0 

50 ® " 


(when sin20 = 2 sin2a). 


This is positive or negative according as cos 20 is positive or 
negative. Hence tho greater value of 0 corresponds to a 
maximum seotion, and the lesser to a minimum. 

In tho limiting case, when a = 15°, tlio two solutions 
coincide. However, it is easily shown that tho corresponding 
section gives neither a maximum nor a minimum solution of 
tho problem. For, we have in this case 0 = 45°; which value 
<Pu 


gives 


= o. 


dO^ 

find, when 0 = 45°, 

d^u 


On proceeding to the next differentiation, we 


-4 


64 
' ■< 

9 


cos* (45° - a) 

Hence the solution is neither a maximum nor a minimum. 
When a > 15°, both solutions are impossible. 
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149. The principle, that when a function is a maximum 
or a minimum its reciprocal is at the same time a minimum 
or a maximum, is of frequent use in finding such solutions. 

There are other considerations by which the determina¬ 
tion of maxima and minima values is often facilitated. 

Thus, whenever u is a maximum or a minimum, so also 

is log (m), unless u vanishes along with —. 

Cl'vT' 

Again, any constant may bo added or subtracted, i.e. if 
f (x) be a maximum, so also is / (x) + c. 

Also, if any function, bo a maximum, so will be any 
positive power of u, in general. 

150. Again, if s =./’(«), then cfz = /'{u)clu, and conse¬ 
quently s is a maximum or a minimum; either (i) when 
dn = o, i.e. when u in a maximum or a minimum ; or (2) when 
/(«) =0. 

In many questions the values of ti are restricted, by the 
conditions of the problem,* to lie between given limits; 
accordingly, in such cases, any root of = o does not 

furnish a real maximum or minimum solution unless it lies 
between the given limiting values of w. 

We shall illustrate this by one or two geometrical 
examples. ^ 

(i). In an ellipse, to find xolien the rectangle under ajmir of 
conjugate diameters is a maximum or a minimum. TLct r be any 
semi-diameter of the ellipse, then the square of tho conjugate 
semi-diameter is represented by a* + - r^, and wo have 


« = r* (a® + a maximum or a minimum. 


Here 


du 

d? 


= 2 (a* + 6® - 2r®) r. 


Accordingly tho maximum and minimum values are, 
( I) those for which r is a maximum or a minimum; i.e. r = a, 
or r = & ; and, (2) those given by tho equation 


r(a® 4- 6 ® - 2r®) = o; 


See Cambridge Mathematical Journal^ vol. iii. p. 237. 
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or 


r = o, and r 


-f- 


+ 6 * 


The solution r = o is inadmissible, since r must lie between 
the limits, a and d : the other solution corresponds to the 
equiconjugate diameters. It is easily seen that the solution 
in (2) is the maximum, and that in (i) the minimum value 
of the rectangle in question. 

151. As another example, wo shall consider the following 
problem*:— 

Gwen in a plane triangle Urn sides (a, h) to find the 
maximum and minimum values of 

I A 

— . cos —, 
e 2 

where A and c have the usual signiilcations. 

Squaring the expression in question, and substituting x 
for c, wo easily find for the quantity whoso maximum and 
minimum values are required the following expression : 


I 26 a* - 6“ 
x^ a;® ’ 


neglecting a constant multiplier. 

Accordingly, the solutions of the problem are—(i) the 
maximum and minimum values of a*, i.o. a + b and a — h. 

dn 

(2) the solutions of the equation —, i e. of 

iXw 




3 («* - ^’) 


= o. 


or 

whence wa^i^et 
ne 


s? + ^hx - 3 (a® - i*) = o; 
X = \/ 3a® + — zhj 


mg the negative root, which is inadmissible. 

Again, ii b > a, a /3 a? + — zh is negative, and accord¬ 

ingly in this case the solution given hy (2) is inadmissible. 


* This problem occurs in Astronomy, in finding whon a planet appears 
brightest, tbo orbits being supposed circular. 
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If a > ft, it remains to see whether 3a® + ft® - 2ft lies 
between the limits a + b and a — h. It is easily seen that 

+ ft* — 2ftis>a - ft: the remaining condition requires 



a + 

ft > a/+ ft’* - 2bf 

or 

a + 

3b > y 3 d^ + ft*. 

or 

«’ + 

6ab + gft® > 30^ + b\ 

Le. 

4 ft®+ 

3ab > «®, 

or 

4ft® + 

gfl* 25rt* . . 3« 

sab ~ > -r-: * . 26 + — > —; 

10 10 4 4 


or, finally. 



a 



We see accordingly that this gives no real rolution unless 
the lessor of the given sides exceeds one-fourth of the 
greater. 

When this condition is fulfilled, it is easily seen that tho 
corresponding solution is a maximum, and that tho solutions 
corresponding to a? = a + ft, and x = a - b,' aro both minima 
solutions. 

152. Maxima and Minima ITalues of an Implicit 
Function. —Suppose it bo required to find tho maxima or 
minima values of y from the equation 

f{x, y) = o. 

Differentiating, wo get 

dn dti dy _ 

dx dy dx * 


where tt represents /(a*, y). But the maxima and minima 

dt/ 

^ values of y must satisfy the equation ^ = o: accordingly tho 
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maximum and minimum values are got by combining* the 
equations — = o, and m = o. 

153. Hlaicimura and lllnimum in case of a Func¬ 
tion of two dependent Variables. —To determine the 
maximum or minimum values of a function of two variables, 
X and y, which are connected by a relation of the form 

f{x, y) = o. 

Let the proposed function, <j> (d?, y) be represented by u ; 
then, by Art. loi, we have 

df d(ii df 
du dx dy dy dx 
dx df 

dy 

But the maxima and minima values of u satisfy the 
(111 

equation -- = o, hence the values of x and y derived from 

the equations f(x^ y) = o, and 

d^ df d(}> df 
dx dy dy dx ’ 

furnish the solutions required. To determine whether the 
solution so detoimincd is a maximum or a minimum, it 

is necessary to investigate the sign of We add an 

Cl*C 

example for illustration. 

154. Given the four sides of a quadrilateral^ to find whm its 
area is a maximum. 

Let a, h, c, d be the lengths of the sides, 0 the angle 
between a and J, ip that between c and d. Then ah sin 0 
+ cd sin ^ is a maximum; also 

df -vW — zah cos 0 =» c* + cP - zed cos ip 

being each equal to the square of the diagonal. 


This result is evident also from geometncul considerations. 




Maximum Quadrilateral of Given Sides. 


Hence 


ah cos + cd cos \f/ 





for a maximum or a minimum; also, 



ah sin ^ = cd sin xh 


d<^' 


tan ^ + tan \p = o, or <l> + \p =- 18o°. 

Hence the quadrilateral is inscrihahle in a circle. 

Tliat the solution arrived at is a maximum is evident 
from geometrical cousiderations; it can also ho proved to be 
so by aid of the preceding principles. 


For, substitute instead of and we got 

cd sin \Jj ^ 


du ah sin + t//) 

d^ 


sin Tp 


dhi ah cos ((h + li) 

Hence —=-^ I i + 

a^‘ sm xp 


dxP\ 

dtp) ^ 


term which 

vanishes when ^ + xp = i8o°; and the value of becomes 
in this case 


ah f 
am p\^ ^ 



which being negative, the solution is a maximum. 
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ExAHrr.ES* 

1. Provo that a sec b h cosec S is a minimum when tan $ = 

t 

2, Find when 43:* — 15** H- I2x — i is a maximum or a minimum. 

Ant, ^ a max.; a; = 2, a min. 

V If a and ^ be such that f{a) = f{b)^ show that f{z) has, in general, a 
maximum or a minimum value for somo v^uo of x between a and b, 

4. Find tho value of x which makes 



sin X * cos X 
C08®(6o“ —ir) 

maximum. Ant, x = 30*. 


r. If he a maximum, show immediately that aminimum. 


6. Find tho value of cos x when 


sin* a? 




IS a maximum. 


4 cos X 


Ant, cosx 


= 5 - a/i 3 


HP,. , , I + . 

7. Find when — - is a maximum. 

V ^4 + S** 


fl 


12 

X = -‘, 

5 


^ , , x^ -V ax •\-b 

8- Apply tho method of Ex. 5 to tho expression 

g. What aro the values of a; which make tho expression 

+ 363? — 20 

a maximum or a minimum? and (2) what are the maximum and minimum 
Values of tho expression? Ant, ^ = 1, a max. ^ a? = 6, a min. 


<0. u = x^{a — x)^. 


Ant, X s 


fna 


fn + n 


, a maximu^^ 


11- Given the angle <7 of a triangle; prove that ain ®.^4 + sin^^ff is a maximum, 
and coa ®.4 + co3*i? a minimum, when A — B, 


12. Find tho least value of ac** + htr^. 


Ant, 2v ^at 


*3 


{a + x){h -f g) 
(a - x)(b - x) 




±*/ab. 
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14, Show that b c{x — «)?, whon ;r = a, is a muLimum or a maximuni 
aocording as e is positive or negative. 

15, u^x cos X. Ans, X = cot z. 

z6. Prove that z* is a maximum when a; = e. 

17. Tan*a:. tan*»(a — a?) is a maximum when tan (a — 2x) = -tan a ? 

« + w 

18- Prove that z —^ is a minimum when x = 0. 

log* 

19. Given the vertical anglo of a triangle and its area, find whon its base is 
a minimum. 

20. Given one angle -4 of a right-angled sphcri(;al triangle, find wlicn the 
difference betweeen the sides which contain it is a m:iximu]ii. 

tic 

Here tan c cos A = tan b ; and since 0 ~~ b is a, maximum, ^ = i. 

db 

Hence wo find tan b = cos A* 

This question admits of another easy solution ; for, as in Art. 112, wo have 

sin (c - i) ^A 

sin I 2 

consequently sin {c — h) becomes a maximum along with sin (0 + since A is 
constant; and hence c — A is a maximum when c h ^ 90°. 

This problem occurs in Astronomy, in finding when tlio part oftho equation 
of time which arises from the obliquity of the ecliptic is a maximum. 

21. Provo that the problem, to describe a circle -wnth its centre on tlje 
circumference of a given circle, so that the length of the arc interropted within 
the given circle shaU bo a maximum, is reducible totlio solution of tlio equation 
0 = cot 0. 

22. A perpendicular is lot fall from the centre on a tangent to an ellij>se, 
find when the intercept between the point of contact and the foot of the perpen¬ 
dicular is a maximum. Prove that p — ad, and intercept = a — d. 

23. A semicircle is described on the axis-major of an ellipse ; draw a lino from 
one extremity of the axis so that the portion intercepted between the circle and 
the ellipse shall be a maximum. 

24. Draw two conjugate diameters of an ellipse, so that the sum of the 
perpendiculars from their extremities on the axis-major shall be a maximum. 

25. Through a point 0 on the produced diameter AB of a semicircle draw a 
secant ORR\ so that the quadrilateral ABRK inscribed in the semicircle shall 
be <i maximum. 

Prove that, in this case, the projection of RBf on AB is equal in length to 
the radius of the circle. 

26. If sin = k sin and ^ + if/ = a, where a and k are constants, prove 
that cos cos ^ is a maximum when tan^^ = tan if< tan 



igo 


Examples, 


27. Find the area of the ellipse 

ax^ + zhxy + hy^ = e 

in terms of the coefficients in its equation, by the method of Art. 146. 


^ (i) for rectangular axes. 
(2) for oblique. 


Ana» 


ICC 


\/ ab — 


ICC Bin 


»9 


•s/ ab — 


28. A triangle inscribed in a given circle liaa its base [)arallol to a given line, 
and its vertex at a given point; find an expression for the cosjiie of its vertical 
angle when the area is a luaximuiu. 

20- Find \^lion flic base of a triangle is a minimum, being given the vor¬ 
tical angle aud the ratio of ouo side to tho difference between the other and a 
fixed line. 

30. Of nil spherical triangles of equal area, that of tho least perimeter is 
equilateral ? 

31 - Let I — = determine w^hether the value 2: = o gives u a 

maximum or minim inn. Ana, Neither. 

32. Show that the maximum and minimum values of tlic cubic expression 

+ yx + d 

are the roots of the quadratic 

— 2t!r2 — A—O; 

whore G — a^d — + 2i^, and A = a <P + + ^db'^ — — (sabed, 

33. Through a fixed point wilhin a given angle draw a lino so that the 
triangle formed shall he a niininjiim. 

The line is bisected in the given iioint. 

34. Provo in gouoval that tho chord drawn through a given point so as to 
cut olf the iniiiiinuni area from a givi'n curve is bisected at that point. 

35. If the portion, ATiy of the tangent to a given curve intercepted by two 
fixed linos OA^ 0 ]iy be a minimum, prove that lA — Nliy wliero P is tho point 
of contat^t of tlio tangent, and N the foot of the perpendicular let fall on the 
tangent from O. 

36. 'I'he portion of the tangent to an ellipse intercepted between the axes is 

a minimum; find its length. Ans, a + b, 

37. Prove that the maximum and minimum values of the expression, Art. 147, 
are roots of the biquadi\atic 

{a — udy {d - + 4 (rt — tid) {c — itd)^ -\~^{d~ {b - wft')* 

— 3 (A - ub')^ {c — uc)~ — 6 (a — ud) {b — «d') {c — uc) (d - iftT) = o. 
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CHAPTER X. 

MAXIMA AND MINIMA OF FUNCTIONS OF TWO OR MORE IN¬ 
DEPENDENT VARIABLES. 


155. Maxima aacl Minima Tor Two ITariaMcs.— Id 

accordance with the principles established in the preceding 
chapter, if ^ (.r, y) be a maximum for tlio particular valuer 
^0 and yo, of the independent variables x and iy, then for all 
small positive or negative values of h and k, 0 (iro, ?/„) must 
be greater than ^ (3*0 + A, ya + k ); and for a minimum it must 
bo less. 

Again, since x and y are independent, Aiay suppose 
either of them to vary, the other remaining constant; 
accordingly, as in Art. 138, it is necessary for a maximum 
or minimum value that 


du , du 

— = o, and — = o: 
dx dy 


(0 


omitting the case where either of those functions becomes 
infinite. 

156. Tiasrangc’s Condition. —Wo now proceed to 
consider whether the values found by this process correspond 
to real maxima or minima, or not. 

Suppose a?o, to be values of x and y wliich satisfy the 
equations 

du , du 

-— = o, and — = o, 
dx dy 

and let A, B, C be the values which assume 

dx^ d.edy di/ 

when Xa and y© are substituted for x and y ; then we shall 
have 


0 (a;o + A, yo + ^) - 0 (iTo, yo) 


I . 2 


(^ 4 * + zBhk + Cld) + &o. (2) 
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But when h and Jc are very small, the remainder of the 
expansion becomes in general very small in comparison with 
the quantity Ali^ + 'zlilik -f- ( 7 /c“; accordhigly the sign of 
0 (a*o + 4 , 2/0 4 4 ) - 0 (a?o, depends on that of 


Air 4 - 2i?M + C 7 c*, i.e. of 


{Ah ^ BkY ^ k\AC- W) 

A 


Now, in order that this expression should bo either always 
positive or .always negative for all small values of h and 4 , 
it is necessary tiiat AG — should not be negative; as, if 
it be negative, the numerator in the preceding expression 
would bo positive when 4 =o, and negative when Ah + Bk = o. 

Hence, the condition for a real maximum or minimum is 
that AG should not bo less than or 

d^H d'^u / d'^u V. 

dx^ dif ^ \dxdyY* 

and, when this condition is satisfied, the solution is a maxi¬ 
mum or a minimum value of the function according as the 
sign of A is negative or positive. 

JIB'^ ho > AG the solution is neither a maximum nor a 
minimum. 

The necessity of the preceding condition was first estab¬ 
lished by Lagrange ;* by w'laom also the corresponding con¬ 
ditions in the ease of a function of any ntmiber of variables 
were first discussed. 

Again, if A = o, = o, G = o, then for a real maximum 
or minimum it is necessary that all the terms of the third 
degree in h and 4 in expansion (2) should vanish at the same 
time, while the quantity of the fourth degree in h and 4 
should preserve the same sign for all values of these quan¬ 
tities. See Art. 138. 

The spirit of the method, as well as the processes em¬ 
ployed in its application, will be illustrated by the following 
examples. 

157. To find the position of the point the sum of the 
sqTiares of whoso distances from n given points situated in 
the same plane shall be a minimum. 


* Thcorie des Fonctlons, Deuxi&me Fartie. Ch. onzieme. 
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Let the co-ordinates of the given points referred to 
rectangular axes be 

(«!, (®*» («3, 63) . . . («rt, 5 n), respectively; 

(ar, y) those of the point required; then wo have ' 

M = (a; - ax)® + (y - 61)® + (a? - a*)® + (y - fts)® + . . . 

+ (* - ««)* + (y - ^»)* 

a minimum; 

du , . 

— = a:—ai + a;-aa + . .. + aj—a„ = Maj-(ai + a3+...+flr„)=o; 


dy 


Hence 


= y-hi->ty -6* + . ..+y—6n=«y-(ii+ bi+...+bn)=o. 

Uj + a* + . « • + a^ bi + ba + ... + bn 

a?--, y =-; 


n 


n 


and the point required is the centre of mean position of the 
n given points. 

From the nature of the problem it is evident that this 
result corresponds to a minimum. 

This can also be established by aid of Lagrange’s con¬ 
dition, for we have 



In this case AC - X’ositive, and A also positive; 

and accordingly the result is a minimum. 

158. To find tlie Maximum or Minimum Talue 
of* tlie expression 


aa? + by- + zkxy + zgx + zfy + c. 

Denoting the expression by w, we have 

1 du 

--^-ax^hy + g-o. 


1 dti 

2 dy 


== hx + by +/= o. 


o 
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Multiplying the first equation by x^ the second by y, and 
subtracting their suni from the given expression, wo get 

u = gx + c; 

whence, eliminating x and y between the three equations, 
we obtain 

a h g 

u{ah - 4 ®) = h b f ( 3 ) 

9 f 0 

This result may also be written in the form 



where A denotes the discriminant of the proposed expression. 


Again, 



Hence, if ah - 4 ’ bo positive, the foregoing value of u is a 
maximum or a minimum according as the sign of a is negative 
or positive. 

If 4 ® > ah, the solution is neither a maximum nor a 
minimum. 

The geometrical interpretation of the preceding result is 
evident; viz., if the co-ordinates of the centre be substituted 
for X and y in tlio equation of a conic, u = o, the resulting 
value of u is either a maximum or a minimum if the curve 
be an ellipse, but is neither a maximum nor a minimum for 
a hyperbola; as is also evident from other considerations. 

159. To find the maxima and minima Talnes 
of tbe Fraction 


ax~ + hy^ + 2hxy + 2 gx + 2 fy 4- o 
aV+ 4'y*+ 2h'xy+ 2g'x->f2fy->rd’ 

Let the numerator and denominator be represented by 
01 and 02; then, denoting the fraction by w, we get 

(«) 
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Differentiate with respect to x and y separately, then 

da d^^ dAi dtc dA^ 

lx ^ ^di' dji " 
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+ u 


dy* 


but for a maximum or a minimum we must have 


du 
~ch ^ 


da 


hence, the required solutions are given by the equations 

ax + hy + g = u(a'x + Ky + 
hx -- by +f — xtiji'x + h'y + f'). 

Multiplying the former by r, the latter by y, and subtracting 
the sum from tho equation (a), we get 

gx +fy + c = u{(fx +f'y + c ). 


Those equations may be written 

{a - a'u)x + (A - h'u)y + g ~ ftt = Of 
{h — h'it)x + (b — b'u)y +f— f'u = o, 
(y - + c- cu = o. 


Eliminating x and y, we get the determinant 

a — iCu h — h'u g — g'u 
h — liu b — b'u f —f'u = o. (4) 

g-fu f-fu e-c'u 


The roots of this cubic equation in u are the maxima and 
minima required. 

This cubic is the same as that which gives the three 
systems of right lines that pass through the points of 
intersection of the conics = 0,^2= o.* 


* Salmon's Conie Seefxonsy Art. 370. 
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The cubic is •written by Dr. Salmon in the form 

AV + + 0w + A = o, (5) 

where A, A' denote the discriminants of the expressions ^1 and 
and 0, 0' are their two other invariants. 

On the proof of the property that the coefficients are in¬ 
variants compare Art. 144- 

The cubic reduces to a quadratic if either the numerator 
or the denominator be resolvable into linear factors; for in 
this case either A = o, or A' = o. 

If both the numerator and denominator be resolvable into 
factors, tho cubic reduces to the linear equation 

Q'u + 0 = 0 , 

and has but one solution, as is evident also geometrically. 

160. To find tbe Maxima or Minima ITalues of 

a?* + y’ + s®, where 

ax^ + btf + cs® + zhxy zgxz + zfzy = i. 


Let u = 


a:* + y® + a®; substitute x' and f for - and -, and 

z z 


we have 


u = 


_ aJ'* + 2/'® + X 

ax'^ + bf^ + c + zhx'f + 2gx + 


Accordingly the cubic of formula (4) becomes in this case 


a — 

h 

9 



h 

b — w* 

f 

= 0. 

(6) 

9 

f 0 

— VT^ 




This is the well-known cubic* for determining the axes of 
a surface of the second degree in terms of the coefficients in 
its equation : when expanded it becomes 

- (a + J + c)w“® + {ab + be + ac -/® - g^ — A®)m“® 


+ (fl/® + bg^ + cA* — abc — 2fgK) = o. 


See Salmon’s Geometry of Three Dimeneiona^ 3rd ed.^ Art. 82. 
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161. Application of l<agrange’s Condition.—lu 

applying this condition to the general case of Art. 159, we 
write the equation in the form 




from which we get, on making ^ ^ 


= o. 




d^u 


da-dg cfirrfy ^ 


d~<Pi Cpij) 


but 


<P*l>x 

d-j^ 


- 




+ 02 


t 7 /’ 




^01 

ofa;f/y 


2hy &o. 


Hence 


( d^u Y) 


^ j = 4((« - «/«)(& - h'u) -{h- h'uY). 

Accordingly, the sign oi AO - is the same as that of 
the quadratic expression 


{ah — hf) — {ah' + hf — zhh') u + {a'U - 


(7) 


where it is a root of the cubic (4) or (5). 

If As represent the determinant in (4), the preceding 

quadratic expression may be written in the form 

Again, iti, 1/2, M3 representing the roots of the cubic (4) ; 
«, / 3 , those of the quadratic (7) ; if «i bo a real maximum or 
minimum value of m, we must have (mi - a) (mi - /3) {a'h' - A'*) 
a positive quantity. 

Aecordingly, if a'h' - Ji'^ be positive, ttj must not lie be¬ 
tween the values a and / 3 . Similarly for the other roots. 
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If all the roots of the cubic lie outside the limits a and j 3 , 
they correspond to real maxima or minima, but any root 
which lies between a and /3 gives no maximum or minimum. 

In the particular case discussed in Art. i to the roots of 
the cubic (6) are all real, and those of the quadratic 

a — 7r*, h 

= o are interposed between the roots of the 

hy h — vr' 

cubic. (See Salmon’s Higher Algebray Art. 44). Accord¬ 
ingly, in this case the two extreme roots furnish real maxima 
and minima solutions, while the intermediate root gives 
neither. This agrees witli what might have been anticipated 
from the properties of the Ellipsoid; viz., the axes a and c 
arc real maximum and minimum distances from tlio centre to 
the surface, while the mean axis b is neither. 

It would be unsuited to the elementary nature of this 
treatise to enter into further details on the subject here. 

162. Maxima or Minima of Inunctions of three 
Variables. — Next, lot u = 0(;r, y, z), and suppose x^y yo, Zo 
to be values of Xy y, z, which render w a maximum or a mini¬ 
mum ; then, if a?, y, z bo independent of each other, by the 
same reasoning as before, it is obvious that x„ , Zo must 
satisfy the three equations 

dll du du 



omitting the case of infinite values. 
Accordingly wo must have 

(p{xo + hy yo + ky Zo + If ~ ^{Xdy yo, Zq) = 


A - +B -+ C - 

1.2 1.2 1.2 


+ Fkl + GM + nhk + &Q. 


where A, JJ, Cy Fy G, ZT, are the values that 

(Pu d^u d^u d^u ePu <Pu 

daf dif* dz^* dydz* dxdz* dxdy 

respectively assume when aro» yo» Zo are substituted for a-, y, z 
in them. 
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Now, in this, as in the case of two independent variahles, 
it is necessary for a real maximum or minimum value that 
the preceding quadratic function should be either always 
positive or always negative for all small real values of h, h, 
and 1. , 

Substituting al for A, and for A, and suppressing the 
positive factor /*, the expression becomes 

Aa^ + J 5 / 3 * + C + 2 J ]3 + 2 6ra + 2 i 7 aj 3 , (8) 

or A + 2a j + 2?/33 + 2FI5 + a 

Completing the square in the first term, and multiplying by 
A, we got 

{Aa +M(3 + Gy+ {AB~m)^^ + 2{AF- GH)^ +{AC- G% 

Moreover, since the first term is a perfect square, in order 
that the expression should preserve the same sign, it is neces¬ 
sary that the quadratic 

{AB - + 2 {af- cn)^ + ac-cf 

should be positive for all values of /3 : hence we must have 

AB-m> o, (9) 

and {AJB - m){AC - GP) > {AF- GHY, 

or A{ABO + 2FGM- AF^ - BCP - CH^) > o, (lo) 

i.e. A and A must have the same sign, A denoting the dis~ 
criminant of the quadratic expression (8), as before. 

Accordingly, the conditions (9) and (10) are necessary 
that a?o, yt>, Zo should correspond to a real maximum or mini¬ 
mum value of the function u. 

When these conditions are fulfilled, if the sign of A bo 
positive, the function in (8) is also positive, and the solution 
IS a minimum; if A be negative, the solution is a maximum. 

163. Maxima and Minima for any number of 
ITariables. —The preceding theory admits of easy extension 
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to functions of any number of independent variables. The 
values which give maxima and minima in that case are- ^ot 
by equating to zero the partial derived functions for each 
variable separately, and the quadratic function in the ex¬ 
pansion must preserve the same sign for all values; i.e. it 
mu^5t be equivalent to a number of squares, multiplied by 
constant coefficients, having each the same sign. 

The number of independent conditions to be fulfilled in the 
case of « indopondoiit variables is simply w - i, and not 2“ — i, 
as stated by some writers on the DiiEerential Calculus. A 
simple and general investigation of these conditions will bo 
given in a note at the end of the Book. 

164. To investigate the Maximum or Minimum 
'Value of the Expression 


aaj® + hif -1- + zhxy + zgzx + zfyz + zpx + zqy + 2ra + d. 

Let u denote the function in question, then for its maxi¬ 
mum or minimum value we have 


du 

dx 


~ 2 {ax + hy + <73 + i?) = 



da 

dy 

du 


= 2 (/^^p + Jy + ^ + g) •= o, 
= 2 {gx +^ + ez4 r)=oj 


hence, adopting the method of Ai-t. 158, we get 

u = X)x + qy rz + d, 

Eliminating x, y, s between these four equations, we obtain 


a h g p 
h h f q 
g f c r 
p q r d 


= u 


a h g 
h h f 
g f e 


... d^u j - 

Again, smee — = 2a, ^ = 26, &o., 
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\ a h \ 

a 

h 

9 

1 , 1 is positive, and 

\ h ft 1 

h 

ft 

f 

9 

/ 

c 


has the same sign as a. 


The student <vho is acquainted with the theory of surfaces 
of the second degree will find no difficulty in giving the 
geometrical interpretation of the preceding result. 

165. To find a point sucli that the sum of the 
squares of its distances from n given points shall be 
a minimum. —Let (fl, 6, c), (a', h\ o'), &c., bo the co-ordi¬ 
nates of the given points referred to rectangular axes; x, y, x, 
the co-ordinates of the required point; then 


(a? - a)® + (y - by + (z - c) 


is equal to the square of tho distance between tho points 
(«, b, c), and {x, y, z). 

Hence 


u = {x - a)^ + {y - by + (s - c)* + (« - eff + {y - ^ 0 * + (2 - c)'* 

+ &o. = 2 (a! - ay + S(y - by + S(s - c)®, 

where the summation is extended to each of the n points. 
For the maximum or minimum value, we have 

du „ 

-j- = 2S(aJ - a) =» 2nx - 2Sa = o, 


du 

dy 


22(2/ - ft) = zny - 22ft = o, 


du 

dx 


22 z - c) = znz - 22c = o; 


'S.a 2ft 2c 

- • iCa ~ j J s 

n n n 

i.e. Xo, yo, Zo are the co-ordinates of the centre of mean posi- 
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tion of the given points. This is an extension of the result 
established in Art. 157. 


Again 



(Pu 

dxdy 


- o, &o. 


The expressions (10) and (ii) are both positive in this case, 
and hence the solution is a minimum. 

It may ho observed with reference to examples of maxima 
and minima, tliat in most cases the circumstances of the prob¬ 
lem indicate whether the solution is a maximum, a minimum, 
or neither, and accordingly enable us to dispense with the 
labour of investigating Lagrange’s conditi(jne. 
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Examples. 

Find the maximum and minimum values, if any such exist, of 


I. 


ax + 8 y + <? 
+ y* 4 - i’ 


Ana. 


c + ff? + ^2 + <52 


* + fl 

*** + y® +1’ 

3 . + y* - a:* 4 - rry - y®. 

(a), a; = o, y = o, a maximuTn. 


„ ± \/a2 4 - 4- c®. 


(/3). aj = y = 4 - a minimum. 


a/ 3 


(*y), a; = - y = + a minimum. 

2 


4. fla;* + bxf/ 4 - ciz^ 4 - Ixs 4- mya. 

x = y^z = Oy neither a maximum nor a minimum. 

a a . 

5. If « = — a?*y* — a;®y®, prove that a? = -, y = - makes u a maximum. 

» 3 

6. Provo thattho value of the minimum found in Art. 165 is the -th part of 

n 

the sum of the squares of the mutual distances between the n points, taken two 
and two. 

7. Find the maximum value of 


(ax + by + cz)e . Am. + - + -J 

8. Find the values of x and y for which the expression 

{a\X 4- b\y 4- Ci)* + {ozx 4- 4ay 4- rs)® 4- • • . 4- (anx 4- iny 4- 


becomes a minimum. 
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CnAPTEE XI. 

I 


METHOD OP UNDETERMINED MULTIPLIERS APPLIED TO THE 
INVESTIGATION OF MAXIMA AND MINIMA IN IMPLIJIT 
FUNCTIONS. 


166. Alctliod of Undetermined Mnltipllers. —In many 
cases of maxima and minima the variahles which enter into 
the function arc not independent of one another, hut are con¬ 
nected hy certain equations of condition. 

The UKjst convenient process to adopt in such cases is 
what is styled the method of undetermined* multipliers. We 
shall illustrate this process hy considering the case of a func¬ 
tion of four variables which are connected by two equations 
of condilion. 

Thus, let u = 0(iPi, a^z, 

whore Xi, x^, a*3, jc* are connected by the equations 

a-z, a*3, a-*) = o, 2^2(3;,, X3, 3-4) = o. (1) 

The condition for a maximum or a minimum value of u 
evidently requires the equation 


dii> 

dx-i 




Moreover, the differentials are also connected by the rela¬ 
tions 


dF^ 

dxi 






dF^ - 

— dzi^-~ 


dFz , dFi , dFi 


doD-i 


dX 3 + -r- dxi = o. 


Multiplying the first of the two latter equations by the arbitrary 


^ This mcUiod is also duo to Lagrange. See Mie, Anal.^ tome i., p. 74. 
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quantity Ai, the other by Xz, and adding their sum to the pi e 
ceding equation, wo get 


(: 


dih . ^ dF, ^ ^ dF,\ ^ dFr . ^ rfj?;\ 


dxi ^ dxi 


+ X* ~^)dx, + [p^ + \, ^ 
(ifX\ J \f^^% wj?2 


+ Xa ) dXi 

*dix^ j 




dF\ 

dXi 


+ X3 



dxi = o. 


As Xi, X2 are completely at our disposal, we may suppose 
them determined so as to make the coefficients of dxi and dx-^ 
vanish. Then we shall have 



Again, since wo may regard a-s, Xi as independent xariahles^ 
and Xiy X2 as dependent on them in consequence of the equa¬ 
tions (I), it follows that the coefficients of dxs and dxi in the 
last equation must be separately zero, for a maximum or a 
minimum ; consequently, wo must have 


d<l> 

dx3 


+ 



d<i> 

dXi 



dF 

dxi 



These, along with equations (i) and 


d^ 

dxi 


+ Xi 


dF^ 

dxx 




are theoretically sufficient to determine the six unknown 
quantities, Xx^ x^^ Xi, X2; and thus to furnish a solution 

of the problem in general. 

This method is especially applicable when the functions 
Fxx Fix are homogeneous ; for if we multiply the preceding 
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differential equations by sTi, a?*, ij?3, ar«, respectively, and add, 
wo can often find the result with facility by aid of Euler’s 
Theorem of Art. 103. 

There is no difficulty in extending the method of undeter¬ 
mined multipliers to a function of n variables, aJi, sTs, • • • 
j”„, the variables being connected by m equations of condition. 

i?! = o, 75 T. == o, Fo o, . . . Fm = o. 


m being less than n ; for if we differentiate as before, and 
multiply the differentials of the equations of condition by the 
arbitrary multipliers, A,, Aj, . . . A,» respectively; by the same 
method of reasoning as that given above, we shall have the n 
following equations. 


d<ft 

dxi 





deji 

dtCn 



These, combined with the m equations of condition, are 
theoretically sufficient for the determination of the m + n 
uiiknown quantities 

^I> ^2» • • ■ ^1> • Aff,. 


Examples. 

I. To find tho triangle of maximum area inscribed in a given circle. 

Let Ji denote the radius of the circle, ui, B, C, the angles of an inscribed 
triangle, u its area ; then 

tt = ^ sin A ^ B sin G. 

Also, A + B + C = 1 80°; dA + dB + dC ■* o; 

and, taking logarithmic differentials, we get 

cot AdA + cot BdB + cot CdC = o. 
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and consequently 

tan A = tan B = tan C\ henco A—B—Ct=. 6o® ; 

and therefore the triangle is equilateral. 

2, Find a point such that the sum of the squares of the perpendiculars 
drawn from it to tho sides of a given triangle shall be a minimum? 

Let X, % denote tho perpendiculars; a^h^c the sides of the triangle; then 

« - a:* + y - + is to be a minimum; 
also aa? + a = double tho area of a triangle = 2A (suppose); 

. xdsc 4- ydy + zdz ^ o, adx + hdy cdz = o ^ 


a; = Aa, y = Ai, s = A<J: multiplying these equations by respectively, 

and addmg, we oblaiu 

2A 

ax-^by + cz = \ (a* + + c®), or A, = - - 

a** + + 0^ 

■2Aa ^ ^A5 _ 2Ac 

*** * “ + S® + c®’ ^ “ «* + + c2’ 

which determine the position of the point. Tho minimum sum is obviously 


a3 + ^2 + <;a’ 


3. Similarly, to find a point such that tho sum of the squares of its distances 
from four given planes shall bo a minimum. Suppose A^ Cy J) to represent 
the ai’eas of the faces of the tetrahedron formed by the four planes ; Xy y, 2, w, 
the perpendiculars on these faces respectively; then, as in tho preceding 
example, we have 


Ax + By +Cz + Dw = three times the volume of the tetrahedron = 3 F (suppose), 
and w = a:* + y'* + «" + w?*, a minimum; 

xdx + ydy + zdz + tvdw = o, 

Adx + Bdy + Cdz + Bdw = o ; 
hence x — \A, y = \By z = AC', to = kD; 


and proceeding as before, we get u = 


9^2 

+ c- + 


4. To prove that of all rectangular parallclopipeds of tho same volume the cube 
has the least surface. 

Let Xy y, 2 represent the lengths of the edges of the parallelepiped; then, if 
A denote iho given volume, wo have 

xyz = Ay and xy xz + yz minimum; 

yzdx + xzdy + xydz = o, 

0/ + z) dx + {x + z) dy -i- {x + y) dz = o; 

hence yz = A (y + 2), xz = \{x + «), xy = \{x + f): 

from which it appears immediately that a; = y = 2. 
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167. To find the maximum and minimum 
Values of 

ax^ + hy^ + cz* + 2hxy + 2g^ + 2jyz^ 
where the Variahles are connected by the equations 

loi + My + N% = o, and a;* + y^ +.■3® = i. 

In this case we get the following equations: 

ax ^hy + gz + Aii + Asa? = o, 
hx + by +ys + AiJtr + Asy = o, 
gx +fy + C2 + AiiV + AsZ = o. 

Multiply the first by a?, the second by y, the third by 2, and 
add; then 

u + As = o, or As = - w. 

Hence (a - m) a? + ^y + <72 + \iL - o, 

hx + {b ~ u) y + fz + \iM = o, 

^fy + (c-u) z + XiM = o, 

Lx + My + iVz = o: 

eliminating a?, y, z and Ai, we get tho determinant equation 

a - Uy h, y, L 

hy b - Uy fy M 

Gy fy c-u, N 

L, M, Ny o 

The roots of this quadratic determine the maximum and 
minimum values of u. 

The preceding result enables us to determine the principal 
radii of curvature at a given point on a surface whose, equa¬ 
tion is given in rectangular co-ordinates. 




Application to Surfaces. 209 

Again, the term independent of « in this determinant is 
evidently 

a, A, Qy L 

hy hy fy M 

9, f Cy N ' 

Ly My Ny O 

and the coefficient of w* is £* + M^ + iV*. Accordingly, the 
product of the roots of the quadratic (2) is equal to the frac¬ 
tion whose numerator is the latter determinant, and denomi¬ 
nator i® + Jf® + iV'*. From this can be immediately deduced 
an expression for the measure of curvature* at any point on a 
surface. 

' 8aInioa*8 Geometry of Three Dimensioned Art. 395. 
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Examples, 


ExAMPIiES . 


I. Find the mimmum value of 
« 

X* + *• + a:* + .. . 4- r’ 

1 • • " 

where xi^ a;), .. . Xn are subject to the condition 

aiX\ + 03X2 -(-*•• + <htXm » 

1. Find the maximum value of 

where the variables are subject to the condition 

(W + ^y + flssrp+g-l-r. 




*» 


aj + a*. 


• + "2 


-■ m)ty- 


0 <*> 

X. If tan - tan - = m. find when sin P - tn sin 0 is a maximum. 

4. Find the maximiun value of (iff + i) (y + 1) {z + i) where a^dvc^ = A, 

{log {Aahc)}^ 


Ana, 


27 log a . log b . log 0* 


5. Find the volume of the greatest rectangular parallelepiped inscribed in 
the ellipsoid whose equation is 

8 abc 


ofi y* s* 

•“ 7“ ~-z — I* 

6 - 0* 


Ana, 


w 3 


6. Find the maximum or the mimmum values of «, being given that 
« = c^'j^ + + y® 4- = if 4- uny 4- «» = o. 

Proceeding by the method of Art. 167, wo get 

€px 4 - AJJ + = o, IPy 4- Ay 4- = 0 . 4 - A« + /m ^ o. 

Again, multiplying by x^ y, 0, respectively, and adding, we get A =» - m, 

(w — a**) a? = jo/, Cm — i*) y = ;t»», (w — c®) z = 

Hence, the required values of m arc the roots of the quadratic 










as O. 
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j?* g* 

7. Giren — + 7^,+ -5 = i| and /iP + my + tts =s o, find when ** + y* + a* is a 

€i^ C* 

maximum or minimum. Proceeding, as in the last example, we get the quadratic 

w — a* ^ w — c* 


This question can be at once reduced to the last by substituting in our equations 
dy, and ra, instead^f y, s. 


8. Of all triangular pyramids haying a given triangle for baso, and a given 
jiltitude above that basOi find that whoso surface is least. 


Ans, Value ofzninimum surface is ^ y/^2 ^ p2^ whore 5 , e repre- 

2 

sent the sides of the triangular base; r, the radius of its inscribed circle; and J7, 
the given altitude. 


9, Divide the quadrant of a circle into throe parts, such that the sum of the 
products 01 the sines of every two shall be a maximum or a minimum; and 
determine which it is. 


10. Of all polj'gons of a given number of sides circumscribed to a circle, the 
regular polygon is of minimum area? Por, let 0i, ^2, . • . bo the external 
angles of the polygon, then the area can be easily seen to bo in gonorol 



( 


tan — + tan — + 
2 2 


• + tan , 


where + ^2 • • - + 

Hence, for a minimum, = ^2 = ^3 = - • . = <pn» 

11. Of all polygons of a given number of sides circumscribed to any closed 
oval curvo which has no singular points, that which has the minimum area 
touches the curvo at the middle point of each of the aides. 

12. Given the ratio sin <pi sin 1}^, and the angle d, find when the ratio 

sin (0 + 0 ): sin + (?) is a maximum or a minimum. Ana, ^ + i|/ = 0 - 

13. Required the dimensions of an open cylindrical vessel of given capacity, 
so that tho smallest possible quantity of material shall be employed in its con¬ 
struction, the thickness of the base and sides being given. 

Ana. Its altitude must be equid to the radius of its base. 

14. Show how to determine the maximum and minimum values of jc^+y^+s’ 
aubjecti to the conditions 


+ y* + a®)* = + 6®y* + 


+ f»y + ns o. 

P 2 
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CHAPTER XII. 

TANGENTS AND NOKMALB TO CUEVES. 

168. Equation of the Tangent.— If (x, y)y (iTi, ^i), be the 
co-ordinates of any two points, P, Q, taken on a curve, and 
if (X, E) be any point on the y 
line which joins P and Q; then 
the equation of the lino PQ is 

F-y = (-X:-a:)-, 

in which X and Y represent the ® 
current co-ordinates. *• 

If now the point Q be taken infinitely near to P, the line 
PQ becomes the tangent at the point P, and, as in Art. lo, 
we have for its equation 

T-y = (X-.)% (.) 

where X, Y are the co-ordinates of any point on the line, 
and y those of its point of contact. 

For example, to find the equation of the tangent to the 
curve 

Taking the logarithmio differentials of both sides, we get 

n mdy ^ dy ny 
X y dx * " dx mx' 

and the equation of the tangent becomes 

wX ^ mY 



X 


y 


m + n. 
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2*3 


If we make X = o, and Y = o, separately, we get 


m + n 


m 


y 


and 


w +» 


n 


y for the lengths of the intercepts made hy the 

tangent on the axes of x and y, respectively. This result 
furnishes an easy geometrical method of drawing the tangent 
at any point on h curve of this .class. 

If m = I, n = I, the preceding equation represents a 
hyperbola; if m = 2, and w = - i, it represents a parabola. 
169. If the equation of the curve he of the form 
y) = o, and if/(a?, y) be denoted by «, we have from 
Art. 100, 


dx 


dn 

dx 

du^ 

dy 


and hence the equation of the tangent becomes 

, _ .du .du 


(2) 


The points on the curve at which the tangents are 

parallel to the axis of x must satisfy the equation — = o; 

(tcc 

they are accordingly given by the intersection of the curve, 

d\A 

tt = o, with the curve whose equation is — = o. The y co- 

ordinates at such points are evidently in general cither 
TTift-vimfL or minima. 

Similar remarks apply to the points at which the tangents 
are parallel to the axis of y. 

To find the tangents parallel to the lino y - mx + ». The 
points of contact must evidently satisfy 

dv, du 

— + m-r =0. 
dx dy 

The points of intersection of the curve represented by 
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this equation with the given curve are the points of contact 
of the system of parallel tangents in question. 

The results in this and the preceding Article evidently 
apply to oblique as well as to rectangular axes. 


Examples. 


1. To find the equation of the tangent to the ellipse 

!/* 

“5 + 72 = 

a* 


Here 


and the required equation ia 


du _ 2x du __ 2y 


or 




irX yY X 






a' 




2. find the equation of the tangent at any point on the curve 




Am, --h -= I. 




(m 


3* If two curves, whose equations are denoted by w = o, i/ — o, intersect in 
a point {x, y), and if u ho their angle of intersection, prove that 

du d\i du^ dn 
. dx dy dx dy 

^ ^ du di/ 

dx dx dy dy 

4. Hence, if the curves intersect at right angles, we must have 

du dvf du du* 
dx dx dy dy 

5. Apply this to find the condition that the curves 

^ 4. y ^ ^ 


i*2 


oaould intersect at right angles. 


Ant. a* - Ja » a'» - b^\ 



Equation of Normal. 


2«5 


170. Equation of nTormal.—Since the normal at any 
point on a curve is perpendicular to the tangent, its equation, 
when the co-ordinate axes ore rectangular, is 


» ( 3 ) 

The points at which normals are parallel to the lino 
y = vnx + n are given by aid of the equation of the curve m = o 
along with the equation 



Exahpx.es. 


1. Find the equation of the normal at any point {x, y) on the ellipse 


“2 + ^ = *• 
a® o* 


. a^X „ 

Ant, -^ - i*. 

X y 


a. Find the equation of the normal at any point on the curve 

= ax^. Am, nYy + mXx = ny* mij*. 


171. Subtangent and Subnormal.—^In the accom¬ 
panying figure, let PT repre- y 
sent the tangent at the point P, 

PN the normal; OJf, PM the 
co-ordinates at P ; then the 
lines TM and MN are called 
the subtangent and subnormal o 
corresponding to the point P. Fig. 9. 

To find the expressions for their lengths, let ^ PTM, 


then 

PM . ^ dy 

w 



dx 


MN . ^ dy 

MN^y% 
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The lengths of PT and PN are sometimes called the 
lengths of the tangent and the normal at P: it is easily 
seen that 


« 

PN=y 





Exajo>les* 


1* To find the length of the subnormal in the ellipse 





Here 




the negative sign signifies that MN is measured from M in the negative 
direction along the axis of i.e. the point N lies between M and the centre 0 ; 
as is also evident from the shape of the curve. 

2. Prove that the subtangent in the logarithmic curvCi y — a*, is of constant 
length, 

3- Prove that the subnormal in the parabola, — 2m:r, is equal to m. 

4* Find the length of the part of the normal to the catenary 


.a 

intercepted by the axis of 2?. Ji.n 9 » —. 

5. Find at what point the subtangent to the curve whose equation is 

= a* (a — x) 


is a maximum. An$. s? s v = a« 

172. Perpendicular on Tangent.— Let p be the length 
of the perpendicular from the origin on the tangent at any 
point on the curve 


P(ar, y) = c. 
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then the equation of the tangent may he ^written 

X. cos w H- F sin to Pt 


where to is the angle which the perpendicular makes witli 
the axis of x. 

Denoting F (a;, y) by m, and comparing this form of the 
equation with th«,t in (2), and representing the common value 
of the fraction by X, 


we get 
Hence 




Cob. If Fipa^ y) he a homogeneous expression of the 
degree in a? andy, then by Euler’s formula, Art. 102, we have 



and the expression for the length of the perpendicular 
becomes in this case 


HC 



173. Xn the curve 


to prove that 



a’" 



1 


m m 

{a COB + (fi Bin 


( 5 ) 
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By Ex. 2, Art. 169, the equation of the tangent is 







I 


comparing this with the form 

X cos u> + JF sin w = p, 


we get 


cos <u _ sin fi> _ 

p «”* * p 6 " * 


or 



Hence, substituting in the equation of the curve, we obtain 
the result required. 

174. XiOcuN of Foot of Perpendicular for the same 
Curve. —Let X, Y bo the co- ordinates of tho point in ques¬ 


tion, and we have, evidently, cos to = 
tuting these values for cos to and sin 


X Y 

= —, sin (o = —: substi- 

p p 

to in (5), it becomes 


m tn m 

(X* + = (a X)^" + (b F)^, 

since jp® = X* + Y\ 

175. Another Form of the Equation to a Tan¬ 
gent. —If the equation of a curve of the degree be 
written in the form 


y) = + w„_a + , . . f «a + «i + M« = o, 

where «« denotes the homogeneous part of the degree in 
the equation, that of the (« - i)^*, &o.; then, by Cor. 
Art. 103, we have 



{«n_; + 2W»_, + &0. . ., + «Mo}. 
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Hence the equation of the tangent in Art. 169 becomes 

+ Un-i + + . . . + nuo = o ; (6) 

dx dy ^ \ I 

an equation of the (« - i)'* degree in x and y. 

176. nramber of Tangents from an External 

Point. —To find^tho number of tangents which can be 
drawn to a curve of then'* degree from a point (a, /3), wo sub¬ 
stitute a for X, and /3 for X in (6), and it becomes 


d^ d^ 

a-~+ li - + u^i 4 2Utt-2 + . . . + nuo = o. 
dx dy 


(7) 


This represents a curve of the (w - i)'* degree in x and y, 
and the points of its intersection with the given curve are tlio 
points of contact of all the tangents which can bo drawn 
from the point (a, ) 3 ) to the curve. Moreover, as two curves 
of the degrees n and n - 1 intersect in general in n {n - i) 
points, real or imaginary (Salmon’s Conic Seciions, Art. 214), 
it follows that there can in general be n (n — 1) real or 
imaginary tangents drawn from an external point to a curve 
of the w'* degree. 

If the curve be of the second degree, equation (7) be¬ 
comes 

d<b 

-~ + Ui+ ZHo = O, 

dy 

an equation of the first degree, which evidently represents 
the polar of (a, / 3 ) with respect to the conic. 

In the curve of the third degree 



t/s + U-i 4 Ih + Un - O, 

equation (7) becomes 

d^ 

- - 4 Ma 2 Mi 4 3W0 = O, 
dy 

which represents a conic that passes through the points of 
contact of the tangents to the curve from the point (a, /3). 

This conic is called the polar conic of the point. For the 
origin it becomes 



4 2Mi 4 3W, = o. 
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177. IVunibcr of Wormals ^hicli pass through a 
Cilven Point. —If a normal pass througli tlie point (a, / 3 ), 
wo must have from (3), 




du 

dx 


This represents a curve of the degree, which intersects the 
given curve in general in w® points, real or imaginary, the 
normals at which all pass through the point (a, j3). 

For example, the points on the ellipse 



I 


» 


at which the normals pass through a given point (a, / 3 ), 
are determined by the intersection of the ellipse with the 
hyperbola 

xy{a^ - 6®) = ay ~ b^( 5 x. 

For tliG modification in the results of this and the pre¬ 
ceding article arising from the existence of singular points on 
the curve, the student is referred to Salmon’s Higher Plane 
Curves^ Arts. 66, 67, iii. 

178. IMircrential of the Arc of a Plane Curve. 
Airection of the Tangent.— If the length of the arc of a 
curve, measured from a fixed point A on it, be denoted by s, 
then an infinitely small portion of it is represented by ds. 
Again, if (p' represent the angle QPL (fig, 8), we have 

, PL . . , QL 

cos ^ and sm^ = ^5 

but in the limit, PL = dx, QL = dy, and PQ = ds,* and also 
becomes PTX, or ip (fig. 9). 


* In Art. 37 it has been proved that the diiTerence betM'cen the length of an 
infinitely small arc and its chord is an infinitely small quantity of tho second 

order in cqmparison with tho length of tho chord; i.e.-—-is infinitely 


small of the second order, and therefore this fraction vauiahea in the limit 

Hence - = i,-ultimately, 

ord FQ 
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Hence 


dx 


dij 


oos# = ^, = 


squaring and adding, we get 


/dirV /dyV 
\dsj \dsJ 


Hence, also, we have 


rfs* = + dfj 


and ilioTcfore 




dx. 


( 8 ) 

( 9 ) 



On account of the importanuo of these results, we shall 
give another proof, as follows:— 

L/ct, as before, PH be the tangent to the curve at the 


point P, 

oir = Xf PM = y, 

MN = PL = Ax, QL Ay. 
L PTX = 0, arc PQ = As, 

Tlien, if the curvature of 
the elementary portion PQ 
of the curve be continuous, 
we have evidently the line 

PQ <arcPQ<PP+ Qll ; 



Fig. lo. 

v/Aa?* + Ay'^ < As < Ax sec 0 + Ay — Ax tan 0 ; 




Ay 

<QQG <b + 

Ax 


- tan 0. 


Again, in the limit ~ 

Ax 


dx 


tan 0, and 



or 
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becomes ^ ^ » accordingly each of the pre¬ 

ceding expressions converges to the same limiting value, and 

we have*— = + if) ; which establishes the required 

result. 




179. Polar Co-ordinates. —The position of any point 
in a plane is determined when its distance from a fixed point 
called Q. polcy and the angle which that distance makes with a 
fixed lino, are known ; those are called the polar co-ordinates 
of the point, and are usually denoted by the letters r and 0 . 
The fixed lino is called the prime vectory and r is called the 
radius vector of the point. 

The equation of a curve referred to polar co-ordinates is 
generally written in one or other of the foims. 


** =/(0)> or Firy 0 ) = o, 

according as r is given explicitly or implicitly in terms of 0 . 
Also, if 0 bo positive when measured above the prime vector, 
it must be regarded as negative when measured below it. 

180. Angle between Tangent and Radius '¥eetor. 
Lot O bo the pole, P and Q two near 
points on the curve, PM a perpendicular 
on OQ, OP = r, POX. = 0 , and the 
angle between the tangent and radius 
vector. Then 

PM PM 


cos OQP = 


QM 


but in the limit when 



QP' 

Q and P coincide, the angle OQP 
becomes equal to ip, and* 

Q 2 f dr PM rdO 

tj = -j-y at the same time: 
PQ ds PQ ds ’ 


or 


cos -p = 



sin p = 


rdO 


tan p = 


rdB 

dr' 



* These results can bo easily established from Art. 37, 
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Also, 


( rdB V _ 

\ //s / ^ \r /.\) *' 


(12) 


Hence, also, we can determine an expression for the 
differential of an arc in polar co-ordinates; for, since 

ror p.-ir 

sve get, on proceeding to the limit, 

^ 

dr 'V * ^ dP * 


j rdO'’ 
dP * 


, / ^ ^ ^ ^ 

ds= T + —j,-dr. 
\' dr 


(13) 


Those results are of importance in the general theory of 
curves. 

181. Apiilicatlon to tlie ItOKaritlimIc Spiral.— 

The curve vvlioso equation is r = a® is called the logarithmio 
spiral. In this curve we have 

. , rdO I 

tan i-, 

dr log a 

Accordingly, the angle between the radius vector and' the 
tangent is constant. On account of this property the curve 
is also called the equiangular spiral. 

182. Polar Nubtangent and Subnormal.—Through 
the origin 0 let ST be drawn perpendi- ^ 

cular to OPy meeting the tangent in 1 \ 
and the normal in S. The lines 0 ^’and \ 

OS are called the polar subtangent and \ / 

subnormal, for the point P. To find \ 
their values, we have 

OT = OP tan OPT = r taxL ^ 


OS OP tan OPS = r Got ^ 


dr ^ 

f 


Also, if 


ti = 


0 T=- 


du 


Fig. 12. 


(« 4 ) 
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Again, if ON be drawn perpendicular to PT, we have 




PN = OP cos yp -r 


dr 


(* 5 > 


183. Expression for Perpendicular on Tangent.— 

As before, lot p = OiV, then ^ 



= r sim/» = 


r^dO 

~dr * 


benoe 


I _ _ dr'^ + _ c?r® i 

?'*d0^ r^dti^ r^dO* ^ r*’ 


or 




I'ho equations in polar co-ordinates of the tangent and 
the normal at any point on a curve can be found without 
difficulty: they have, however, been omitted here, as they 
are of little or no practical advantage. 


Exaufles. 

I. To find the length of tho perpendicular from a focus on the tangent to an 
ellipse. 

Tho focal equation of tho curve is 

tffi - I — a cos 0 

r = —^ or 


I a cos $ 


a(i -tf*) • 


hence 


du e sin 0 
de " a(i — «*) * 


1 I— ae cos 0 __ I /aa \ 

a*(i—tf®) \r */ 

2. Provo that the polar subnormal is cemstanti in the curve r^oB; and the 
nolar subtangent, in the ciiTvn ra = a. 
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184. Inverse Curves. —If on any radius vector OP, 
drawn from a fixed origin O, a point F' be taken such Ihai 
the rectangle OP . OP' is constant, the point P' is called the 
inverse of the point P ; and if P describe any curve, P' 
describes another curve called the inverse of the former. 

The polar equation of the inverse is obtained immediately 
from that of the original curve by 

A* * 

substituting — instead of r in its 

equation; where A* is equal to the 
constant OP . OP'. 

Again, let P, Q be two points, 
and 1 ^, O' the inverse points; then 
since OP . OP' = OQ . 0 ( 1 , the 
loiu: points P, Q, Q', P', lie on a 
circle, and hence the triangles 
OQP and OP'Q' are equiangular; 



PQ OP OP .OQ OP. OQ 


P'Q' OQ^ OQ. OQ: 


A* 


■'(17) 


Again, if P, Q be infinitely near points, denoting the 
lengths of the corresponding elements of the curv^e and of its 
inverse by ds and ds', the preceding result becomes 

ds = ds'. 

A' 



185. Direction of tbe Tangent to an Inveme 
Cnrve. —Let the points P, Q belong to one curve, and P', O' 
to its inverse; then when P and Q coincide, the lines PQ, 
P'Q become the tangents at the inverse points P and P '; 
again, since the angle SPP' = the angle S(iQ, it follows that 
the tangents at P and P' form an isosceles triangle with the 
line PP'. 

By aid of this property the tangent at any point on a 
curve can be drawn, whenever that at the corresponding 
point of the inverse curve is known. 

It follows immediately from the preceding result, that if 
/tco ctirves intersect at any angle, their inverse curves intersect at 
the same angle. 

Q 
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186. Equation to tbe Inverse of a Given Cnrve.— 

Suppose the curve referred to rectangular axes drawn through 
the pole 0 , and that a: and y are the co-ordinates of a point P 
on the curve, X and Y those of the inverse point P; then 


sr _ OP' 

x^'oF 


OF . OP 
OP® 


X^+Y ^ ; similarly ^ ’ 


hence the equation of the inverse is got by tfuhstituting 



a;® + y® 


and 


a? + y* 


instead of a? and y in the equation of the original curve 

Again, let the equation of the original curve, as in Art. 
174, be 

tin + «n-I + Un-2 + . . . + M 2 + t«l + Wo = O. 


Z/" u 

When -r and - - are substituted for x and y. Un 


X' ^ y 
becomes evidently 


x‘ + y‘ 
k'*^Un 


(a;® + y®)” 

Accordingly, the equation of the inverse curve is 

+ k'^**~^u„_i(x'^ + y®) + 7 c®"~*m». 2 (a;® + y®)® + . . . 

+ Mo (a?® + y®)" = o. (19) 

For instance, the equation of any right line is of the form 


Ui + Mo = o; 

hence that of its inverse with respect to the origin is 

khii + tig (p^ + y®) = o. 

This represents a circle passing through the pole, as is 
well known, except when Mg = o; i.e. when the line passes 
through the polo O. 

Again, the equation of the inverse of the circle 

a;® + y® + M, + Mo = o, 

with respect'to the origin, is 

{k*- + + Wo (a:® + y*)) (a^ + y*) = o, 

which represents another circle, along with the two imaginary 
right lines ar* + y* = o. 
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Again, the general equation of a oonio is of the form 

+ tt . .<.0 = o ; 

hence that of its inverse with respect to the origin is 

{oe^ + y^) -h Uaix^ + ?/")* =- o, 

which represents a curve of tlie fourth degree of the class 
called “hicircular quartics.” 

If the origin be on the conic the absolute term Wo vanishes, 
and the inverse is the curve of the third degree represented 
by 

k'u-i + «i {or + y*) = o. 

This curve is called a “ circular cubic.” 

If the focus be the origin of inversion, the inverse is a 
curve called the lamacoii of Pascal. The form of this curve 
will be given in a subsequent Chapter. 

187. Pedal Curves. —If from any point as origin a per- 

l)ondicular be drawn to the tangent to a given curve, the locus 
of the foot of the perpendiciJar is called the of the curve 

with respect to the assumed origin. 

In like manner, if perpendiculars be drawn to the tan¬ 
gents to the pedal, we get a new curve called the second pedal 
of the original, and so on. With respect to its pedal, the 
original curve is styled the first negative pedal, &c. 

188. Xangent at any Point to tbe Pedal of a 

given Curve.— Let ON^ ON' > 

be the perpendiculars from the ^ 
origin O on the tangents drawn 
at two points P and Q on the if 
given ciurve, and T the intersec¬ 
tion of these tangents; join WiV'; B 
then since the angles ONT and 
ON'T are right angles, the qua¬ 
drilateral ON N'T is insoribable 
in a circle, ^*8- 

.*. lON'N^ lOTN 

In the limit when P and Q coincide, L OTN = L OPNy 
and NN' becomes the tangent to the locus of N ; hence the 

Q 2 
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latter tangent makes the same angle with ON that the 
tangent at P makes with OP. Tliis property enables ns 
to draw the tangent at any point N on the pedal locus in 
question. 

Again, if p' represent the perpendicular on the tangent at 
N to the &st pedal, from similar triangles we evidently have 



Hence, if the equation of a curve be given in the form 

r = /(/>), that of its first pedal is of the form ^ = /(p), in 

which p and p' are respectively analogous to r and p in the 
original curve. In like manner the equation of the next 
pedal can be determined, and so on. 

189. Reciprocal Polars.—If on the perpendicular ON 
a point P' be taken, such that OP'. ON is constant (A® sup¬ 
pose), the point P' is evidently the polo of the line PN with 
respect to the circle of radius k and centre O; and if all the 
tangents to the curve be taken, the locus of their poles is a 
new curve. We shall denote these curves by the letters A 
and P, respectively. Again, by elementary geometry, the 
point of intersection of any two lines is the polo of the line 
joining the poles of the lines.* Now, if the lines be taken as 
two infinitely near tangents to the curve Ay the line joining 
their poles becomes a tangent to B ; accordingly, the tangent 
to the curve B has its pole on the curve A. lienee A is the 
locus of the poles of the tangents to B. 

In consequence of this reciprocal relation, the curves A and 
B are called reciprocalpolars of each other with respect to the 
circle whose radius is k. 

Since to every tangent to a curve corresponds a point on 
its reciprocal polar, it follows that to a number of points in 
directum on one curve correspond a number of tangents to its 
reciprocal polar, which pass through a common point. 

Again, it is evident that the reciprocal polar to any curve 
is the in verse to its pedal with respect to the origin. 

Wn have seen in Art. 176. that the greatest number of tan¬ 
gents from a point to a curve of the n*^ degree is « (« - 1) ; 


• Toirnsend’s Modem Geometryy vol. i., p. 219. 
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hence the greatest number of points in which its reciprocal 
polar can be cut by a line is n{n - 1), or the degree of the 
reciprocal polar is n(« — 1). For tne modification in this 
result, arising from singular points in the original curve, as 
well as for the complete discussion of reciprocal polars, the 
student is referred to Salmon’s Higher Plane Curves. 

As an example of reciprocal polars we shall take the curve 
considered in Art. 173. 

If r denote the radius vector of the reciprocal polar cor¬ 
responding to the perpendicular 7? in the proposed curve, we 
have 


/c* 



Substituting this value for j? in equation (5), we get 


m 


m 
n^l 


m 


♦n-l 


— 1 = {a COB to) + {0 Bin w) , 


2 m 


nt 


or 


m 

im-i 


^m-i _ ^ 

which is the equation of the reciprocal, polar of the curve re¬ 
presented by the equation 


uf* if* 

+ ^ = 1. 


a 


m 




In the particular case of the ellipse. 


a* 



the reciprocal polar has for its equation 

A* = aV 4 . 

The theory of reciprocal polars indicated above admits of 
easy generalization. Thus, if we take the poles with respect 
to any conic section {U) of all the tangents to a given curve 
At we shall get a new curve B ; and it can be easily seen, as 
before, that &e poles of the tangents to B are situated on the 
curve A. Hence the curves are said to be reciprocal polars 
with respect to the conic JJ. 

It may be added, that if two curves have a common point, 
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thoir reciprocal polars have a common tangent; and if. the 
curves touch, their reciprocal polars also touch. 

For illustrations of the great importance of this “ principle 
of duality,” and of reciprocal polars as a method of investi¬ 
gation, the student is referred to Salmon’s Conics, ch. xv. 

We next proceed to illustrate the preceding by discussing 
a few elementary properties of the curves which are comprised 
under the equation r”* = r/”' cos mO. 

igo. Pedal and Reciprocal Polar of r'" = d”* cos ?nd. 
Wo shall commence by finding the 2^ 

angle between the radius vector and 
the perpendicular on the tangent. 

In the accompanying figure we 

have tan PON = cot OPN = — 

rdO o 

Pig. 15. 

But m log r - m log a + log (cos mO); 



hence 




= -- tan md. 


and accordingly, L PON == mB. (20) 

Again, p = ON = r cos mB = - —, 

a 

or /•’"** = a”*p. (21) 


The equation of the pedal, with respect to 0, can be im¬ 
mediately found. 

For, let lAON = &1, and we have 


fc. - {in + i) fi. 


Also, from (21), 



Hence, the equation of the pedal is 


99W 




(22) 
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Consequently, the equation of the pedal is got hy substi¬ 


tuting 


m 


m + 1 


instead of m in the equation of the curve. 


By a like substitution the equation of the second pedal is 
easily seen to be 


m 


tn 


qqq 


mB 


2m + i 


and that of the n*^ pedal 


m 


•mn+i ^ 


COS 


mO 


mn + I 


(23) 


Again, from Art. 184, it is plain tliat the inverse to the 
curve r”* = oos mB^ with respect to a circle of radius ff, is 
the curve r*” cos mB = «"*. 

Again, the reciprocal polar of the proposed, with respect 
to the same circle, being the inverse of its pedal, is the curve 


m 

(jQg 


mB 


m 


m + I 




(24) 


xng 


It may be observed that this equation is got by substitut- 
for m in the original equation. 


- m 


m -h I 


Accordingly we see that the pedals, inverse curves, and 
reciprocal polars of the proposed, are all. curves whoso equa¬ 
tions are of the same form as that of the proposed. 

In a subsequent chapter the student will find an additional 
discussion of this class of curves, along with illustrations of 
their shape for a few particular values of m. 


Exampi.es. 

I. The equation of a parabola referred to its focus as polo is 

r (i + coaO) = 20, 

to find the relation between r and p* 

Here ri cos ~ = ol, and consequentl7 ^ ^ or, 

2 

a well-known elementary property of the curre. 
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2. The equation cos 20 = represents an equilateral hyperbola; prove 
thatjpr = a*. 

3. The equation r* = cos 20 represents a Lemniscate of Bernoulli; iind 

the equation connecting p and r in this case. Ans. r® = a*p. 

4. Find the equation conncciing the radius vector and the perpendicular on 
the tangent in the Cardioid whoso equation is 

r = a(i + cos 0). Ansm r® = 2a|?*. 

It is evident that the Cardioid is the inverse of a parabola with respect to 
its focus; and the Lemniscate that of an equilateral hyperbola with respect to 
its centre- Accordingly, we can easily draw the tangents at any point on either 
of these curves by aid of tho Theorem of Art. 185. 

5. Show, by the method of Art. 1S8, that the pedal of tho parabola, p* = or, 
with respect to its focus, is tho right linep = o. 

6. Show that the pedal of the equilateral hyperbola pr = a^ is a Lemniscate. 

7. Find the pedal of the circle r® = 2op. Ans. A Cardioid, r® = 2op®. 


igi. Expression for PIf. 
intercept between the point of 
contact P and the foot iV of 
the perpendicular from tho 
origin on the tangent at P. 

Let p — ON', ti> = z. NO A, 
PN= t ; then l NTN' L NON 
= Aw, also SN'= TS Bin STN; 

SN 

TS = ; hut in the 

Bin NON 


■To find the value of the 



'O 


Fig. 16. 


limit, when PQ is infinitely small, 
and TS becomes PN or t ; 


SN 

sin NON 


becomes 




Also OP* = ON + PN ; 


r* = p* -F 



192. To prove that 


ds 

du> 




(27) 
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On reference to the last figure we have 


ds . Pr + TQ 

— = limit of-, 


dt .QN'^PN 

— = limit of- 

du} CSkU) 


hut 


hence 


PP+ TQ - QN' + PN= TN- TN'; 

ds dt 

dto dut ~ Aoj Hu} 


TN - TN' SN 

limit of - = Hmit of — = ON=j>; 




dt 


This result, which is due to Legendre, is of importance in 
the Integral Calculus, in connexion with the rectification of 
curves. 

//n 

— be substituted for t^ the preceding formula becomes 

CttM) 


If 


ds 

dio 




This shape of the result is of use in connexion with curva¬ 
ture, as will be seen in a subsequent chapter. 

193. Direction of Siormal In Vectorial Co-ordi¬ 
nates. —In some cases the equation of a curve can be 
expressed in terms of the distances from two or more fixed 
points or foci. Such distances are called vectorial co-ordi¬ 
nates. For instance, if n, r2 denote the distances from two 
fixed points, the equation r, + r2 = const, represents an ellipse, 
and r, - ^2 = const., a hyperbola. 

Again, the equation 

r, + mrt = const. 

represents a curve called a Cartesian* oval. 

Also, the equation 

ri ro = const. 

represents an oval of Cassini, and so on. 

The direction of the normal at any point of a curve, in 
such cases, can be readily obtained by a geometrical con¬ 
struction. 


* A discussion ot tJtie principal propeilies of Cartesian ovals will bo found 
in Chapter XX. 
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For, let 

F(r„ r^ = const. 

be the equation of the curve, where 

FiP = n, FzP = r,. 
then we have 

dF'dri dFdi\ _ 

ifri £?« ^^2 ds 



Fig 17. 


Now, if PTbe the tangent at P, then, by Art. 180, we h« ve 
—* = cos = cos i/r,, where xpi = ^ TPF^ xf/2 = ^ TPFt. 


Hence 


dF , dF 

— cos Xpi+ — cos Xf,2 = o. 


(29) 


Again, from any point P on the normal draw Pi and 
PAT respectively parallel to P3P and FiP, and wo have 

Pi : iP = sin PPM: sin PPi = cos 1^2: - cos xpi 

, dF 
dr, ' dri 

Accordingly, if we measure on PPj and PPg lengths 

d]^ dF 

PL and PM^ which are in the proportion of — to —, then 

Cl}'\ Cl )*2 

the diagonal of the parallelogram thus formed is the normal 
required. 

This result admits of the following generalization ; 

Lot the equation of the curve* he represented by 

P(ri, ra, rj, . . . r«) = const.^ 


• The theorem given above is taken from Poinsot’s Elements de Siatique^ 
Neuviemo Edition, p. 435. The priueiplo on which it was founded was, how¬ 
ever, given by Leibnitz {^Journal dea Savana^ *693)? aiid was deduced from 
mcclianical cohsiderations. The term res%dtnnt is borrowed from Mechanics, 
and is obtained by the same construction as that for the resultant of a number 
of forces acting at the same point.. Thus, to find the resultant of a number of 
lines -Pa, Pi, Pe, Td^ . . . issuing from a point P, we draw through a a right 
lino aP, equal and parallel to P^, and in the same direction; through P, a right 
lino P( 7 , equal and parallel to Pi;, and so on, whatever be the number of lines: 
then the line PP, which closes the polygon, is the resultant in question. 



Normals in Vectorial Co-ordinates. 


235 


where ri, #*2, . . . denote the distances from n fixed points. 
To draw the normal at any point, we connect the point with 
the n fixed points, and on the joining lines measure oif 
lengths proportional to 


^ dF^ ^ 

d>\ di'i dvz 



respectively; 


then the direction of the normal is the resultant of the linos 
thus determined. 

For, as before, we have 


dF dr I dFdr-i dF dr„ 

dt’i ds ^ dr-i ds (fg 


J [ence 


dF 

dt'i 


cos + 


dF , 

— cos U»2 + • • 
dr^ 





Now, 





cos l//„, 


are evidently proportional to the projections on the tangent 
of the segments measured oil in our construction. Moreover, 
in any polygon, the projection of one side on any right line 
is manifestly equal to the sum of the projections of all the 
other sides on the same lino, taken with tlicir proper signs. 
Consequently, from (30), the projection of the resultant on 
the tangent is zero; and, accordingly, the resultant is normal 
to the curve, which establishes the theorem. 

It can be shown without difficulty that tlio normal at any 
point of a surface whoso equation is given in terms of the 
distances from fixed points can be determined by the same 
construction. 


Examples. 

T, A Cartesian oval is the locus of a point, P, such that its distances, PJ/, 
PiW', from the circunifcrences of two given circles are to each other in a constant 
ratio; prove geometrically that the tangents to the oval at P, and to the circles 
at M and JET', meet in the same point. 

2. The equation of an ellipse ol Cassini is r/ = ah^ where r and 7* are the 
distances of any point P on the curve, from two fixed points, ji and P. If O 
be the middle point of Ali^ and PiVthe normal at P, prove that L AI'O— L BFN, 

3. In the curve represented by the equation prove that the 

normal divides the distance between the foci in the ratio of to ri. 



236 Tangents and Normals to Curves. 

194. In like manner, if the equation of a curve he given 
in terms of the angles Oi, O2, . . . which the vectors drawn 
to fixed points make respectively with a fixed right line, the 
direction of the tangent at any point is obtained by an analo¬ 
gous construction. 

For, let the equation be represented by 

F(0j, O-i, . . . On) = const. * 

Then, by differentiation, we have 

dF dOi dF dOi dF dOn 

dOi ds ^ d02 ds 

Hence, as before, from Art. 180, we get 

i dF . , 1 dF . , 1 dF . , , . 

n 50, ^^ 

Accordingly, if we measure on the lines drawn to the fixed 
points segments proportional to 

I dF I dF I dF 

ri dOi rn dO -2 ’ ’ ' dOn 

and construct the resultant line as before, then this line will 
be the tangent required. The proof is identical with that of 
last Article. 

195. Curves Symmetrical with respect to a Ijine, 
and Centres of Curves. —It may be observed hero, that 
if the equation of a curve be unaltered when y is changed 
into - y, then to every value of x correspond equal and oppo¬ 
site values of y\ and, when the co-ordinate axes are rect¬ 
angular, the curve is symmetrical with respect to the axis of a;. 

In like manner, a curve is symmetrical with respect to 
the axis of y, if its equation remains unaltered when the sign 
of X is changed. 

Again, if, when wo change x and y into — x and - y, re¬ 
spectively, the equation of a curve remains unaltered, then 
every right line drawn through the origin and terminated by 
the curve is divided into equal parts at the origin. This 
takes place for a curve of an even degree when the sum of 
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the indices of x and y in each term is even; and for a curve 
of an odd degree when the like sum is odd. Such a point is 
called the centre* of the curve. For instance, in conics, when 
the equation is of the form 

fla?® + ihxy + hrf = c, 

the origin is a centre. Also, if the equation of a cubief be 
reducible to the form 


«8 + «i = o, 

the origin is a centre, and every line drawn through it is bi¬ 
sected at that point. 

Thus we see that when a cubic has a centre, that point 
lies on the curve. This property holds for all curves of an 
odd degree. 

It should be observed that curves of higher degrees than 
the second cannot generally have a centre, for it is evidently 
impossible by transformation of co-ordinates to eliminate the 
requisite number of terms from the equation of the curve. 
For instance, to seek whether a cubic has a centre, wo substi¬ 
tute X + a for and F + /3 for y, in its equation, and equate 
to zero the coefficients of X", XFand F", as well as the abso¬ 
lute term, in the new equation: as we have but two arbitrary 
constants (a and j8) to satisfy four equations, there will bo 
two equations of condition among its constants in order that 
the cubic should have a centre. The number of conditions is 
obviously greater for curves of higher degrees. 


• For a general meaning of the word “centre,” as applied to curves oi 
higher degrees, see Chosles’a Aperm Sistoriqufs p* 

t This name has been given to curves of tho third degree by Dr. Salmon* 
' in his Higher Plane Curves^ and has been generally adopted by subsequent 
writers on the subject* 
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I. Find the lengths of the subtangent ana subnormal at any point of the 
curre 


2. Find the subtangent to the curve 

3. Find the equation of the tangent to the curve 

ac® = 


Ans* nXi —. 

nx 


j 

Ans. " —, 
m 


Ana, - =3 


4. Show that the points of contact of tangents from a point (a, $) to the 
rurve 


are situated on the hyperbola {m + «)a;y = nPx + may. 


5. In the same curve prove that the portion of the tangqpt intercepted be¬ 
tween the axes is divided at its point of contact into segments which arc to cacli 
other ill a constimt ratio. 


6. Find the equation of the tangent at any point to the hypocycloid, iti f ifi 
= at; and prove that the portion of the tangent intercepted between the axes is 
of constant length. 

7. In the curve a:« + y'» = a’*, find the length of the perpendicular drawn 
IroTii the origin to tho tangent at any point, and find also the intercept made by 
the axes on the tangent. 


Am, p 


a” 


-y/2 y2M-2 


; intercept = 


a 


2n 






8. If the co-ordinates of every point on a curve satisfy the equations 

X = C sin 20(1 4 cos 20 ), p = c cos 20 (l — cos 20 ), 
prove that the tangent at any point makes the angle 0 with the axis of z, 

9. The cocordinates of any point in tho cycloid satisfy the equations 

z - a{e - 6in0), y = a{t — cos0): 

prove that the angle which the tangent at the point makes with the axis of y 

. e 

IS 
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ITere 


dx 


dx 



$ 


2 



10. Prove that the locus of the foot of the perpendicular from the pole on 
the tangent to an equiangular spiral the same curve turned through an angle 

1 r. Provo that thj^ reciprocal polar, with respect to the origin, of an equi¬ 
angular spiral is anotner spiral equal to the original one. 

rs. An equiangular spiral touches two given lines at two given points; prove 
that the locus of its pole is a circle. 

13. Find the equation of the reciprocal polar of the curve 

r* cos - rti. 


with respect to the origin. Ans. The Cnrdioid r* — a* cos 

14. Find the equation of the inverse of a conic, the focus being the pole of 
inversion, 

15. Apply Art. 184, to prove that the equation of the inverse of an ellipse 
with respect to any origin 0 is of the form 


zap = OFi . pi + OF2 - pit 

where Fi and F2 are the foci, and p, pi, pz represent the distances of any point 
on the curve from the points 0 ^ f\ and /g, respectively ; f\ and^i being the 
points inverse to the foci, F\ and Fz^ 

r6. The equation of a Cartesian oval is of the form 


r + hr* = ay 

where r and r' are the distances of any point on the curve from two fixed points, 
and a, k are constants. Prove that the equation of its inverse, with respect to 
any origin, is of the form 


api + =?? o, 

where pi, p2, pa are the distances of any point on the curve from three fixed 
points, and a, ) 3 , 7 are constants. 

17. In general prove that the inverse of the curve 

api + $pi -f 7P3 = o, 

with respect to any origin, is another curve whose equation is of similar form. 
iS, If the radius vector, OP, drawn from tho origin to any point Pon a 



240 


Eocamplcs. 


curve be produced to Pj, until PPi be a constant length; prove that the normal 
at Pi to the locus of Pj, the normal at P to the original curve^ and the perpen¬ 
dicular at the origin to the line 0 I\ all pass through the same point. 

This follows immediately from the value of the polar subnormal given in 
Art. 182. 

19. If a constant length measured from the curve be taken on the normals 
along a given curve, prove that these lines are also normals to the new curve 
which is the locus of their extremities. 


t0^2o. In the ellipse 
prove that 


—-r ^ = I,ifa? = a8in0, 


= as/ i - sin^A, 


21. If rfj be the element of the arc of the inverse of an ellipse with respect 
to its centre, prove that 


ds — 


a s /1 — sin® <f> 
I + « siu®4> 


where n = 




22. If w be the angle which the normal at any point on the ellipse 

— + ^- = I makes with tho axis-major, prove that 
a® 0® 



{ ( 


doo 




23. Hxprees tho differential of an elliptic are in terms of the semi-axis major^ 
fi, of the coni'oeal hyperbola 'which passes through the point. 


An$. 



24. In tlie curve cos wtf, prove that 


ds 

de 


a sec mQ. 


25. If y) =: o be the equation to any plane curve, and ^ the angle be¬ 
tween the perpendicular from the origin on the tangent and tho radius vector to 
the point of qoniact, prove that 



dti 



tan = • 
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CHAPTER XIII. 


ASYMPTOTES. 


ig6. Intersectloit of a Curve and a Xilne.— 

Before entering on the subject of this chapter it will be ne¬ 
cessary to consider briefly the general question of the inter¬ 
section of a right line with a curve of the degree. 

Let the equation of the right lino ho y = //a; + v, and sub¬ 
stitute fix + V instead of y in the equation of the curve; then 
the roots of the resulting equation in x represent the abscissfle 
of the paints of section of the line and curve. 

Moreover, as this equation is always of the degree, it 
follows that ctery right line meets a curve of the degree in n 
points^ real op imaginary^ and cannot meet it in more. 

If two roots in the resulting equation he equal, two of the 
points of section become coincident, and the line becomes a 
tangent to the curve. 

\gain, suppose the equation of the curve written in the 
form of Axt. 175, viz.: 


"2/^ + ^n—1 2 + Wx ^0 — ^ J 

then, since Un is a homogeneous function of the degree in 
X and y, it can be written in the form similarly 



And accordingly, the equation of the curve may be written. 


a:”/. (I) + *-/.( 2 ) H- H- &0. = o. 

V 

Substituting /a + - for - in this, it becomes 


(0 



+ &0. = o. 
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Or, expanding by Taylor’s Theorem, 

0 «« 

*“/,((») + (v/.W +/. W) + i + v/.V) +/,Wl 

+ &c. = o. (2) 

The roots of this equation determine the points of section in 
question. 

We add a few obvious conclusions from the results arrived 
at above 

1°. Every right line must intersect a curve of an odd de¬ 
gree in at least one real point; for every equation of an odd 
degree has one real root. 

2°. A tangent to a curve of the degree cannot meet it 
in more than n - 2 points besides its points of contact. 

3°. Every tangent to a curve of an odd degree must meet 
it in one other real point besides its point of contact. 

4°. Every tangent to a curvo of the third degree meets 
the curve in one other real point. 

197. Definitton of an /lisymptote.—An asymptote is 
a tangent to a curve in tho limiting position when its point 
of contact is situated at an infinite distance. 

1". No asymptote to a curvo of tho degree can meet it 
in more than n — 2 points distinct from that at infinity. 

2°. Each as3rmptoto to a curve of tho third degree inter¬ 
sects the curvo in one point besides tliat at infinity. 

198. Mctliod of liiicliiii; tlie Asymptotes to a Curve 

of the Itcgrce.—If one of tho points of section of the 

line y = jua* + v with tho curvo be at an infinite distance, one 
root of equation (2) must be infinite, and accordingly we 
have in that* case 

/o()u) = o. (3) 

Again, if two of the roots be infinite, we have in addition 

v/oifi) +A{y) = o. ( 4 ) 

* This can be easily established by aid of the reciprocal equation; for if we 

substitute - for x in equation (2), tho resulting equation in a; will have one root 
s 

zero wtien its absolute term vanishes, i.o., when /o(m) = o ; it has two roots 
zero when wc have in addition yjVif*) + = o; tuid so on. 
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Accordingly, when the values of p and v are determined 
so as to satisfy the two preceding equations, the correspond¬ 
ing line 

y = fiX + V 


meets the curve in two points in infinity, and consequently is 
an asymptote. ^Salmon’s Conic Sections^ Art. 154.) 

Hence, if /ii De a root of the equation yo(/x) = o, the line 


y = fiix- 


f\ (^0 



is in general an asymptote to the curve. 

If /i(m) = o and./o(//) = o have a common root (/tii suppose), 
the corresponding asymptote in general passes through the 
origin, and is represented by the equation 

y = /iia?. 

In this case tand Wn-i evidently have a common factor. 

The exceptional case when fo'ift) vanishes at the same 
time will bo considered in a subsequent Article. 

To each root of fo{p) = o corresponds an asymptote, and 
accordingly,* every curve of the degree has in general n 
asymptotes^ real or imaginary. 

From the preceding it follows that every line parallel 
to an asymptote meets the curve in one point at infinity. 
This also is immediately apparent from the geometrical 
property that a system of parallel lines may be considered 
as meeting in the same point at infinity—a principle intro¬ 
duced by Desargues in the beginning of the seventeenth 
century, and which must be regarded as one of the first 
important steps in the progress of modern geometry. 

CoK. No line parallel to an asymptote can meet a curve 
of the degree in more than (n — i) points besides that 
at infinity. 

Since every equation of an odd degree has one real 
root, it follows that a emve of an odd degree has one real 


* Since yo(/i) is of the do^reo in unless its highest coefficient vanishes, 
in A\ hicb case, as 'we shall see, there is an additional asymptote parallel to the axis 
of y. 
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asymptote, at least, and has accordingly an infinite branch 
or branches. Hence, no curve of an odd degree can he a closed 
curve. 

For instance, no curve of the third degree can be a finite 
or closed curve. 

The equation ffyi) = o, when multiplied by a;", becomes 
M„ = o; consequently the n right lines, real or imaginary, 
represented by this equation, are, in general, parallel to the 
asymptotes of the curve under consideration. 

In the preceding investigation we have not considered 
the ease in which a root of fip) = o either vanishes or is 
infinite; i.e., where the asymptotes are parallel to either 
co-ordinate axis. This case will be treated of separately in a 
subsequent Article. 

If all the roots of fif) = o be imaginary the curve 
has no real asymptote, and consists of one or more closed 
branches. 

ExAMPiES. 


To find tlio asymploiea to the following curves:— 

I, ~ + a;®. 

Substituting yx + v for y, and equating to zero the oocfficients of 9^ and 
separately) in tho resulting equation) we obtain 

/t® — 1 = o, and = a; 



hence the curve has but one real asymptote) viz., 

a 

y = a?+- 

2 . y* — ir* + za3?y = 


Ilcre the equations for determining the asymptotes are 

/i.* — 1=0, and + zay, = o ; 
accordingly) the two real asymptotes are 




and y 


a 

+ a; + - =0. 
2 


x® + - xy® - 3y® + x® - zxy + + 4* + 5 = o. 

Ans. y + -+- = o, y=sx+-, y + x = 

3 4 4 * 


3 * 
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199. Case in wlilcli Un = o represents the n it^symp- 
totes.—^If the equation of the curve contain no terms of 
the (« - i)** degree, that is, if it be of the form 

Un + Wfi-2 + W»2-3 + &0. . . . + Wi + ~ 0> ' 

the equations fo9 determining the asymptotes become 

/o(/Lt) = o, and i/o'(/u) = o. 

The latter equation gives v = o, unless fo{n) vanishes along 
with/o(ju), i.e., unless/o(;u) has equal roots. 

Hence, in curves whose equations are of the above form, 
the n right lines represented by the equation = o are the 
asymptotes, miless two of these lines are coincident. 

This exceptional case will be considered in Art. 202. 

The simplest example of the j>receding is that of the 
hyperbola 

ax^ + 2lixy + iy® = c, 

in which the terms of the second degree represent the asymp¬ 
totes (Salmon’s Conic Sections, Art. 195). 


Examples. 


Find the real asymptotes to the curves 

1, ary* - — d^{x + p) + Iflm 

2, ^ 

3 , y^ = a^xy + S^y\ 


Ana, ic = o, y = o, a; — y — o. 
t» y - a? -- o. 

„ as + y = o, a: - y ^ o. 


200. Asymptotes parallel to tlie Co-ordinate 

—Suppose the equation of the eurvo arranged accord¬ 
ing to powers of x, thus 


ffo of* + (ffiy + b) £c”“* + «&;c. = o ; 


then, if ao = o and a^y + J = o, or y =-, two of the roots 

(ll 

of the equation in x become infinite ; and consequently the 
line Oiy + 6 = o is an asymptote. 
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In otlier words, whenever the highest power of 2; is 
wanting in the equation of a curve, the coefficient of the 
next highest power equated to zero represents an asymptote 
parallel to the axis of x. 

If o, and 6 = 0, tho axis of x is itself an asymptote. 

If af^ and x^~'- he hoth wanting, the coefficient of a?”"® re¬ 
presents a pair of asymptotes, real or imagLaary, parallel to 
the axis of x ; and so on. 

In like manner, the asymptotes parallel to the axis of y 
can he determined. 


Examples. 

Find the real asymptotes in the following curves :— 

1. y'x — ay"^ = as® + ax^ + i®. Am. x = a, y = x + a, y + x a —o. 

2. - 35* + zb-) = a;® — 3«*® + a®, x = b, x — xb, y = x + 36. 

3. x~y^ = a- (** + y-). x = ± a, y = + a. 

4. x^y* = a^(x- — y®). y + a = o, y — a = 0. 

£. y-a - y*x = x^. x = a. 

201. Parabolic Dranchcs. —Suppose tho equation 
/o(/Li) = o has equal roots, then /o(j.ii) vanishes along with 

and the corresponding value of v found from (5) hecomes in¬ 
finite, unless /i (y) vanish at tho same time. 

Accordingly, tho corresponding asymptote is, in general, 
Bituatod aliogetlier at infinity. 

The ordinary parabola, whose equation is of the form 

{ax + ( 3 yy = lx + my + 

furnishes the simplest example of this ease, having the 
line at infinity for an asymptote. (Salmon’s Conic Sections, 
Art. 254.) 

Branches of this latter class belonging to a curve are 
called parabolic, while branches having a finite asymptote are 
called hyperbolic. 

202. From tho preceding investigation it appears that 
the asymptotes to a curve of tho m'* degree depend, in 
general, only on the terms of the and the {n - i)'* degrees 



Parallel Asymptotes. 


247 


in its equation. Consequentlj, all curves which have the 
name terms of the two highest degrees have generally the sanii 
asymptotes. 

There are, however, exceptions to this rule, one of whicli 
will be considered in the next Article. 

203. ^Parallel Asyiiifttoics.—We shall now consider 
the case where - o has a pair of equal roots, each repre¬ 
sented by /Ml, and where/i(/ui) = o, at the same time. 

In this case the coefficients o^ a?” and in (2) both 
vanish independently of v, when ft = pi ; we accordingly 
infer that all lines parallel to the lino 1/ = piX meet the curve 
ill two points at infinity, and consequently are, in a certain 
sense, asymptotes. There are, however, two linos which are 
more properly called by that name ; for, substituting /ii for p 
in (2), the two first terms vanish, as akeady stated, and the 
coefficient of becomes 

- + v/i(pi) +f{pi). 

I m ^ 

Hence, if vi and Vi bo the roots of the quadratic 

= o), (6) 

the lines y = pix + vi, and y = piX + V2, 

are a pair of parallel asymptotes, meeting the curve in three 
points at infinity. 

If the roots of the quadratic be imaginary, the corre¬ 
sponding asymptotes are also imaginary. 

Again, if the term n„_i be wanting in the equation, and 
if./I)(ja) = o have equal roots, the corresponding asymptotes 
are given by the quadratic 

- +fi{pi) = o. 

X • ^ 

In order that these asymptotes should be real, it is 
necessary that/o(ji/i) and ff{p\) should have opposite signs. 

There is no difficulty in extending the preceding investi¬ 
gation to the case whore f{p) = o has tluree or more equal 
roots. 
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Examples. 

*• (x + y)* {x^ + + a?y) = + a?{x - y). 

Here VMm) = (» + m)®(i + /^ + /i(jt4) = o> f^{y) = - «V* J 

= yo'(/ii) = 2 , / 2 (mi)=-«“; 

/I 

accordingly I'l = a, - a, 

and the corresponding asymptotes are 

y + ay — « = o, and y + a; + a = o. 

The other asymptotes are evidently imaginary. 

2. x® (iF H- y)^ -I- 2ay2^^ ^ Sa-xy + a'y = o. 

Ilerc /u(^) = (1 + /i(^) = 2<»/i*(l + /i), /2(/i) = 8 «V » 

• ■• Ml = - I, /o"(m) = 2, /i'(mi) = *«. = - 8 a*, 

and the corresponding asymi>totes aro 

y + a: — 2a o, and y + a; + 4fl = o. 

204. If the equation to a curve of the w** degree bo of 
the form 

, {y 4- ax + / 3 ) 01 + ^2 = o, 

where the highest terms containing x and y in 0j are of the 
degree n - and those in 02 are oi the degree - 2 at most, 
tlie line 

y + ax + ^ = o 

is an asymptote to the curve. 

For, on substituting — ax — (i instead of y in the equation, 
it is evident that the coefRcieuts of x^ and a;”"* both vanish; 
hence, by Art. igS, the lino y + aa* + /3 = o is an asymptote. 

Conversely, it can ho readily seen that if y + aa; + j8 be an 
asymptote to a curve of the degree its equation admits of 
being thrown into the preceding form. 

In general, if the equation to a curve of the degree 
be of the form 

(y + aia; + / 3 ,K// + oj'c + ^2) . . . (y -1- a„aj + / 3 «) + 0* = o, (7) 
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where <f>t contains no term higher than the degree « - 2, the 
lines 

y + oia? + / 3 i = o, y + 023; + /32 = o, . . . y + o„a; + | 3 „ = o 

are the n asymptotes of the curve. 

This follows at once as in the case considered at the com¬ 
mencement of this Article. 

For example, the asymptotes to the curve 

xy{x+ y + ai)(x + y + a^) + bix + b^ = o 

are evidently the four lines 


X = Of y = o, X + y + ai = Of x + y + 0^ = o 


If the curvo ho of tlio third degree, </>. is of the first, and 
accordingly the equation of such a curve, having three real 
asymptotes, may bo written in the form 

(y + aiX 4- / 3 i) (y + OiX + / 3 a) (y + 03^; + /Sa) + lx + my + n = o. (8) 

Hence we infer that the three points in which the asymp¬ 
totes to a cubic meet the curve lie in the same right linCf viz., 

lx + my + n = o. 

The student will find a short discussion of a cubic with 
three real asymptotes in Chapter xvtii. 

205. To prove that, in general, the distance of a point 
in any branch of a curve from, the corresponding asymptote 
■diminishes indefinitely as its distance from the ongin increases 
indefinitely. 

If y + aa? + /3 = o bo the equation of an asymptote, then, 
as in the preceding Article, the equation of the curve may be 
written in the form 


(y + aa; + fi) (jti = ^2, 


where ^3 is at least one degree lower than in a; and y. 
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Hence 


/o 9 ^ 
y + ax + = -, 

</>! 


and the perpendicular distance of any point (a?o, yo) on the 
curve from the line y + ax + (3 = o is 


y_o_ + gyp + /3 


- -7=—==--, or — 

a/ I + g^ a/ 


2 V 




where the suffix denotes that Xo and yo are substituted for x 
and y in the functions 0i and 02. 

Now, when Xo and yo are taken infinitely great, the value 
of the preceding fraction depends, in general, on the terms 
of tho highest degree (in x and y) in 0i and 03; and since the 
degree of 02 is one loicer than that of 0i, it can he easily 


seen by tho method of Ex. 7, Art. 89, that the fraction — 

01 

becomes, in general, infinitely small when x and y become 
infinitely groat. Hence, the distance of tho line y + gy + j 3 
from tho curve becomes infinitely small at tho same time. 

It is not considered necessary to go more fully into tins 
discussion hero. 


Tho subject of parabolic and other curvilinear asymptotes 
is omitted as being unsuited to an elementary treatise. 
Moreover, thoir discussion, unless in some elementary cases, 
is both indefinite and unsatisfactory, since it can be easily 
scon that if a curve has parabolic branches, tho number of its 
l)arabolic asymptotes is generally infinite. Tho reader who 
desires full information on this point, as well as tho discussion 
of tho particular parabolas called osmiating, is referred to a 
paper by M. Pliickor, in Eioiivillo’s Journal, vol. i., p. 229. 

206. A!«ym|itotcs iu Ifolar Co-ordinates.—If a 
om'vo be referred to polar co-ordinates, the directions of its 
points at an infinite distance li-om tho origin can be in gene¬ 
ral determined by making »’ = 00, or n = o, in its equation, 
and solving the resulting equation iu 0 . The position of the 
asymptote corresponding to any such value of 0 is obtained 
by finding the length of the coirespouding polar subtangont, 

i.e., by finding tho value of corresponding to m = o. 
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dO 

It shotild be observed that when — is positive, the asymp¬ 
tote lies qhove the corresponding radius vector, and when 
negative, below it; as is easily seen from Art. 182. 

If we suppose the equation of the curve, when Arranged 
in powers of r, to be 

r»/o(0) + r«-yi(0) + . . . + rMO) +M 0 ) = o, 

the transformed equation in is 

+ . . . + u/i(e) +/o( 0 ) = o: (9) 

consequently, the directions of the asymptotes are given by 
the equation 

fo{ 0 }=o. (10) 

Again, if we dilferentiato (9) with respect to 0 , it is easily 
seen that the values of corresponding to m = o are given 
by the equation 




(>■) 


provided that none of the functions 

MO), /.(»), . . . MO) 

become infinite for the values of 0 which satisfy equation (10). 

Consequently, if a be a root of the equation ./I, ( 0 ) = o, the 
curve has an asymi)tote making the anglo a with the i)rime 
vector, and whoso perpendicular distance from the origin is 

represented by -'7^. 

Jo (.a) 

It is readily seen that the equation of the corresponding 
asymptote is 

r Bm(a - 0 ) + = o. 

Jo 

This method will be best explained by applying it to one 
or two elementary Examples. 
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I. 


Here 


Examples. 

Let the curve be represented by the equation 

r = a sec d + ^ tan 
cos Q 

a b sind" 


When 


^ — I 

= wc have « =s o, and — bs-. 

2 dB a b 


Accordingly, the corresponding polar suhtangent is + i, and hence the line 
perpendicular to the prime vector at the distance u b from tho origin is an 
asymptote to the curve. 

Again, u vanishes also when 0 = —, and tho corresponding value of the 
poliir subtangent ia a ^ b; thus giving another asymptote. 


2 . 


f* = a sec mO 4* b tan wd. 


Here 


cos mB 

u =-. 

a + b sin mB 


"When 


V , ^ du 

= —, we nave ti o, and — 
2W » dB 


— w 
a -h d’ 


whence we get one asymptote. 


Again, when 


B = —, « = o, and — 
27 »’ ’ de 


which gives a second asymptote. 


m 

a — b* 


On making B = ^—, wo get a third asymptote, and so on. 

2m 

It may he remarked, that the first, third, . , , asymptotes all touch one 
fixed circle; and the second, fourth, &c., touch another. 

3. Find the equations to tlie two real asymptotes to the curve 


r2Bin(e — a) + ar am{B — 2 a) + o- = o. 

jdm, r sin (e - a) = + a sin a. 


207. Asymptotic Circles. —In some curves referred to 
polar co-ordinates,^ when 0 is infinitely great the value of r 
tends to a fixed limiting value, and accordingly the curve 
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approaches more and more nearly to the circular form at the 
same time: in such a case the curve is said to have a circular 


asymptote. 

For example, in the curve 



p 


so long as 0 is positive r is less than a, a being supposed 
positive; but as 0 increases with each revolution, r con¬ 
tinually increases, and tends, after a large number of revo¬ 
lutions, to the limit a ; hence the circle described with the 
origin as centre, and radius a, is asymptotic to the curve, 
which always lies inside the circle for positive values of 0 . 
Again, if we assign negative values to 0 , similar remarks are 
applicable, and it is easily seen that the same circle is asymp¬ 
totic to the corresponding branch of the curve ; with this 
difference, that the asymptotic circle lies within the curve in 
the latter case, but outside it in the former. The student 
will find no dilficulty in applying this method to other 
curves, such as 

ttO _ _ a {0 + cos 0 ) 

0 + BID. 0 * ^ 0' + o*’ ^ 0 + sin 0 ’ 
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Examples. 

Find the equations of the real asymptotes to the following curves 

1. y(a® ^ a5®) = A® (2® + tf). Am. y = o, ® + a = o, a:—a = o. 

2. — »®y^ -f fl®®* + 3^=10. ar f y = o, a: — y =r o, a? = o. 

ar* —a:®y®+a:® + y® —fl* = o, ar—i =o, a? + i = o, x—y = o, af + y = o- 

4- {a + x)®(d® — X®) = x®y“. x o, 

5 . (a + x)®( 3 ® + X®) = x®y®. x=o, y = x + a, y + x + a-o. 

6. x 3 y — 2x®y® + xy® z= ftSae® + fi®y®. x = o, y = o, x — y= + a* + 

7. X® — 4xy» - 3x® + rzxy - iiy® + 8x + ay + 4 = o. 

Am. X + 3 = o, X - 2y = o, x + 2y = 6, 

8. x®y* — rtx(x 4 y)® — 2a®y® — = o. x 4 2x = o, x — a =: o, 

9. If llio equation to a curve of the third degree he of the form 

W3 + wi 4 «n = o, 

the linos represented by 7/3 — o are its asymptotes. 

10. If the asymptotes of a culno he denoted hy a = o, J3 = o, 7 = the 
equation of the curve may be written in the form 

ojOy — Aq. t- 4 Cy. 

II- In the logarithmic curve 

9 

y = 

prove that the negative side of the axis of x is an asymptote. 

12. Find the asymptotes to the curve 

r cos nB = a. 

13. Find the asymptotes to 

r cos mB — a cos nQ* 

14. Show that the curve represented by 

X® 4 fibi/ - rtxy =i o 

has h parabolic asymptote, x® fix f fi® = ay. 
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15, Find the circular asymptote to the curve 

aO ^ b 

r —- 

9 i a 

z6. Find the condition that tho thrco asymptotes of a cubic should pass 
through a common point. 

Let the equation of the curve be written in tho form 
tfo + zhox + -f + Scixy + 3^*^* + + d^y^ = o, 

then the condition is 

rfoi ^1, d2^ 

du = o. 

<?o, t'i> ^2j 

This result can be easily arrived at by substituting a; + a and y H- i 3 instead 
of X and y in the equation of the cubic, and finding the condition that tho part 
of the second degree in tho resulting equation should vanish. !Sco Art. 20^. 

17. When the piecoding condition is satiHfied show that ilio co-ordinates, 
a md Pj of the point of intersection of tho throe asymi>tote8, are given by the 
'equations 

^ cidi “ cod^ _ Ciydi — cidf) 

^ d(}d2 ~dr^ dod^-di'-^’ 

18 , If from any point, 0, a right lino he dr-avn mooting a curve of the 
degree in JJi, i22, • - • iin, and its asymptotes in /*;, n, - . . >•„, prove that 

OJii -F 07£i + . . - Off/i - Ori + Oro + - - . Orn. 

N-B.—The terms of the and (w — i)** degrees are the same for a curve 

and its usyznptotcs. 

19- If a right lino bo drawn through tho point ('J', o) parallel to the asymptote 
of the cubic {x — a)'* — x-y = o, prove that tho portion of llio line intercepted by 
the axes is bisected }jy the ciirve- 

20. If from the origin a right line bo dniwn parallel to any of the asymptotes 
of the cubic 

yiax^ + 2hxy + ^y* + 2gx + 2/y + c) — — o, 

show that the portion of this line intercepted between the origin and the line 

+yy + c = o is bisected I)}' the curve. 

21. If tangents be drawn to thcj cniwc + y’^ =:= from any point on the 
hnc y — X, pi ove that their points of contact lie on a circle. 

2 3. Show that the asymptotes to the cubic 

f hxy- + ax^ + Vy'^ + a*x i"y — o 
are always real, and find their equations. 

Am. hx + V = o, ay + a* ^ o, 
ab{ax -h by) — a’^b* a =- o. 
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CHAPTER XIV. 


MTJLTIPJjE points on curves. 

208. In tho following elementary discussion of multiple 
points of curves the method given by Dr. Salmon in his 
Higher Plane Curves has been followed, as being the simplest, 
and at the same time the most comprehensive method for 
their investigation. Tho discussion hero is to he regarded as 
merely introductory to tho more general investigation in that 
treatise, to which the student is referred for fuller information 
on this as well as on tlie entire theory of curves. 

We commence with tlie general equation of a curve of tho 
degree, which we shall write in the form 

«0 

+ ftoa? + hy 

+ + Cixy + Cjy* 

+ &c. + &o. 

+ + &o. + = o, 

where the terms are arranged according to their degrees in 
ascending order. 

When written in the abbreviated form of Art. 175, the 
preceding equation becomes 


+ Mi + Mu + . . . + «»_1 + Mn = o. 

We commence with the equation in its expanded shape, 
and suppose the axes rectangular. Transforming to polar 
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co-ordinates, hy substituting r cos 0 and r sin 0 instead of 
X and f/y we get 

Uo + {bo cos 0 + 61 sin 0) r 

+ {co cos®0 + Cl cos 0 sin 0 + C2 sin*0) r® + . . . ^ 

+ (4cos "0 + h cos""^ 0 sin 0 + ... + 4sin"0) /’" = o. (i) 

If 0 bo considered a constant, the n roots of this equation 
in r represent the distances from the origin of the n points 
of intersection of the radius vector witli the curve. 

If Oq = o, one of these roots is zero for all values of 0; as 
is also evident since the origin lies on the curve in this case. 
A second root will vanish, if, besides = o, wo have 
cos 0 + 61 sin 0 = o. The radius vector in tliis caso meets 
the curve in two consecutive points* at the origin, and is 
consequently the tangent at that j)oint. 

Tlie direction of this tangent is determined by the 
equation 

bo cos 0 + sin 0 = o; 

accordingly, the equation of the tangent at the origin is 

boX + Say = o. 

Hence we conclude that if the absolute terra be wanting 
in the equation of a curve, it passes through the origin, and 
t/ie linear part (wj) in its equation represents the tangent at 
that point. 

If ho = o, the axis of a; is a tangent; if bi = o, the axis 
of y is a tangent. 

The preceding, as also the subsequent discussion, equally 
applies to obliquo as to rectangular axes, provided we sub¬ 
stitute mr and nr for x and y; where 

sin (fi> — 0) , sin 0 

fn, =-1- L and n = -; 

sm (t> sin CO 

to being the angle between the axes of co-ordinates. 

From the preceding, we infer at once that the equation of 
the tangent at the origin to the curve 

a?® + y®) = « (a? - y) 


• Two points which are infinitely close to each other on the same branch of 
a curve arc said to be consecutive points on the curve. 

S 
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is a; - y = o, a lino bisecting the internal angle between the 
co-ordinate axes. In like manner, the tangent at the origin 
can in all cases be immediately determined. 

209. Kquation of Tangent at any Point. —By aid 
of the preceding method the equation of the tangent at any 
point on a curve whoso equation is algebraic and rational 
can be at once found. Tor, transferring thp origin to that 
point, the linear part of the resulting equation represents the 
tangent in question. 

Thus, if /{.c, y) = o be the equation of the curve, we sub¬ 
stitute X + sTi for X, and + yi for y, where (a?i, yi) is a 
point on the curve, and tho equation becomes 

fix + Xi, Y+y^) = o. 

Honce the equation of the tangent referred to the new axes is 



On substituting x - Xi^ and y — y^ instead of X and Y, we 
obtain the equation of the tangent referred to the original 
axes, viz. 



This agrees with the result arrived at in Art. 169. 

210. JDoulilc Points. —If in the general equation of a 
curve we have = o, h„ - o, 6, = o, the coefiicient of r is 
zero for all values of 0, and it follows that all lines drawn 
throTigh tho origin meet the curve in two points, coincident 
with the origin. 

The origin in this case is called a double point. 

Moreover, if 0 be such as to satisfy the equation 

c„ cos ~9 + c, cos 0 sin 0 + sin ®0 = 0, (2) 

the coeflBcient of r® will also disappear, and throe roots of 
equation (i) will vanish. 

As there are two values of tan 0 satisfying equation (2), it 
follows that through a double point two lines can be drawn, 
ea^ch meeting the curve in three coincident points. 
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The equation (2), when multiplied by r®, becomes 

+ CiCey + Cay® = o. 


Hence we infer that the lines represented by this equa¬ 
tion connect the double point with consecutive poiilts on the 
curve, and are, consequently, tangents to the two branches of 
the curve passing through the double point. 

Accordingly, when the lowest terms in the equation of a 
curve are of the second degree (th), the origin is a double 
point, and the equation = o represents the pair of tangents at 
that point. 

For example, let •us consider the Lemniscate, whose equa¬ 
tion is 

(a-® + y®)® = — y®). 

On transforming to polar co-ordinates its equation becomes 

r* = a'r (coa^ti - sin®0), or, r® = a® cos 2$. 


Now, when 0 = o, r- + a; 
and, if we confine our atten¬ 
tion to the positive values of 
r, we see that as 0 increases 

from o to r diminishes 

4 

from a to zero. When 0 > — 

4 




and <—, r is imaginary, &c., Fig. r8, 

4 - 

and it is evident that the figure of the curve is as annexed, 
having two branches intersecting at the origin, and that the 
tangents at that point bisect the angles between the axes. 
The equations of these tangents are 

a? -I- y = o, and x - y = o. 


results which agree with the preceding theory. 

211. nTodes, Cusps, and Conjugate Points.* —The 
pair of lines represented by M2 = o will be real and distinct, 
coincident, or imaginary, according as the roots of equa¬ 
tion (2) are real and unequal, real and equal, or imaginary. 


* These have been respectively styled erunodes^ spinodeay and acnodea^ by 
Profe^por Cayley. See Salmon’s Hitjhar Fhne Curvesy Art 38. 

S 2 
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Hence we conclude that there may be one of three kinds 
of singular point on a curve so far as the vanishing of Uo and 
is concerned. 


(1) . For real and unequal roots, the 
tangents" at the double point are real 
and distinct, and the point is called a 
node; arising from the intersection of 
two real branches of the curve, as in 
the annexed figure. 

(2) . If the roots be equal, i.e. if Uz 
be a perfect square, the tangents coin¬ 



cide, and the point is called a eusp: the 
two branches of the cui’ve touching each 
other at the point, as in figure 20. 

(3). If the roots of ih be imaginary, 
the tangents are imaginary, and the 
double point is called a conjugate or 



Fig. 20. 


isolated point ; the co-ordinates of the point satisfy the equation 
of the curve, but the curve has no real points consecutive to 
this point, which lies altogether outside the ciu-ve itself. 


It should be observed also that in some cases of singularities 
of a higher order, the origin is a conjugate point even when Uz 
is a perfect square, as will be more fully explained in a sub¬ 
sequent chapter. 

We add a few elementary examples of these difEerent 
classes for illustration. 


Examples. 

I. y2(a2 +*2) =*2 («=-**). 

llero the origin is a node, tho tangents bisecting the angles between tbo axes of 
co-ordinates. 

In this caso the origin is a cusp. Again, solving for y we get 

^ = ±ai ‘ 

Hence, if a be positive, y becomes imaginary for negative values oi x\ and, 
accordingly, no portion of the curve extends to the negative side of tho axis of ar. 
Moreover, for positive values of a:, the corresponding values of y have opposite 
signs. This curve is called the semi-cubical parabola. The form of the curve 
near the origin is exhibited in Fig. 20. 
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y® = (a; + a). 

Afts. The origin is a cusp. 

^ (a?* + = iT^. 

Ans, Tho origin is a conjugate point, 
a?® - Saary + y^ = o. 

Ans, The two branches at the origin touch the co-ordinate axes. 


212. Double Points in Deneral. —In order to Beek 
the double points on any algebraic curve, we transform the 
origin to a point (a?,, y,) on the curve; tlien, if we can deter¬ 
mine values of a^i, yi for which tho linear part disappears from 
tho resulting equation, the new origin (a*i, 2/1) is a double point 
on the curve. 

From Art. 209 it is evident that the preceding conditions 


moreover, since the point (iCi, y,) is situated on the curve, 
wo must have 

?/i) = o. 

As we have hut two variables, a?„ ?/„ in order that tliey 
should satisfy these three equations simultaneously, a con¬ 
dition must evidently exist between tho constants in the 
equation of the curve, viz., the condition arising from the 
elimination of a?i, yi between the three preceding equations. 

Again, when tiie curve has a double j)oint (a?,, //i), if the 
origin be transferred to it, the part of the second degree in 
the resulting equation is evidently 


f dhi\ 

" \d?I 




Accordingly, the lines represented by this quadratic are 
the tangents at the double point. 

The point consequently is a node, a cusp, or a conjugate 
point, according as 

f . f(Pn\ f<r-u\ 
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It may be remarked here that no cubic can have more 
than one double point; for if it have two, the lino joining 
them must be regarded as cutting the curve in four points, 
which is ijnpossible. 

Again, every line passing through a double point on a cubic 
must meet the curve in one, and but one, other point; ex¬ 
cept tlio lino bo a tangent to either branch ot the cubic at 
the double point, in wiiich case it cannot meet the curve else¬ 
where; the points of section being two consecutive on one 
branch, and one on the otlier branch. 

In many cases the existence of double points can bo seen 
iimuediatoly from the equation of the curve. The following 
are some easy instances:— 


ExAIlPtES. 


To find the position tind nature of the (huiblu points in iho following 
curves:— 


1. {bx ~ cyY = {x — a)-'. 

The point x — a, y = —, is evidently a cusp, 

6 

at bx — etj o is the tangout, as in the 

accompanying ligurc 

2. (// - c)* = (j; — (x - 5). 

The point x — aj ^ c, is a cii^p if « > cr 
if a = ^ ; but is a conjugate il a < b. 

3. y- = x{x -f a]-. 



2t. 

o 


'file point 3/ " o, a; = — a is a conjugate point. 
4. aS -1- = ah 


'fhe points x—Of^ = ±a; and y o, a; = + are easily seen to bo cusps. 


213. Parabolae* of tbe Tblr<l 19 c‘»;t‘ec. —The follow¬ 
ing examjde* will assist the student toAvards seeing tlie dis¬ 
tinction, as well as the connexion, between the different kinds 
of douhle points. 

Let = ip - Cl) {x — h) (x - (?) 

be the equation of a curve, where a< b < e. 


* Lacroix, CaL pp, 395-7- Salmon’s Higher Plane Curvee^ Art. 39. 
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Hero y vanishes when x = a, or 2: = or a; = c; accordingly, 
if distances OA = a, OB = b, OC = c, ho taken on the axis of 
a*, the curve passes through the points A, B, and O. 

Moreover, when x < a, is negative, and therefore 


y IS imtiginaiy. 

X > a, and < &, if is positive, and therefore 

y is real. 

x>b^ and < c, y- is negative, and therefore 

y is imaginary. 

X > e, y- is positive, and therefore 

y is real ; and 


increases indclinitoly along with x. 

lienee, since the curve is syin- 
njctrieal with respect to the axis of 
■r, it evidently consists of an oval 
lying hetween A and B, and an 
infinite branch passing througlr 
O', as in the annexed figure. It 
is easily sliown that tlio oval is 
not symniotrieal with respect to 
the perpendicular to AB at its 
middle point. Again, if h = c, the 
equation becomes 

y^ — {x ^ a) (x — by. 



In tliis case the point B co¬ 
incides Avith C, the oval has 
joined the infinite branch, and 
B has become a double point, 
as in the annexed figure. 



Fig- 23- 


On the other hand, let b = a, and the equation becomes 


y* = (a? - ay (x - c) ; 

in this case tlie oval has shrunk 
into the point A^ and the curve 
is of the annexed form, having q 
A for a conjugate point. 

Next, let fl = & = c, and the 
equation becomes 

iy={x~ay; 



Fig. 24. 
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here the points A, j 5 , ( 7 , have 
come together, and. the curve 
has a cusp at the point A, as in ^ 
the annexed figure. 

The 'curves considered in 
this Article are called parabolas Fig- 25. 

of the third degree. 

As an additional example, we shall investigate the fol¬ 
lowing problem:— 

214. Given the three asymptotes of a cubic, to find its equa¬ 
tion, if it have a double 2)oint. 

Taking two of its asymptotes as axes of co-ordinates, and 
supposing the equation of tho third to bo ax + by + c = o, the 
equation of tho cubic, by Art. 204, is of the form 

xyiax -1- by c) — lx + my + n. 

Again, the co-ordiuates of the double point must satisfy 
tho equations 



or 


dn 

- - = o. 

dx 


{zax + by + c) y = I, 


dn 



{ax + zhy + c) jp = m ; 


from which I and m can bo dcteimined when the co-ordinates 
of tho double point are given. 

To find n, wo mulfiply the former equation by x, and tho 
latter by y, and subtract the sum from throe times tho equa¬ 
tion of the curve, and thus we get 

cxy - zlx + zmy + 3« ; 
from which n can be found. 

In the particular case whore the double point is a cusp,* 
its co-ordinates must satisfy tho additional condition 

d'u dru _ f dhi V 
dx^ dy^ \fixdy) * 


or {zax + zby + ey = o^abxy, 

and consequently the cusp must lio on the conic represented 
by this equation. 


* It is essential to notice that the existence of a cusp involves one more 
relation among tho coeilicicnta of the equation of a curve than in tho case of an 
ordinary double point or node. 
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It can be easily seen that this conic* touches at their 
middle points the sides of the triangle formed hy the asymp¬ 
totes. 

The preceding theorem is due to Plucker,t and is stated 
by him as follows :— 

“ The locus of the cusps of a system of curves of tho third 
degree, which •have three given lines for asymptotes, is the 
maximum ellipse inscribed in the triangle formed by the 
given asymptotes.” 

It can be easily seen that tho double point is a node or a 
conjugate point, according as it lies outside or inside the 
above-mentioned ellipse. 

215. Multiple Points of lliglicr Curves.— By follow¬ 
ing out the method of Art. 208, the conditions for Iho existence 
of multiple points of higher orders can be readily determined. 

Thus, if tho lowest terms in the equation of a curve bo of 
the third degree, tlio origin is a triple point, and tho tangents 
to the three branches of the cm'vo at tho origin aro given by 
the equation u-i = o. 

The different kinds of triple points aro distinguished, 
according as the lines ropresented by ^ o aro real and 
distinct, coincident, or one real and two imaginary. 

In general, if tho lowest terms in tho equation of a curve 
be of the wi'* degree, tho origin is a multiple point of tho 
order, &c. 

Again, a point is a triple point on a curve provided that 
when tho origin is transferred to it tho forms below tlio third 
degree disappear from tho equation. The co-ordinates of a 
triple point consequently must satisfy the equations 


ill du 

“ " ^ dy 


= o- 


d'u 


djc 




= o. 


dht 

-T = O. 


dxdy 




= o. 


Hence in general, for tho existence of a triple point on a 
curve, its coefRoients must satisfy four conditions. 

The complete investigation of multiple points is effected 


♦ From the form of tho equation wo soo that the linus a: = o, y = o are 
tangents to the conic, and that 2ax + 2i// -f <? = o represents (lie lino joining the 
points of contact; but this lino is parallel to tho third asymptote ax + Ay + c = o, 
and evidently passes through the middle points of the intorcepts made by this 
asymptote on the two others. 

t LiouviUe's Journnl^ vol. ii. p, 14- 
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more satisfactorily by introducing the method of trilinear co¬ 
ordinates. The discussion of curves from this point of view is 
beyond the limits proposed in this elementary Treatise. ' 

215 («). CuispN, in General. —Thus far singular points 
have boon considered with reference to the cases in which 
they occur most simply. In proceeding to curves of higher 
degrees they may admit of many complications ; for instance 
ordinary cusps, such as represented in I^ig. 20, may be called 
cusps of the first species, the taugonf 
lying between both brandies : the cases in 
wliicliboth branches lie on the same side, 
as exhibited in the accompanying figm*e, 
may bo called cusps of the second species. 

Professor Cayley has shown how this is 
tf> bo considered as consisting of several singularities happen¬ 
ing at a point (Salmon’s IIi<jlicr Plane Curre^i, Aid. 58). 

Again, both of Iheso classes m.ay bo called single cusps, 
as distinguished from douhle cuftps extending on both sides of 
the point of contact. Double cusps are slylod tacnodes by 
Professor Cayh'y. These points are sometinuis called j^oints 
of OHCuldtion ; however, as the two branches do not in general 
osculate each other, this nomenclature is objectionable. It 
should bo observed that whenever wo use th(‘ word cus]! with¬ 
out limitation, wo re;for to the ordinary cusp of the first species. 

Cusps are called/)o/»^-s de ycbronsscnient by Drench Avriters, 
and Riichkchrpunkte by Glernians, both expressing the turning 
backwards of the point which is supposed to trace out the 
curve; an idea Avhich has its Jhiglish equivalent in their 
name of stnfionarj/points. A fuller discussion of the different 
classes of cusps will bo given in a subsequent place. Wo 
shall conclude this chapter with a few remarks on the multiple 
points of curves whose equations are given in polar co-ordi¬ 
nates. 

ExAni’LES. 

1. (y — 

Here the origin is a cusp; also 

y = as® + a;S ; 

hi;ncc, whenar is less than unity, both values ofy arc positive, and consequently 
the cusp is of the second species. 

2. Show that the origin is a double cusp in the curve 

+ bx* — = o. 
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2 16. mtiltiplc Points of Curves in Polar Co-ordi¬ 
nates. —If a cui’ve referred to polar co-ordinates pass through 
the origin, it is evident that the direction of the tangent at 
that point is found by making r = o in its equation ; in this 
ease, if the equation of the curve reduce to f{i)) = o, the 
resulting value of 0 gives the direction of the tangent in 
question. ^ 

If the equation/(O) = o lias two real roots in 0 , less than tt, 
the origin is a double point, the tangents being determined 
by these values of 0 . 

If these values of 0 wore equal, the oi-igin would be a cusp; 
and so on. 

In fact, it will bo observed that the multiple points on 
algebraic curves have been discussi'd by reducing them to 
polar equations, so that the theory already given must apply 
to emwes referred to polar, as well as to algebraic co-ordi¬ 
nates. 

It may be remarked, however, tliat the order of a multiple 
point cannot, generally, bo determined unless with reference 
to Cartesian co-ordinates, in like maimer as the degree of a 
curve in general is determined only by a similar roforonco. 

For example, in the equation 

r - a cos'O - b sin“0, 

the tangents at the origin are determined by the equation 

tan 0 and the origin would seem to bo only a double 

point; however, on transforming the equation to rectangular 
axes, it becomes 

+ y'Y ^ (ax' - bf/'Y ; 

from which it appears that the origin is a multiple point of the 
foui-th order, and the curve of the sixth degree. In fact, 
what is meant by the degree of a curve, or the multiplicity of 
a point, is the number of intersections of the curve with any 
right line, or the number of intersections which coincide for 
every line through such a point, and neither of these aro at 
once evident unless the equation be expressed by lino co-ordi¬ 
nates, such as Cartesian, or trilincar co-ordinates; whereas 
in polar co-ordinates one of the variables is a circular co¬ 
ordinate. 
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Exami>j,t:s. 

E. DetenniTie the tangents at the origin to the curve 

= a;^ (i — a;-). Ans. 7 + y = o, a? — y=o. 

2, Show that the curve 

- Ziixy -f y* = o 

touches the axes of co-ordinates at the origin. 

3- Find tire nature of the origin on the curve 

z^ — — o. 

4- Show that the origin is a conjugate point on the curve 

ay^ — a;® + = o 

when a and b have the same sign ; and a node, when they have opposite signs. 

5. Show that the origin is a conjugate point on the curve 

- a2) = 2^. 

6. Vrovo that the origin is a cusp on the curve 

(jy — z^'p = a;®- 

7. In the cui-vo 

(y — z^Y — ^9 

show that the origin is a cusp of the first or second species, according as n is 
< or > 4. 

8. Find the nunihcr and the nature of the singular points on the curve 

— 2ay^ + + 4rt* = o. 

9. Show til at the points of intersection of the curve 



with the axes are cusps. 

10. Find the douLlo points on the curve 

z^ — 4(T2:’ + 4a^2:® — b~y^ + 2^®^ — a* — 6* = O. 
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11. Prove that the four tangents from the origin to the curve 

U\ + W2 + tt3 = o 

are represented by the equation 4M1 ii^ = 

12. Show that to a double point on any curve corresponds another double 
point, of the same kind, on the inverse curve with respect to any origin. 

13. Provo that the origin in the curve 

— ^ax^y — axy^ + =• o 

is a cusp of the second species. 

14. Show that tho cardioid 

r = a(i + cosfl) 

has a cusp at the origin. 

15. If the origin bo situated on a curve, prove that its first pedal passesv 
through the origin, and has a cusp at that point. 

16. Find the nature of the origin in tho following curves:— 

sin 7$. r** a» sin nO, r --. 

^ * be + c 

17. Show that tho origin is a conjugate point on tiio curve 

- ax^y + axy^ -i- = o. 

18. If the inverse of a conic be taken, show that tho origin is a double point 
on the inverse curve; also that the point is a conjugate point for an ellixJse, a 
cusp for a parabola, and a node for a hyperbola. 

19. Show that the condition that tho cubic 

xy^ + ax^ + bx^ •¥ ex + d~h zey = o 

may have a double point is tho same as the condition that the equation 

+ ix® + ca:® + — c* = o 

may have equal roots. 

20. In the inverse of a curve of the degree, show that the origin is » 
multiple point of tho order, and that the n tiuigcnts at that point are parallel 
to the asymptotes to the original curve. 
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CHAPTER XV. 

r 

KNVEI.OPES. 


217. mretbod of Envelopes. —If wo suppose a series of 
different values given to a in tlie equation 

/(ar, y, a) = o, (i) 

then for each value we got a distinct curve, and the above 
equation may bo regarded as representing an indefinite 
number of curves, each of which is determined when the 
corresponding value of a is known, and varies as a varies. 

The quantity a is called a variable 'parameter^ and the 
equation ./■(:»!, y, «) = o is said to represent family 0/curves; 
a single determinate curve corresponding to each distinct 
value of a ; provided a enters into the equation in a rational 
form only. 

If now we regard o as varying continuously, and suppose 
the two curves 

J Ih a) = O, ./(a-, y, a + An) = O 

taken, then the co-ordinates of their points of intersection 
satisfy each of these equations, and therefore also satisfy the 
equation 

/(a-,j/, g + A a) -/(ar, y, a) _ 

Aa 


Now, in the limit, when A a is infinitely small, the latter 
equation becomes 


y ,«) 

(la 




and accordingly the points of intersection of two infinitely 
near curves of the system satisfy each of the equations (i) 
and (2). 
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The locus of the points of ultimate intersection for the 
entire system of curves represented by y, a) = o, is ob¬ 
tained by eliminating a between tlie equations (i) and (2). 
This locus is called the envelope of the system, and it can be 
easily seen that it is touched by every curve of the system. 

For, if we consider three consecutive curves, and suppose 
P, to be the p^int of intersection of the first and second, aiid 
Pa that of the second and third, the line Pi Pa joins two infi¬ 
nitely near points on the envelope as well as on the inter¬ 
mediate of the three curves ; and hence is a tangent to each 
of these curves. 

This result appears also from analytical considerations, 
thus:—the direction of the tangent at the point a:, y, to the 
curve /(r, y, a) = o, is given by the equation 


df df di/ 

= o; 

dx dy dx 

in which a is considered a constant. 

Again, if the point ar, y be on the envelope, since then a 
is given in terms of x and y by equation (2), the direction of 
the tangent to the envelope is given by the equation 

df df dy df Ida dau 
dx dy dx da \dx dy t 



or 


dx, dy dx 


ilf 

since -^ = o for the point on the envelope. 

da 


Consequently, the values of are the same for the two 

iliC 


curves at their common point, and hence they have a common 
tangent at that point. 

One or two elementary examples will help to illustrate 
this theory. 

The equation x cos a + y sin a = 7?, in which a is a variable 
parameter, represents a system of lines situated at the same 
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perpendicular distance p from the origin, and consequently 
all touching a circle. 

This result also follows from the preceding theo^y; foi 
wo have 

,/(ir, y, a) = a; cos a + y sin o - ja = o, 


df (x, ?/, g) 
da 


= ~ X sm a 4- y cos a = o, 


and, on eliminating a between these equations, we get 


+ y* = p\ 


whicli agrees with the result stated above. 
Again, to find the envelo^jo of the line 


ni 

y =■-ax + —, 

a 


where o is a variable parameter. 


Here 


m 


fix, y, a) y - ax -- O, 

a 


d/'i-r, y, a) 

da 


m 

- X + -- 

a~ 




Substituting this value for a, wo get for the envelope 

y= = 4fnx, 

which represents a parabola. 

218. Envelope of Aa® + zJfa + iV’= o. Suppose i, Jf, iV, 
to be known functions of x and y, and a a parameter, then 

" f (^> l/y “) = + 2Ma + AT = O, 

T nr 

= 2 La + 231 = o; 
da 

accordingly, the envelope of the curve represented by the 
preceding expression is the curve 

LN = 3 I\ 
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Hence, when £, M, N are linear functions in x and y, 
this envelope is a conic touching’ the lines L, iV, and having 
M for the chord of contact. 

Conversely, the equation to any tangent to the conic 
LN = M^ can be written in the form 


Za* + 2Ma + iV = O,* 

where a is an arbitrary parameter. 

219. Undetermined multipliers applied to Enire- 
lopcs. —In many oases of envelopes the equation of the 
moving curve is given in the form 

y, a, (3) 

where the parameters a, /3 are connected by an equation of 
the form 

0 (a, (4) 


In this case we may regard /3 in (3) as a function of a by 
reason of equation (4); hence, differentiating botli equations, 
the points of intersection of two consecutive curves must 
satisfy the two following equations : 


df df , d^ d<p dft 


Consequently 


a 

da 

da 


d^ 

dfi 


If each of those fractions be equated to the undetermined 
quantity X, we get 




Salmon’» Oonietf Art. 248. 
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and the required envelope is obtained by eliminating a, / 3 , and 
X between these and the two given equations. 

The advantage of this method is especially found when 
the given equations are homogeneous functions in a and / 3 ; 
for suppose them to be of the forms 

where the former is homogeneous of the n*^ degree, and the 
latter of the w'*, in a and / 3 . Multiply the former equation 
in (5) by a, and the latter by ) 3 , and add; then, by Euler’s 
theorem of Art. 102, we shall have 

nci = mc^. or X = —, (6) 

mc2 

by means of which value we can generally eliminate a and 
from our equations. 


Exaufles. 

I. To iinJ tlic envelope of a line of given length (a) whose extremities move 
along two hxed rectangular axes. 

Taking the given lines for axes of co-ordinates, we have the equations 

* + «*+/ 3 » = a». 

a p 


Hence 


* y 

^ = Aa, ~ = 


from which wo get 




and the required locus is represented by 

xl + yV = aV. 

2. To find the envelope of a system of concentric and coaxal ellipses of con¬ 
stant area. 


Here 


—h — ss i« oB sa c: 


hence 




and the required envelope is the equilateral hyperbola 


2xy SB a. 
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3. To find the enyelope of all the normala to an ellipae. 
Hero we have the equations 




where a and /3 arei^the co*ordinate8 of any point on the ellipse. 


nonce, 




h^y 


/3 


^a*’ y3* “ 


consequently 


A. = a* * 


and we get 


aSz = (a* — = — (a* — 


. -= ( y 

“a ^ 

Substituting in the equation of the ellipse, we get for the required envdope, 

(a»)t+(^y)»=(a2-i=)». 

This equation represents the evolute of the ellipse. 

4. Find the envelope of the line - + — = r, where a and /3 are connected by 

a p 

the equation 

m mm 

a" + )B" = a". ^M5. 


2 20. The preceding method can be readily extended to the 
general case in which the equation of the enveloping curve 
‘ contains any number, «, of variable parameters, which are 
connected by « - i independent equations. The method of 
procedure is the same as that already considered in Chapter 
XI. on maxima and minima, and does not require a separate 
investigation here. 


T 2 
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Exami>les. 


r. Prove that the envelope of the system of lines — H— = i, where I and « 

% f/i 

are connected by the equation - + -r = if is the parabola 

ah * 



2. One angle of a triangle is fixed in position, find the envelope of the 

opposite side when the area is given. Ans, A hyperbola. 

3. Find the envelope of a right line when the sum of the squares of the 
perpendiculars on it from two given points is constant. 

4. Find the envelope of a right line, when the rectangle under the perpen¬ 
diculars from two given points is constant. 

Ans. A conic having the two points as foci- 

5. From a point P on the hypothenuse of a right-angled triangle, perpen¬ 
diculars PJlf, are drawn to the sides \ find the envelope of the line MN. 

6. Find the envelope of the system of circles w'^hose diameters are the chords 
drawn parallel to the axis-minor of a given ellipse. 

7. Find the envelope of the circle 

jc* + — 7.aex + a® — 6* = o, 

wh<Te a is an arbitrary parameter; and find when the contact between the 
circle and the envelope is leal, nnd when imaginary. 

(a). Show from this example that the focus of an ellipse may be regarded as 
an infinitely small circle having double contact with the ellipse, the directrix 
being the chord joining tho points of contact. 

8. Show that the envelope of tho system of conics 


where a is a variable parameter, is represented by the equation 


{x ± a/ hY + 

Hence show that a system of conics having the same foci may bo regarded 
as inscribed in the same imaginary quadrilateral. 

9. Find the envelope of the line 


xa^ + 

where the parameters a and 0 are connected by the equation 

a» + i 3 " « 


Ans. 


n n 
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1 o. On any radius vector of a curve as diameter a circle is described: prove 
geometrically tbat the envelope of all such circles is the first pedal of the curve 
with respect to the origin. 

11. If circles be described on the focal radii veoiorcs of a conic as diameters, 
prove that their envelope is the circle described on the axis major of the conic as 
diameter. 

12. Prove that the envelope of the circles described on the central radii of an 
ellipse as diametcT^ is a Lemniscate. 

13. Find the envelope of semicircles described on the radii of the curve 


rH sn a** cos n$ 

as diameters. 

14. If perpendiculars be drawn at each point on a curve to the radii vectores 
drawn from a given point, prove that their envelope is the reciprocal polar of 
the inverse of the given curve, with respect to the given point. 

15. Find the envelope of a circle whose centre moves along the circum¬ 
ference of a fixed circle, and which touches a given right line. 

16. Ellipses are described with coincident centre and axes, and having the 
sum of their semiaxes constant; find their envelope. 

17. Find the equation of the envelope of the line + fiy + = o, whero 

the parameters ore connected by the equation 

aA* + d/i* + + iyi'A + 27 /A/i = o. 



18. At any point of a parabola a lino is drawn making with the tangent an 
angle equal to the angle between the tangent and the ordinate at the point; 
prove that the envelope of the line is the first negative pedal, with regard to the 

focus, of the parabola; and hence that its equation is ri cos - 0 the focus 

3 

being pole. 

N.B.-—This curve is the caustic by reflexion for rays perpendicular to the 
axis of the parabola. 

19. Join the centre, O, of an equilateral hyperbola to any point, P, on the 
curve, and at jP draw a line, PQ, making with the tangent an angle equal to the 
angle between OF and the tongent. Show that the envelope of FQ is the first 
negative pedal of the curve 

r* = aa* sin - B sin - 0, 

3 3 

the centre being pole, and axis minor prime vector, 

N^.B.—^Thia gives tho caustic by reflexion of the equilateral hyperbola, the 
centre being the radiant point. 

20. A right line revolves with a uniform angular velocity, while one of its 
points moves uniformly along a fixed right line; find its envelope. 

Ane, A cycloid. 
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CONVEXITY AND CONCAVITY- POINTS OF INFLEXION. 


22 1. Convexity and Concavity.— If the tangent be 
drawn at any point on a curve, the neighbouring portion of 
the curve generally lies altogether on one side of the tangent, 
and is convex with respect to all points lying at the opposite 
side of that lino, and concave for points at the same side. 

Tims, in the accompanying figure, the portion QPQ' is 
convex towards all points 
lying below the tangent, and 
concave for points above. 

If the curve be referred 
to the co-ordinate axes OX. 
and OYy then whenever the 
ordinates of points near to 
P on the curve are greater 
than those of tho points on 
the tangent corresponding to 
the same absciss®, the curve is said to be concave towards 
the positive direction of Y. 

Now, suppose y = to bo tho equation of the curve, 
then that of the tangent at a point x, by Art. i68, is 



Let P be the point a:, y, and MN = h = M.N\ QN = yi, 
TN = Pi, and we have 

A* A® 

yi = 0(a! + A) == <p(x) + h,]>'{x) + — ^"(^) + - 

X*Z 

Pi = y + A0'(a?) = tp(x) + ; 


y, - Pi = 


0"(ar) + + &o. 


I . 2 


1.2.3 
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When h is very small, the sign of the right-hand side of 
this equation is the same in general as that of its first term, 
and accordingly the sign of yi - Fi, or of QT, is the same as 
that of 

Hence, for a point above the axis of aj, the curve is convex 
towards that axis when is positive, and concave when 
negative. ' 

We accordingly see that the convexity or concavity at any 


d-y 


point depends on the sign of <^*'{x) or at the point 


222. Points of Inflexion.— If, however, = o at 

the point P, we shall have 



1.2.3 



h* 

+- 

I . 2.3.4 


+ &o. 



Now, provided ho not zero, 1/1 - F, changes its sign 

with h, i. o. if MiY - MJY = 4 , 
and if Q lies above T, the 
corresponding point Q' lies 
below 1 '', and the portions of 
the curve near to P lie at 
opposite sides of the tangent, 
as in the figure. 

Consequently, the tangent 
at such a point cuts the curve, 
as well as touches it, at its 28. 

point of contact. Such points on a curve are called points of 
inflexion. 

Again, if ^"'{x) as well as vanish at the point P, wo 
shall have 

A* 

I . 2.3.4 

and, provided ^^^{x) bo not zero at the point, yi - F, does not 
change sign with A, and accordingly tho tangent does not 
intersect tho curve at its point of contact. 

Generally, the tangent does or does not cut tho ciirve at 
its point of contact, according as tho first derived function 
which docs not vanish is of an odd, or of an even order; as 
can be easily seen by the preceding method. 
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From the foregoing discussion it follows that at a point 
of inflexion the curve Ganges from convex to conca.ve vpith 
respect to the axis of a?, or conversely. 

On this account such points are called points of contrary 
flexure or of inflexion. 

223 The subject of inflexion admits also of being treated 
by the method of Art. 196, as follows:—Th6 points of in¬ 
tersection of the line y - yx + v with the curve y = ^{x) are 
evidently determined by the equation 

0 (i») = fix + V. (3) 


Suppose B, Cf D, «&c., to represent the points of section in 
question, and let Xi, Xz,...Xn 

be the roots of equation (3); ^/ f _ 

then the line becomes a /p ^ ^ 

tangent, if two of these 

roots are equal, i.e,, if » 9 - 

= fly where Xi denotes the value of x belonging to the 
point of contact. 

Again, three of the roots become equal if we have in 
addition ^"{xi) = o ; in tliis ease the tangent meets the curve 
in three consecutive points, and evidently cuts the curve at its 


point of contact; for in our figure the portions PA and CD 
of the curve lie at opposite sides of the cutting line, but 
when the points Ay By C become coincident, the portions AB 
and BC become evanescent, and the curve is evidently out as 
well as touched by the line. 

In like manner, if <p'"{xi) also vanish, the tangent must 
be regarded as cutting the curve in four consecutive points : 
such a point is called 0, point of undulation. 

It may be observed, that if a right line out a continuous 
branch of a curve in three points. Ay By Cy as in our figure, 
the curve must change from convei to concave, or conversely, 
between tlie extreme points A and C, and consequently it 
must have a point of inflexion between these points; and so 
on for additional points of section. 

Again, the tangent to a curve of the degree at a point of 
inflexion cannot intersect the curve in more than n - 3 other 


points: for the point of inflexion counts for three among 
the points of section. For example, the tangent to a curve 
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of the third degree at a point of inflexion cannot meet the 
curve in any other point. Consequently, if a point of in¬ 
flexion on a cubic be taken as origin, and the tangent at it 
as axis of x, the equation of the curve must be of the form 

x^ + = o, 

where 0 represents an expression of the second and lower 
degrees in x and y. For, when y = o, the three roots of the 
resulting equation in x must be each zero, as the axis of x 
meets the curve in three points coincident with the origin. 
The preceding equation is of the form 

«3 + Ui + = o, 

or, when written in full, 

sc® + y(ax^ + ihxy + + y{2gx + 2fy + c) «= o. (4) 


Now, supposing tangents drawn from the origin to the 
curve, their points of contact, by Art. 176, lie on the curve 


i.e. on the curve 


U-i + 2Ui = o, 

{gx +fy + c)y = 0. 


The factor jy = o corresponds to the tangent at the point 
of inflexion, and the other factor gx fy + c o passes 
through the points of contact of the three other tangents to 
the curve. 

Hence, we infer that from a point of inflexion on a cubic 
but three tangents can he drawn to the curve^ and their three 
points of contact lie in a right line. 

It can be shown that this right line euts harmonically 
every radius vector of the curve which passes through the 
point of inflexion. 

For, transforming equation (4) to polar co-ordinates, and 
dividing by r, it becomes of the form 

+ Br +(7=0. 


If /, r" be the roots of this quadratic, we have 

I I B 
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Now, if p bo the harmonic mean between / and this 
gives 

2 I I B 2/7 cos 0 + 2/sin 0 
= _ ~ — • 
p r r C c 

Hence the equation of the locus of the extl'emities of the 
harmonic means is 


gx fy ^ c = o. 


Q. E. D. 


This theorem is duo to Maclaurin [De Lin. Geom. Prop. 
Gcn.y Sec. III. Prop. 9). 

From this property the line jh called the harmonic polar of 
the point of inflexion. This lino holds a fundamental place 
in the general theory of cubic 


224. Stationary Tangents.— Since the tangent at a 
point of inflexion may bo regarded as meeting the curve in 
three consecutive joints, it follows that at such a point the 
tangent does not alter its position as its point of contact 
passes to tho consecutive poiiit, and hence the tangent in this 
case is called a .stationary ta '.gent. 

The equation -^ = o follows immediately from the last 

consideration; for when tho tangent is stationary we must 

//a 

have ^ = o, where <j>, as in Art. 171, denotes the angle 
which the tangent makes with tho axis of x ; but tan ^ 
hence = o, which is the same condition for a point of 

(xxr 

inflexion as that before arrived at. 


* Chasles, Apergu Hisiorique^ note xx.; Salmon’s Higher Flans Curvs$^ 
Art 179. 


Examples. 



Exa-uples. 


1. Show that the origin is a point at inflexion on the curve 

“ bzy + ex® + dz*. 

2. The origin is a point of inflexion on the rubic *#3 + «i = o ? 

3. la the rurvo 

prove that the origin is a point of inflexion if m be greater than 2. 

4. In the system of curves 


find under what circumstances the origin is (a) a point of inflexion, (A) a cusp. 
5, Find tho co-ordinates of the point of iiiflcx'on on the curve 


jc® — 3^x2 H- a-y = o. 


Ans, X =: 6 , 



6. If a curve of an odd degree has a *-ontre, prove tiiat it is a point of 
inflexion on llie curve. 

7. Prove that the origin is a x>oint of undulation on the curve 


Wl + + t<5 + &c., + = o. 


8. Show that the points of inflexion on curves referred to polar co-ordinates 
are determined by aid of the c^juation 


d^u I 

w + — = o, whero w = 
dd^ r 


9. In tho curve rQ^ = a, prove that there is a point of inflexion when 


e {i - m). 


10. In the curve y = e sin prove that the points in which the curve 

a 

meets tho axis of z aro all points of inflexion. 

11. Show geometrically that to a node on any cuiwe corresponds a line 
touching its reciprocal polar in two distinct points ; and to a cu.sp coiresponds a 
point of inflexion. 
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Examples, 

12- If tho origin bo a point of inflexion on the curve 

ttl + + «3 + - - . + f#„ = O, 

prove that W2 must contain m as a factor. 

13. Show that the points of inflexion of the cubical parabola 

y* — (ar - <i)* {x - d) 

lie on the line 

3a? a = 4^: 

and hence prove that if the cubic has a node, it has no real point of inflexion; 
but if it bas a conjugate point, it has two real points of inflexion^ besides that 
at inflnity. 

14. Provo that tho points of inflexion on the curve y* = x^(a;® 4* 2px + g) 
are determined by the equation ix® -f + 3 (p^ + g) x + 2pg = o. 

15. If y® = f{^x) be the equation of a curve, prove that the abscissos of its 
points of inflexion satisfy the equation 

16. Show that the maximum and minimum ordinates of the curve 

correspond to tho points of intersection of the curve with the axis 

of X, 

17. When y®=/(ic) represents a cubic, prove that the biquadratic in x 
which determines its points of inflexion has one, and but one, pair of real roots. 
Prove also that the lesser of these roots corresponds to no real point of inflexion, 
while the greater corresponds, in general, to two- 

18. Prove that the point of inflexion of tho cubic 

«y® + 3 ^^y^ + 3^a:®y + dz^ + 3cx® o 

lies in tho right line ay hx^ o, and has for its co-ordinates 

3a®r , 'xahe 

* = - 

where O is the same as in Example 32, p. 190. 

19. Find the nature of the double point of the curve 

J/S = (a- _ 2)* {x - 5), 


and show that the curve has two real points of inflexion, and that they subtend 
a right angle at the double point. 

20. The co-ordinates of a point on a curve are given in terms of an angle 9 
by tho equations 

X = sec® 9 , y = tan 0 sec* 0; 

prove that there are two finite points of inflexion on the curve, and find the 
values of 0 at these points. 



CHAPTER XVII. 


RADIUS OF CWRVATURE. EVOLUTES. CONTACT. RADII OF 

CURVATURE AT A DOUBLE POINT. 


225. Curvature. Angle of Contingence. —Every con¬ 
tinuous curve is regarded as having a determinate curvature 
at each point, this curvature being greater or less according 
as the curve deviates more or less rapidly from the tangent at 
the point. 

The total curvature of an arc of a plane curve is measured 
by the angle tlirough which it is bent between its extremities— 
that is, by the external angle between the tangents at these 
points, assuming that the arc ifi question has no point of in¬ 
flexion on it. This angle is called the angle of contingence of 
the arc. 

The curvature of a circle is evidently the same at each of 
its points. 

To compare the curvatures of 
different circles, let the arcs AB 
and ah of two circles be of equal 
length, then the total curvatures 
of these arcs are measured by the 
angles between their tangents, or 
by the angles ACB and acb at 
their centres: but 




lACBi l acb = 


arc AB 
AC 


arc ab 
ae 


I I 

AC ac 


Consequently, the curvatures of the two circles are to each 
other inversely as their radii; or the curvature of a circle 
varies inversely as its radius. 

Also if As represent any arc of a circle of radius r, and 
A0 the angle between the tangents at its extremities, we have 

As 
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The curvature of a curve at any point is found hy deter¬ 
mining the circle which has the same curvature as that of an 
indefinitely small elementary arc of the curve taken at the 
point. 

226. Radios of* Corvature. —Let ds denote an infi¬ 
nitely small element of a curve at a point, the corresponding 

angle of contingence expressed in circular measure, then ^ 

evidently represents the radius of the circle which has the 
same curvature as that of the given curve at the point. 

This radius is called the radius of curvature for the point, 
and is usually denoted hy the letter p. 

To find an expression for p, let the curve he referred to 
rectangular axes, and suppose x and y to he the co-ordinates 
of the point in question; then if (f> denote'the angle which the 
tangent makes with the axis of x, we have 



, du d . tan th d 

tan ^ = - 

ax ax Q 

or 

diji d^y 

Again, 

d^ d(b dx dA 

-f = -f- -T- = cos A-f- = COS®A 

ds dx ds dx ^ 

Hence 

I sec*0 _ \ \dx/ } 

^ d<^~ cPy d'y 

ds doP dx* 






(0 


At a point of inflexion = o : accordingly the radius of 

curvature at such a point is infinite : this is otherwise evident 
since the tangent in this case meets the curve in three conse¬ 
cutive points. (Art. 222.) 

Again, as the expression j always two 

values, the one positive and the other negative, while the 
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ourve can have in general but one definite circle of curvature 
at any point, it is necessary to agree upon wbicb sign is to be 
taken. We shall adopt the positive sign, and regard p as 

being positive when ^ is positive ; i. e. when the curve is 


convex at the4)oint with respect to the axis of x. 

227. Other Expressions for p .— It is easy to obtain 
other forms of expression for the radius of curvature ; thus 
by Art. 17 8 we have 


cos^ = 



sin^ 


dy 


Hence, if the arc be regarded as the independent variable, we 
get 


— sin ^ 


d<lt _ (Px 
ds ds^ ’ 


cos ^ 


_ dPy 
ds dP ’ 


from which, if we square and add, we obtain 

1 =w 

/t»» \ds) \dsy \dsy * 

Again, the equations dx = cos dy = sin tpdsj 

give by differentiation (substituting — for <f^), 

P 

» ,, . (dsY . (ds)’ 

dPx = cos ^d’s - sm dry = sin ^d’s + cos ^ 


(2) 


( 3 ) 


Whence, squaring and adding, we obtain 

+ (iPyy = (d’sy + 

P 


dP 


or 


^/(d’xy 4 ((pyy - 


( 4 ) 
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Again, if the former equation in (3) be multiplied by 
sin and the latter by cos we obtain on subtraction, 


cos ^d?y — sin ^(Px - 


ds^ 


or dxd^y - dyd^x = 


dP 


Hence 


P = 


{dx^ + dy')^ 
dxdhj - dy(Px 


( 5 ) 


The independent variable is undetermined in formulse (4) 
and (5), and may be any quantity of which both x and y are 
functions. 

X^or example, in the motion of a particle along a curve, 
when the time is taken as the independent variable, we get 
from (4) an important result in Mechanics. 


Examples. 


I. To find the radius of curvature at any point oa the parabola = 4my. 


Here 








2 (w 4 y)^ 


3, Find the radius of curvature iu the catenary 



Here 




dx^ 


y 

a® 



Hcncc the radius of curvature is equal to the part of the normal intercepted 
by the axis of but measured in the opposite direction (Ex. 4, Art. 171). 

3. In the cubical parabola we have 







(a* + 
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zSg 



To find the radiua of curvature in the ellipse 




I. 


Let x = a cos then y = i sin and we have 


dx = ^ a sin (Pz ^ a cos - a sin 

dy cos = — i sin tpd^f^^ + b cos <pd^<p. 

Hence by formula (5) wo obtain 

{a^sin^tp + i®cos®^)3 

A m 


5- In the hvpocycloid + y^ = a®, let z = a cos^^, then y = a sin^^, and re¬ 
garding <i> as the independent variable, we have 

dx=^ — 7 ^a cos^^ sin ^dtp, d^z = 3^ roa (2 sin-^ — cori“<f>), 

dy = 3« siu-<^ cos<pd<pf ePy = 3a sin<pdtp‘^ (2 cQA~<p — sin-^), 

wlieiu'c 

+ dy^)^ = 3(T sintj) cos <pdtpy and dztPy - dydrx = — 9^® sin*^ 
from which wc obtain 

p = - 3 (aary)*. 

6. Find tlio radius of curvature at any point of tho curve 

ea = sec • Ans. p = a sec ^ j . 


228. Circncral Expression for Radius of Curva¬ 
ture. —The value of p becomes usually diflieult of determi¬ 
nation from formula (i) whenever ?/ is not given ex2)licitly in 
terms of x, that is, when tlio equation of the curve is of the 
form 

u =/(a?, p) = o. 

We proceed to show how the equation for p is to be trans¬ 
formed in this case. Suppose 

du _ du d'U . d^u „ d^u ^ 

-r- = i, -j-= Ti = T-T = 

dx ay djT dxdy dy 

then, by Art. loo, we have 


L + = o. 

ax 
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Again, differentiating this equation with respect to 
regarding ^ as a function of x in consequence of the* given 
equation, and observing that 

d .j dL dLdy d dM dM dy 

dx^ ' dx ^ dy ilx^ dx^ ' dx ^ ((y dx* 

we obtain 

dL ^ dL dy ^ fd3I ^ dMdy\ dy ^ q 

dx dy dx \dx dy dx) dx dn? ’ 


or 


A + zB 


dy 

dx 



whence, on substituting - 


L 

M 


for we obtain 
dx 


(Py _ AM^ - zBLM + CL* 

dx- 


Consequently 


(A* + J/'O* 

AM^ - zBLM + CU' 




Or, on replacing A, J/, A, By < 7 , by their values. 


P = ± 


da 

-7- I + 
dx 


fid. 



d'^H /diiV 
dx- \dy) dxdy dx dy 


d'^u diidti d'ufdn 

dy\dx^ 


The result in (6) enables us to determine the second diffe¬ 
rential coefficient of an implicit function in general; a process 
which is sometimes required in analysis. 

229. The Centre of Curvature is the point of 
intersection of two Consecutive Aformals. —We shall 
next proceed to consider the subject from a geometrical 
point of view. 

As a circle which passes through two infinitely near 
points on a curve is said to have contact of the first order with 



Newton^8 Method of Investigating Curvature. 


291 


the curve, so the circle which passes through three infinitely 
near points on a curve is said to have contact of the second 
order with it, and is called the circle of curvature, or the 
osculating circle at the point. 

Again, the centre of the circle which passes through 
three points, Q, R, is the intersection of the perpendicu¬ 
lars drawn at the middle points of PQ and QR ; but when 
P, Q, R become infinitely near points on a curve, the per¬ 
pendiculars become normals, and the centre of the circle 
becomes the limiting position of the intersection of two infinitely 
near normals to the curve. (Compare Art. 37, note.) 

IVom this it is easily seen that we obtain — for the length 

of the radius of the circle in the limit, as before. 

230. 'lirewtoit’s JVfettaod of Investigating Radii of 
Cnrvatnrc. —When the equation of the curve is algebraic 
and rational it is easy to obtain an 
expression for its radius of curvature* 
at any point. 

If or, take the origin O at the 
point, and tho tangent and normal 
for co-ordinato axes; let P be a 
point on the curve near to O, and 
describe a circle through P and O 
touching the axis of x\ draw RN 
porijendicular to OX. and produce 
it to meet the circle in Q; then we have 



ON^ = RN. NQ. 


Hence, if x and y be the co-ordinates of P, we get 




But when P is infinitely near to Of NQ becomes OP, the 


* This method of finding the radius of curvature ia indicated by Newton 
{Principiaj Lid. I., Sect, i., Lemma xi.), and has been adopted in a more or lo 9 
modified form by many subsequent writers. 


V 2 
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diameter of the circle of curvature, and if p be its radius, we 
have 

2p = limit of — 

y 

Again, since the axis of x is the tangent at the origin, 
the equation of the curve, by Art. 208, is of tHe form 

h\y = CoX^+ zcixy + 4- terms of the third and higher degrees 

= Coa;* + 2 CiX 7 / + + &o. (9) 

On dividing by y wo obtain 

. «* “3 „ 

Oi = Co-h 2Cifl; + CM + — + &0. 

y y 

Again, when x is infinitely small, — becomes 2^0, and 

y 

each* of the otlior terms at the right-hand side becomes infi¬ 
nitely small; hence 

9 = —• 

2Co 

Thus, for example, the radius of curvature at the origin in 
the curve 

6y = 2x^ + 3a?y - 4^® + a?* 
is -, the axes being rectangular. 


when X is infinitely small. 


♦ We have assumed above that the terms —, —&c., become evanescent 

V y 

along with a:; this can be readily established as follows:— 
lict ws = + &x^y 4- 


then 


— = a— + + ^xy 4- ; 

y y 


% 4 

each of the terms after the first vanishes with x. while the first becomes a —x, 

y 

or lopx, which also vanishes with a?, when p is finite. 

Similar reasoning is applicable to the terms, —, &c. 

« y 


Case of Oblique Axes. 
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From the preceding it follows that when the axis of x is 
a tangent at the origin, the length of the radius of curvature 
at that point is independent of all the coefficients except 
those of y and a;®. 

231. Case of Oblique Axes. —If the co-ordinate axes 
be oblique, aisid intersect at an angle tu, then PQ no longer 
passes through the centre of the circle in the limit, but be¬ 
comes the chord of the circle of curvature which makes the 
angle q> with the tangent; accordingly, we have in this case 


2p sm (u = 


= —, in the limit. 
PN 1/ 


Hence, in the case of oblique axes, we have 


bx 

p sin ai = —. 

2Cn 

If bi and have opposite signs, p is negative ; this 
indicates that the centre of curvature lies below the axis of ar, 
towards the negative side of the axis of y. 

The preceding results show that the radius of curvature 
at the origin is the same as that of the parabola, hiy = CoX^y at 
the same point; and also that the system of curves obtained 
by varying all the coefficients in (9), except those of y and 
ar*, have the same osculating circle, in oblique as well as in 
rectangular co-ordinates. 

Again, as in Art. 223, the osculating circle, since it meets 
the curve in three consecutive points, outs the curve at the 
point, in general, as well as touches it. 

If Co = o in the equation of the curve, and 61 be not zero, 
the radius of curvature becomes infinite, and the origin is a 
point of infiexion. This is also evident from the form of the 
equation, since the axis of x meets the curve in this case in 
three consecutive points. 

•232. In general, the equation of a curve referred to any 
rectangular axes, when the origin is on the curve, may be 
written in the form 

2b»x + 2biy = CoiC* + 2CiXy + Cjy* + «3 + &o. 
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Here h^x + h^y = o is the equation of the tangent at the 
origin; and the length of the perpendicular PN from the 
point (a;, y) on this tangent is 

hoX Y hiy 


Vk + 


Also, OP~ = + y^, and OP^ = 2p. PH in the limit. 

Accordingly, wo have, when x and y are infinitely small, 


I 

P 


2b^x + 2h^y 


2 ^N_ 

{x^ + y) v/^ + 6 


Coaj* + 2c^xy ^ 

5 




(aj® + if) ^ 6i® (a-® + y®) v/+ hi 

(since the point a', y is on the curve). 


+ &c. 


Again, the terms contained in 


cent in the limit, as before (see note, Art. 230). 
Hence we have 


, &c., become evanes- 

a:® -h y®’ 


y 


r 

y 


I Coic® + 2Cxxy + ez?/® 

(* ■ + f) 


Co + 2Ci- + ez - 


( 


X 


X 


I + ~ 



+ bi 


But for points infinitely near the origin we have 

17 y bo 

boX + 6,y = o, or - = - 

Substituting this value instead of - in the preceding equation, 

X 

it becomes 


I c„6i® - 2bJhiCx + C260* 

p ~ {bo^ + bx^ 


(*i) 


The student will find no difiiculty in showing the identity 
of this result with that given in (7). 
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233. Radii of Curvature of Inverse Curves.— It 

may be convenient to state here that if two curves be inverse 
to each other Avith respect to any origin, their osculating circles 
at two inverse points are also inverse to each other with resi)ect 
to the same origin. 

This property is evident geometrically from the con¬ 
sideration that a circle is determined when three points on 
it are given. 

Again, since the centres of the two inverse circles are 
in directum with the origin, Ave can construct the centre of 
curvature at any point on a curve, when that for the cor¬ 
responding point on the inverse curve is knoAvn. 

Also, if the osculating circle at any point on a curve 
pass through the origin, the corresponding point is a point of 
inflexion on the inverse curve. 

Wc shall next proceed to establish another expression for 
the radius of curvature, which is of extensive appheatiou in 
curves referred to polar co-ordinates. 


2^34. Radius of Curvature in terms of r 

Lot PN and PC' bo the tangent 
and normal at any point P on a 
curve, P'iV' and P '0 those at 
the infinitely near point P', then 
C is the centre of curvature cor¬ 
responding to the point P. Let 
0 be the origin. 

Join CC, and let OG = S, 

OP = r, OP' = /, ON = i?, 

ON' = /, CP = CP'= p; then 
we have Fig 3,. 


and p. 



OC^ = 0 I» + CF^ - 2OP. CP. COB OPG, 


OP 


S® = r® + p® - 2 pp. 


In like manner we have 


S* = r'* + p® — 2pp'. 
Subtracting, we get 

- r* = 2p (p' - p), or - 

f) ^ f) 


r + r 
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dr p dr 

— = or p = r —. 
dp r dp 


( 12 ) 


This formula can also be deduced immediately from Art. 
193: thus 


dp dp d^ dp dp dr 


g ^ l^U \Af§J If'/' (XV / g (Xjf} 

r cost// = PA = f- = —— = p-^ = p-^ — ^pcosxp-^; 

dto ds dta ds dr ds dr 



235. Chord of Curvature through the Origin.— 

Let 7 denote half the intercept made on the line OP by the 
circle of curvature, and we evidently have 

7 = p sin OPiV= (13) 

This and the preceding formula are of importance when¬ 
ever we can express tlie equation of the curve in terms of the 
lines represented by r and />. 

Their use will be illustrated by the following elementary 
examples:— 


Examples. 


I. To find the radius of curvature at any pohit on. a parabola. 

Taking the focus as pole^ tho equation of the curve in terms of r and p 
evidently is — 7 .mr, 


Hence 





also, 7 = 




m 


2. To find the radius of curvature in an ellipse. 
Taking the centre as origin, the equation of the curve u 


a® + = 


P' 





3. To find the radius of curvature in the Lcmniscat*. 
Here, by Ex. 3, Art. 190, wo have r® = a^p ; 



a* 


= a®; hence P~— » 7“ 
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4. To find th« chord of curvature which passes through the origin in the 
'Car^oid 

r + cos 0 ), 

In this case, we have H = 2ap\ 

dt 2 

Hence y = — =s - r. 

«P 3 

5. To find th^radius of curvature at any point on the curve = a"* eosfn0. 

Here r*"** = a"*py by Art. 190. 

Hence p = ;-r-; = 7-^ ; also, y — -. 

(m + {m + i)p ' w + i 

This result furnishes a simple geometrical method of finding tho centre of cur¬ 
vature in all curves included under this equation. 

236. To prove that /o = If p and to have the 

(iw 

same signification as in Art. 192, the formula of that Art. 
becomes 

ds d^p 

d:.'^ * dZ'- (-*) 


ExAMPLr.3. 

1. In a central ellipse prove that 

p = y/ flS (;Q52 ja gjjjZ 

^ond hence deduce an expression for the radius of curvature at any point on the 
curve. 

2. In a parabola referred to its focus as pole, prove that p = m secand 
hence show that p = 2#» ecc®«. 

237. Kvolutes and Involutes. —If tho centre of cur¬ 
vature for each point on a curve be 
taken, we get a new cur\'o called the 
evolute of the original one. Also, the 
original curve, when considered with 
respect to its evolute, is called an in¬ 
volute. 

To investigate the connexion be¬ 
tween these curves, let Pi, P2, Pa? &c., 
represent a series of infinitely near 
points on a curve; Cx, C2, Ca, &o., the 
corresponding centres of curvature, 
then the lines PiCi, P2C2, PaCa, &o., 
are normals to the curve, and the lines 
Cl C'z, CjCa, C'sC'ij&c., may be regarded in Fig. 33, 

the limit as consecutive elements of th© evolute; also, since 
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each of tho normals PiCi, passes through two 

consecutive points on the ovolute, they are tangents- to that 
curve in the limit. 

Again, if pi, pj, ps, pi, &c., denote the lengths of the radii 
of curvature at the points P., P3, Pi, &o., we have 


also 


pi — PiC^i, ps = PtO^, pa — PiC^, pi — FtfCij &c. j 

pi •— pa = P 1 C\ — P2C2 ~ P%C\ — Pfjz ~ C1C2 \ 

p%~ Pi — OiCsf Pi — Pi = C-iOif . . . Pn-I ~ Pn = C,t-\Cn a 


hence by addition we have 



— pn — C1C2 + C2C3 CzGi + . . • + 


«-l 



This result still holds when the number n is increased 
indefinitely, and we infer that tho length of any arc of the 
evolute is equal, in general, to the difference between the radii of 
curvature at its extremities. 

It is evident that the curve may be generated from its 
evolute by tho motion of tlie extremity of a stretched thread, 
supposed to be wound round the evolute and afterwards 
unrolled; in tliis case each point on the string will describe 
a different involute of tlio curve. 

The names evolute and involute are given in consequence 
of the preceding property. 

It follows, also, that while a curve has but one evolute, it 
can have an infinite number of involutes; for wo may regard 
each point on the stretched string as generating a separate 
involute. 

The curves described by two different points on the 
moving line are said to bo parallel; each being got from tho 
other by cutting off a constant length on its normal measured 
from the curve. 

238. Evolutes regarded as Envelopes. —IVom the 
preceding it also follows that the determination of the evolute 
of a curve is the same as the finding the envelope of all its 
normals. Wo havo already, in Ex. 3, Art. 219, investigated 
the equation of the evolute of an ellipse from this point of 
view. 

239. Evolute of a Parabola. —We proceed to deter¬ 
mine the evolute of the parabola in the same manner. 
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Let the equation of the curve be y* = 2ma;, then that of 
its normal at a point (m, y) is 

{Y-y)- + X- x-o, 

y 

or ^ y® + (w - X.) - zm^T = o. 


The envelope of this line, where y is regarded as an arbi¬ 
trary parameter, is got by eliminating y between this equa¬ 
tion and its derived equation 

+ zm (m - X) =0. 

Accordingly, the equation of the 
required envelope is obtained by 

3 ??i Y 


substituting 


instead of y 


2 m - X 
in the latter equation. 

Hence, we got for the required 
evolute, the semi-cxibical parabola 

z'jmY^ = 8 (JC — my. 

The form of this evolute is exhi¬ 
bited in the annexed figure, whore 
VN=m = 2 VF. If P, r, repre¬ 
sent the points of intersection of the 
evolute with the curve, it is easily seen that 

VM=^VN=^m. 



Fig- 34 - 


240. Evolute ofan Elliptic. —The form of the evolute of 


an ellipse, when e is greater 

than 2, is exhibited in 
the accompanying figure; 
the points J/, Ny JN\ are 
evidently cusps on the curve, 
and are the centres of cur¬ 
vature corresponding to the 
four vertices of the ellipse. 
In general, if a curve be 
symmetrical at both sides 
of a point on it, the oscu¬ 
lating circle cannot intersect 
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Fio 


36. 


the curve at the point; accordingly, the radius of curvature 
is a maximum or a minimum at such a point, and the corre¬ 
sponding point en tho evoluto is a cusp. 

It can be easily seen geometrically that through any point 
four real normals, or only two, can he drawn to an ellipse, 
according as tho point is inside or outside the evolute. 

It may be here observed that to a point of inflexion on 
any curve corresponds plainly an asymptote to its evolute. 

241. Evolute of an Equiangular iipiral. —We shall 
next consider tho equiangular or logarithmic spiral, r = a*. 

Let P and Q be two points 
on the curve, O its polo, PC', 

Q C tho normals at P and Q; j oin 
OC. Then by the fundamental 
property of the curve (Art. 181), 
the angles OPC and OQC are 
equal, and consequently tho four 
points, Of P, Q, C, lio on a circle: 
hence L QOC = Z QPC; but in 
tlie limit when P and Q are coin¬ 
cident, the angle QPC becomes 
a right angle, and C becomes the centre of curvature belong¬ 
ing to the point P; hence POC also becomes a right angle, 
and tho point C is immediately determined. 

Again, Z OOP = Z OQP ; but, in the limit, the angle 
OQP is constant; .-. Z OCP is also constant; and since the 
line CP is a tangent to tlie evoluto at C, it follows that the 
tangent makes a constant angle with the radius vector OC. 
From this property it follows that the evolute in question is 
another logarithmic spiral. Again, as the constant angle is 
the same for tho curve and for its evolute, it follows that the 
latter curve is the same spiral turned round through a known 

angle (whose circular measure is- logo -31) . 

241 {a). Involute of a Circle. —As an example of 
involutes, suppose APQ to represent a portion of an involute 
of the circle BACj whose centre is O. Let 

OC - tty L CO A = 

and CA the length of the string unrolled; then 

CP = CA = ati,. 
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Draw ON perpendicular to the tangent at P, and lei 
ON = Pi then we have 


p = atp. 

Hence, since 

lBON^- l CO a = 

the pedal of the curve APQ, is a 
spiral of Archimedes. 

Also, since 

OP^ = OC^ + CP*, 

we have 

r® = p® + a®. 




which gives tlio equation to the’ involute of a circle in terms 
of the co-ordinates r and p. 

Again, if AP = s, wo have 


ds 

d^ 


= CP = a<p ; 


from which it is easily seen that 


s = 


a<j>‘ 


242. Radius of Curvature, and Points of lii- 
flexion. In Polar Co-ordinates. —Wo shall first find an 
expression for p in terms of u (the reciiuocal of the radius 
vector) and 0 . 

13y Article 183 . we have 


— = w* + 
P" 



i 


hence 

1 dp d~H 

Also 

dr I du 

^ ^dp dp' 
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consequently 





u + 


du 


Affain, since u - —, we have 
^ ’ r’ dO 


I dr 



and 




This result can also bo established in another manner, as 
follows:— 

On reference to the figure of Art. 18o, it is obvious that 
0 = 0 h where 0 is the angle the tangent at P makes with 
the prime vector OX. 


Hence 


r?0 _ d\l> d(ff ds d\f/ 

^ rfO’ 


I 

P 
dr 


dip 

ds 


Again, denoting and 


d\L 

ds 

dd 
d^r 


dO 


- by r and r, we have 


r 


tan xfj = and hence 

T 


di, 


= cos*;// 


,.2 _ 


rr 


• i) •• 

r~ — rr 


r* 


»•* + r 


't ’ 


dxL 

• 1 ^ - ss 

** *^d0 


r® - rr + 2r* 

f.S ^ p 


; also ^ = (»‘® + r® 
au 
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Hence, we get 


( *> • **\ 

r- + v) 


H 

a 



- rr + 2r" 


Or, replacing r and r by their values. 



Again, 
the points 
equation 


since /□ = 00 at a point of inflexion, we infer that 
of intersection of the curve represented by the 



with the original curve, dotorniine in general its points of 
inflexion. 

In some cases tlie points of inflexion can be easier found 
by aid of (15), which gives, when /> = oo, 


d-a 

d(f' 


+ u = o. 


ExAirPLES. 


r = ad. 


I. Find the radius of curvature at any point in the spiral of Archimedes, 

(i 


^ns. a 


2 ^ 6 - 


2, Find the radius of curvature of the logarithmic spiral r — 

Ans. r (1 + (log a)®)*. 

3. Find the points of inflexion on the curve 


r = 29 — II cos 2O, 

4, Prove that the circle r = lo intersects the curve 

r = II — 2 cos50 


Ans. COB 2$ = —. 

11 


in its points of inflexion. 

5. Prove that the curve 


r — a + b cos n$ 


has no real points of inflexion unless ah>b and <(i + «*) 5 . When a lies be¬ 
tween these limits, prove that all the points of inflexion lie on a circle; and show 
how to determine the radius of the circle. 
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242 (a). Intrinsic Kquatlon of a Curve. —In many 
cases the equation of a curve is most simply expressed in 
terms of the length, s, of the curve, measured from a fixed 
point on it, and the angle, <f>, through which it is bent, 
t. e. the angle of deviation of the tangent at any point from 
the tangent at the fixed point, taken as origin These are 
styled the intrinsic elements of the cimve by Dr. Whewell,* 
to whom this metliod of discussing curves is due. 

The relation between the length s and the deviation ^ for 
any curve is called its intrinsic equation. 

If this relation be represented by the equation 




then if p be the radius of curvature at any point, we have 

" ■ , 7 ^ 

Also, if .Si denote the length of the ovolute, from Art. 237 
it is easily scon that the equation of the evolute is of the form 


Si = y‘'(f/>) + const. 

From this it follows that the series of successive evolutes 
arc in this case easily determined by successive differentiation. 

Tho simplest case of an intrinsic equation is that of the 
circle, in which case we have 


S = 

Again, from Art. 241 (or), the intrinsic equation of tho 
involute of a circle is reducible to the form 



We shall meet with further examples of intrinsic equa¬ 
tions subsequently. 

- ‘243. Contact of* BilTcrcnt Orders. —As already 
stated, the tangent to a curve has a contact of the first order 
with the curve at its point of contact, and the osculating 
circle a contact of tho second order. We now proceed to 
distinguish more fully tho different orders of contact between 
two curves. 
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Suppose the curves to he represented by the equations 

andy = 

and that Xi is the abscissa of a point common to both curves, 
then we have 

/(aJi) = ^ (aJi). 

Again, substituting Xi + /i, instead of a; in both equations, 
and supposing and y^ the corresponding ordinates of the 
two curves, we have 

Vi =/(a?i + h) -/(a?i) + hfixi) + ^/'{x^) + &c., 

X • A 

f/2 ~ ^ ^ (iPl) + 

1*2 

Subtracting, we get 

yi-y2 = h lf'(xt) - ^'(Xi )} + ^ {/"(«.) - } + &c. (17) 

JL 9 

Now, suppose ffixi) = <f{xi)t or that the curves have a 
common tangent at the point, then 

A® A® 

y. - ff. - — irW - f'(*.)) + (/"(*.) - f"(*.) 1+ &o. 

In tliis case the curves have a contact of tho first order; 
and when A is small, the difference between the ordinates is 
a small quantity of the second order, and as y, - ya does not 
change sign with A, the curves do not cross each other at the 
point. 

If, in addition 

/"(Xr) = ^"(XO, 

A® 

then yi - ^2 --{/"'(^i) - ^"'(^0} + &o- 

1 • 2.3 

In this case the difference between the ordinates is an in¬ 
finitely small magnitude of the third order when A is taken 
an infinitely small magnitude of the first; the curves are 
then said to have a contact of the second order^ and approach 
infinitely nearer to each other at the point of contact than in 

X 
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the former case. Moreover, since - yt **anges its sign 
with h, the curves cut each other at tho point as well as touch. 

If we have in addition the curves are 

said to have a contact of the t/nrd order: and, in general, if 
all tho derived functions, up to the a'* inclusive, he tlie same 
for both curves when a: = ari, the curves have a contact of the 
order, and wo have 

/,«+! 

“ y-^ = iTTTT ('*^‘)} + &c. (i8) 

'tl + * 


Also, if tho contact be of an even order, n + i is odd, and 
consequently changes its sign with A, and hence tho curves 
out eac other at their point of contact; for whichever is the 
lower at one side of the point becomes the upper at tho 
other side. 

If tho curves have a contact of an odd order, they do not 
cut each other at their point of contact. 

From tho preceding discussion tho following results are 
immediately deduced:— 

(1) . If two curves have a contact of the order, no curve 
having with cither of them a contact of a lower order can 
fall between tho curves near their point of contact. 

(2) . Two curves which have a contact of the order at 
a point are infinitely closer to one another near that point 
than two curves having a contact of an order lower than 
the 

(3) . If any number of curves have a contact of the second 
order at a point, they have the same osculating circle at the 
point. 

244. Apiillcation to Circle. —It can be easily verified 
that the circle Avhich has a contact of the second order with a 
curve at a point is tho same as the osculating circle determined 
by the former method. 

For, lot (X - a)* + {r - fsy = ie* 


be the equation of a circle having contact of the second order 
at the point (2:, y) with a given curve; then, by the preceding, 

df/ d^v 

the values of - 4 - and -r? miist be the same for the circle and 

dx ajr 

for the curve at the point in question. 
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Differentiating the equation of the circle twice, and sub¬ 
stituting X and y for X and y, we get 



+ (y~ (3) 


dji 

dx 




and 


I + (y - ^) 



4 * 




Hence y - j3 « - • a? - a = 


d^y 

dx* 


dr 


I I 


d:r) 


2 n 


dx* 


.% ay + (y - /3*) = 


-m 


dx- 


(21) 


This agrees with the expression for the radius of curvature 
found in Art. 226. 

The co-ordinates a, /3 of the centre of curvature can 
be found by aid of equations (21) ; and the equation of the 
e olute by the elimination of x and y between these equa¬ 
tions and that of the curve. 

In practice, the following equations are often more useful; 
thus, by differentiation with respect to x, w^e get from (19), 



In like manner, from the equation 


we obtain 




I + 


d f dx 
dy V dy. 




245. Centre of Curvature, and Evolute of Ellipse. 

—As an illustration, we shall apply these equations to de- 

X 2 
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termine the co-ordinates of the centre of curvature, and the 
equation of the evolute of the ellipse 



Here 


Hence 





dx 


--jar, X— 

or dy 





of dy 







d? a*‘ y* 


A* ^ i*ar’| 6* 
In like manner, we have 


X 


d^x 

If 



Substituting in (22) and (23), we obtain for the co-ordinates 
of the centre of curvature 



(a* - i'*) \f 





Again, substituting the values of x and y given by these 
equations, in the equation ^ ^ = i, we get for the equation 

of the evolute 

(aa)! + (/3i)i = («® - i*)1. 

246. It may bo noticed that the osculatiug circle outs the 
curve in general^ as well as touches it. This follows from 
Article 243, since the circle has a contact of the second order 
at the point. 

At the points of maximum and minimum curvature the 
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osculating circle has a contact of the third order with the 
curve; for example, at any of the four vertices of an ellipse 
the osculating circle has a contact of the third order, and does 
not cut the curve at its point of contact (Art. 240). 

247. Oscolating Curves. —^When the equation of a 
curve contaijis a number, »», of arbitrary coefficients, we can 
in general determine their values so that the curve shall have 
a contact of the (» - i)‘* order with a given curve at a given 
point; for the n arbitrary constants can be determined so 
that the n quantities 

dy d'^y d'''~'^y 
~d£ 

sliall be the same at the point in the proposed as in the 
given curve, and thus the curves will have a contact of the 
(w - i)‘* order. 

The curve thus determined, which has with a given curve 
a contact of the highest possible order, is called an osculating 
curve, as having a elosor contact than any other curve of tho 
same species at the point. 

For instance, as the equation of a circle contains but 
three arbitrary constants, the osculating circle has a contact 
of tho second order, and cannot, in general, have contact of a 
higher order; similarly, the osculating parabola has a contact 
of the third order; and, since the general equation of* a conic 
contains five arbitrary constants, the general osculating conic 
has a contact of fourth order. In general, if tlie greatest 
number of constants which determine a curve of a given 
species be n, the osculating curve of that species has a contact 
of the (n - order. 

248. Creometrical Metbod. —The subject of contact 
admits also of being considered in a geometrical point of view; 
tlius two curves have a contact of the first order, when they 
intersect in tico consecutive points; of the second, if they inter¬ 
sect in three; of the if in + i. For a simple investi¬ 
gation of the subject in this point of view the student is 
referred to Salmon’s Conic Sections, Art. 239. 

249. Curvature at a Double Point. —'VVe now pro¬ 
ceed to consider the method of finding the radii of curvature 
of the two branches of a cm ve at a double point. 
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In this case the ordinary formula (8) becomes indetermi¬ 
nate, since 


du 

dx 




at a double point. Tho qiiostion admits, however, of being 
treated in a manner analogous to that already employed in 
Art. 230 : we commence with the case of a node. 

250. Radii ©r Curvature at a Mode.—Suppose the 
origin transferred to the node, and the tangents to the two 
branches of the curve taken as co-ordinate axes, w represent¬ 
ing tho angle between them. 

By Art. 210, tho equation of tho curve is in this case of 
the form 

zhxy = + ^x-y + yxif + hf u^ + &o.: 


dividing by xy wo obtain 

T ip* i-i ts V* 

2h = a — + iix ^ yy + 6'— + — &c. 

y X xy 


Now, let p\ and p-i be the radii of curvature at the origin 
for tho branches of tho curve which touch tho axes of x and y, 
respectively; tlicu, by Art. 231, wo have 


'JO 'it 

2pi sin ui = -, and 20* sin w = —, in tho limit. 

y a; 


Again, it can bo readily seen, as in tho note to Art. 230, 

that tho terms in —, &o., become evanescent along with x 

xy 

2 2 

and y, and accordingly the limiting values of — and — can 

y ^ 

be separately found, as in the Article referred to. 

Hence wc obtain 


h 


h 


Pi = 


a Bin 


P* 


6 sin<u 


(25) 


Also, if a = o, we get pi = 00, and tho corresponding 
branch of the curve has a point of indexion at the origin. 
Similarly, if S = o, p* = 00. 
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If a = o, and S = Of the origin is a point of inflexion on 
botli branches. This appears also immediately from the 
consideration that in this case U3 contains n-i as a factor. 

If the equation of a curve when the origin is at a node 
contain no terms of the third degree, the origin is a point of 
inflexion on botli branches. An example of this is scon in 
the Lomniscate, Art. 210. 


Examples. 

1. Find the radii of curvature at the origin of the two branches of the curve 

= ic* -I- y*, 

the axes being rcctungnlar. 

2, Find tbo radii of curvature at the origin in the curve 

a (y® — as“) = 

Transforming the equation to the internal and external bisectors of the angle 
between the axes, it becomes 


- and ^ 

a 


4«a:y 2 = (a; - //)•»; 


hence the radii of curvature are za 2 and — T.a\/ 2, respectively. 

251. Radii of Curvature at a Cusp. —Tlio preceding 
method fails wlien applied to a ettsp, because the angle (i> 
vanishes in that case. It is easy, however, to sujiply an in¬ 
dependent investigation ; for, if wo take tho tangent and 
normal at the cusp for tho axes of x and ?/, respectively, tho 
equation of tho curve, by tho method of Art. 210, maybe 
written in the form 

y* = ao? + /32!®y + + &o. (26) 

Now in this, as in every case, tho curvature at tho origin 
depends on the form of tlio portion of the curve indefinitely 
near to that point; consequently, in investigating this form 
wo may neglect ?/V, ?/*, &o., in comparison with y*; and 
x^Pf &c., in comparison with a?. 
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Accordingly, the curvature at the origin is the same, in 
general, as that of the cubic 

y“ = aiJt^ + (27) 

Dividing by a?*, we get 

^ = oa; + /3y. 

• • f/ 

Hence, in immediate proximity to the origin, - he- 

S/ 

comes very small, i. e. y is very small in comparison with x. 
Accordingly, the form of the curve near the origin is repre¬ 
sented by the equation 

y® = aa:®. 

From this we infer that the form of any algebraic curve 
near a cusp is, in general, a semi-cubical parabola (see Ex. 2, 
Art. 2n). 

Again, since 


X* X 



we have, by Art. 230, 



from which wc seo that p vanishes along with a:, and accord¬ 
ingly the radii of curcature are zero for both branches at the 
origin. 

This result can also be arrived at by differentiation, by 
aid of formula (i). 

252. Case where the Coeflicient of aP Is wanting.— 

Next, suppose that the term containing disappears, or 
0 = 0, then the equation of the curve is of the form 

tf = + yxif + Sy® + oV + &o.; 

and proceeding as before, the curvature at the origin is the 
same as in the curve 


y® = ^a?y + a a*. 


(28) 
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The two branches of this curve are determined by the 
equation 

y = I ± y y/3= + 4«'. (29) 

The nature the origin depends on the sign of j 3 ® + 4a', and 

the discussion involves three cases. 

(i). If + 40' be positivey it is evident that the curve 
extends at both sides of the origin, and that point is a double 
cusp (Art. 215(0;)). 

On dividing equation (28) by and substituting 2p for 


X 


I = 2j3p + 4a'p*- 


(30) 


—, we get 

y 

The roots of this quadratic determine the radii of curva¬ 
ture of the two brandies at tho cusp. 

These branches evidently lie at the same, or at opposite 
sides of tho axis of x, according as the radii of ciuvaturo 
have the same or opposite signs: i. e. according as a has a 
negative or positive sign. 

These results also appear immediately from tho circum¬ 
stance, that in this case tho foi-m of tho curve very near the 
origin becomes that of tho two parabolas represented by 
equation (29). 

(2) . If + 4a'be negative^ y becomes imaginary, and tho 

origin is a conjugate point. 

(3) . If + 4a' = o, the equation (30) becomes a perfect 
square : wo proceed to prove that in this case the origin is a 
cusp of the second sjjccies. 

To investigate the form of tho curve near tlie origin, it is 
necessary in this case to take into account tlio terms of tho 
fifth degree in x (y being regarded as of tlie second): this gives 

(y-^x^y = Yx\f + /3'a;V + « V = + /3Vy + ax^). ( 31 ) 

It will be observed that the right-hand side changes its 
sign with x ; accordingly tho origin is a cusp. Also, tho cusp 
is of the second species, for the two roots of the equation in y 

« havo tho same sign, viz., that of (3 ; and consequently 
’anclies of tho curve at the origin lie at the same side 
of the axis of x. 
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Moreover, as equation (30) has equal roots in this case, 
the radii of curvature of the two hrauches are equals and the 
branches have a contact of the second order. 

We conclude that when the terra involving in equation 
(28) disappears, the origin is a double cusp, a cusp of the second 
species, or a conjugate point, according as + 4a > = or < o. 

Moreover, if a - o, one root of the quadratic (30) is in¬ 
finite, and tho other is Tlie origin in this case is a double 

_ 2/i ^ 

cusp, and is also a point of inflexion on one branch. Such a 
point is called a jioint of oscul-inflexion by Cramer. 

If /3 = o in addition to a = o, the origin is a cusp of the 
first species, but having tlio radii of curvature infinite for both 
branches. 

It is easy to see from other considerations that the radii 
of curvature at a cusp of tho first species are always either 
zero or infinite. 

For, since the two branches of the curve in this case 


turn thoir convexities in opposite directions, 


d^g , 

- must have 
dxr 


opposite signs at both sides of the cusp, and consequently it 
must change its sign at that point; but this can happen only 
in its passage througli zero, or through infinily. 

It should be observed that tho preceding discussion ap^ilics 
to the case of a curve rofeiTod to oblique axes of co-ordinates, 
jirovided that wo substitute y instead of p ; wliere y is half 
tho chord ini creepted on i he axis of y by tho osculating circle 
at the origin. 

253. ltc<>apiiula(ioii. —Tho conclusions arrived at in tho 
two preceding Articles may be briell^^ stated as follows :— 

(1) . Whenever tho equation of a curve can be transformed 
into the shape y- = ax? -t terms of tlie third and higher degrees, 
tho origin is a cusp of tho first species; both radii of curva¬ 
ture being zero at the point. 

(2) . When tho coeflicient of a? vanishes,* the origin is 


* In tins caso, if vi be tlie equation of tbe tangent at the cusp, tho equation 
of the curve is of tho form 

vi® + V1V2 + V4 + &c. = o. 

Tills is also evident from geometrical considerations. 
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generally either a double cusp, a conjugate point, or a cnsp 
of the second species. In the latter case tlio two branches 
of tho curvG have the same centre of curvature, and conse¬ 
quently have a contact of the second order with each other. 

(3). If tho lowest term in a? (indcpondetit of >/) be of the 
5** degree, the origin is a point of oscul-inflexion. 

If, liowov’er, tho coefficient of Jt^t/ also vanish, the origin 
is not only a cusp of tho first species, but also a point of 
inflexion on both branches of the curve. 

254. Cfcncral Investigation of Cusps. —The pre¬ 
ceding results admit of being established in a somewhat more 
general manner as follows : — 

13 y the method already given, tho ecpiation which deter¬ 
mines the form of an algebraic curve near to a cusp may bo 
written in tho following general shape ; 

f 2 Ax"ij + + Cj'^, (32) 

where is the lowest term in tho coefficient of //, and 

Cjf* are tho lowest terms independent of //. 

JBy hypotliesis, </, &, c are positive integers, and a > i, />> 2, 
c > 3 ; now, solving for y, wo obtain 

y = Ad(f^ ± A-jr“^ H- Bx^ + CuePy 

which represents two parabolasf osculating tho two branches 
at tho origin. 

Tho discussion of the preceding h)rm for y resolves itself 
into three cases, according as 2a is > = or < h. 

(i). Let 2a = & + hy then 

b-t-h b 

y = Ax ® ±x- B ^ As'jf + 

h 

(a). If h be odd, becomes imaginary for negative values 
of Xy and accordingly the origin is a cusp of tho 
frst species in this case. 


* This term is retained, as it is necessar7 in tho case of a cusp of tho second 
species. 

i* The word parabola is bore employed in its more cxlonsive signiiioatioD. 
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(/ 3 ). If 6 be even., and B positive, y is real for all values 
of X near the origin; accordingly that ppint is a 
double cusp. 

(7). If h be even^ and B negative, the origin is a conjugate 
point. 

(2) . If 2a = we have , 

y = ±x^ (A~ + B) + 

In this case, tho origin is either a double cusp, or a conju¬ 
gate point, according as A^ + B is positive or negative. 

Again, if . 4 ® + = o, we have 

C~b 

y = X"{A + x ® \/^)> 

(a), li c - b be an odd number, the origin is a cusp of the 
second species. 

(j 3 ). If c - 6 bo even, tho origin is a double cusp or a con¬ 
jugate point according as C is positive or negative. 

(3) . 2a < bf or b = 2a + h. 

Here y - Aaf* ± af* + Ba^ + 

and tho curve evidently extends at both sides of the origin, 
which accordingly is a double cusp. 

This method of investigating curvature is capable of being 
modified so as to apply to the caso of multiple points of a 
higher order; the discussion, however, is neither sufficiently 
elementary, nor sufficiently important, to be introduced here. 

255. Joints on Involute corresponding; to Cusps on 
Curve.—In connexion with evolutes and involutes, the pre¬ 
ceding results load to a few interesting conclusions. 

(1) . If a curve has a cusp of the first species, its evolute 
in general passes tlirongh the cusp. However, if in addition 
tho cusp bo a point of inflexion, the tangent at it is an asymp¬ 
tote to the evolute. 

(2) . To a cusp of the second species corresponds in general 
a point of inflexion on the evolute : in some cases the point 
of inflexion lies altogether at infinity. 

(3) . To a double cusp corresponds a double tangent to the 
evolute. 
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256. Equation of the Osculating Conic.—As an 

additional illustration of the principles involved in the prc - 
ceding investigation, it is proposed to discuss the question of 
the conic which osculates an algebraic curve at a given point. 
Transferring the origin to the point, and taking the tangent 
as axis of a:, <the equation of the curve may be written in the 
form 

ay = + aixy + a^'f + boO^ + biO^y + b-iXy^ + b^y^ 

+ CoX^ + Cix^y + &o. + doO^ + &c. (33) 

In considering the form of the curve near the origin, as a 
first approximation we may, as in Art. 251, neglect xy, //*, &o., 
in comparison with y ; and a-®, &c., in comparison with a?*; 

thus the equation reduces to the form 

ay = (34) 

Hence the form to which every curve of finite curvature 
approximates in the limit is that of the common parabola, as 
already seen in Art. 231. 

To proceed to the next approximation, we retain terms of 
the third order (rememberiug that when a; is a very small 
quantity of the first order, y is one of the second) y and the 
equation becomes 

ay — + a^xy + b^x?. 

On substituting ay instead of a;® in the term b^a?^ the pre¬ 
ceding equation becomes 


ay = x^+ {a, + b^a) xy. (35) 

This represents a conic having contact of the third order 
with the proposed curve at the origin. When + ft„a = o, the 
parabola ay - a;® has a contact of the third order at tho origin, 
and accordingly so also has tho osculating circle. 

In proceeding to the next and final approximation, we re¬ 
tain terms of the fourth order, and we get 

ay - x‘ + ttixy + + hio^y + Cuar*. (36) 
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Moreover, from the preceding approximation we have 

hotay = haO^ + (fl, + ah^). 

Hence, wo got for the equation of the conio having a 
contact of the closest kind with the given curve » 

ay = a?+{ai+ boa) xy + + a {bi - a, bo) + a® (4 - V)] y®. (3 7) 

This conio, since it lias the closest contact possible with 
the given curve at the origin, is the osculating conic (Art. 246) 
for that point. 

In like manner the parabola 

ay = a;® + + Jo a) xy + —y*, (38) 

since it has the closest contact possible for a parabola, is the 
osculaling parabola at the point. 
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Exa uplks, 

1. Prove that the radius of curvature at the vertex of a parabola is equal to 
its scmi-latus rectum* 

2. Find the length of the radius of curvature at the origin in the curve 

y* + jt® + a- a*y. Am, 

3. Find the radius of curvature at the origin in the curve 


= ex^y. Ans, 00, 

4. Provo that the locus of the centre of a conic having contact of tho third 
order with u given curve at u common point is a liglit line. 

5. Provo that the locus of the centres of equilateral hyperbolas, which have 
contact of the second order with a given curve ut a fixed point, is a circle, whoso 
radius is half that of the circle of curvature at tho point. 

6. Prove geometrically that the centre of curvature at any point on an ellipse 
is the pole of the tangent at the point, with respect to the conlbcul hyperbola 
Avliich passes through that point. 

7. The locus of the centres of ellipses whoso axes have a given direction, and 
which have a contact of the second order with a given curve at a couuuoii point, 
is an equilateral hyperbola passing through the point? 

8. Provo that the locus of tlie focus of a parabola, which has a contact of 
the second order with a given curve at a given point, is a circle. 

9. Prove that the radius of curvature of the curve y = a:'" at tho origin is 

*ero, or infinity, according as w is < = or > 2 : m being assumed to bo greater 
than unity. 

10. Two plane closed curves have tho same evolute : what is the difference 
between their perimeters P 

Ans, 2TFdt M'hcro d is the distance between the curvos- 

11. Find the radius of curvature at the origin in the curve 


3y = 42: - 153;*^ - 33:® : 

find also at what points the radius of curvature is infinite. 

12. Apply tho principles of investigating maxima and minima to find tho 
greatest and least distances of a point from a given curve ; und show that the 
problem is solved by dmwing the normals to the curve from the given point. 

(a). Prove that the distance is a minimum, if the given point be nearer to 
the curve than the corresponding centre of curvature, and a maximum if it bo 
further. 
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(d). If the given point be on the cvolutc, ahow that the solution arrived at 
is neither a ntaximum nor a minimum; and hence show that the circle of curva¬ 
ture cuts as well as touches the curve at its point of contact. 

13. Find an expression for the whole length of the evolute of an ellipse. 

^ns. 4- 

ab 

14. Find the radii of curvature at the origin of the two branches of the curve 


1 ax^y — axy’^ + 

2 

15. Prove that the evolute of the hypocycloid 

si + ^ = 


a and 

4 


is the hypocycloid 


(a + + (a — iS)i = 2<ii. 


16. Find the radius of curvature at any point on the curve 

y + \/^ (I - x)- sin-i X. 

17- If the angle between the radius vector and the normal to a curve has a 
maxiinuTu or a minimum value, prove that 7 = r; where 7 is the semi-chord of 
curvature winch, pusses tlirough the origin. 

18. If the co-ordinates of a point on a curve he given by the equations 

X — csin 20 (i + cos 2d), y s c cos 2d (1 ^ cos 2d), 

find the radius of curvature at the point. Ans. 40 cos 3d 

19. Show that the evolute of the curve 

- a» = 

has for its equation 

— (i - w) o® = 

20. If a and J3 be the co-ordinates of the point on the evolute corresponding 
to the point (x, y) on a curve, prove that 

da 

— — -(-Iso. 

dx dp ^ 

21. If p bo the radius of curvature at any point on a curve, prove that the 

radius of curvature at the corresponding point in the evolute is ~; where » 

dm 

is the angle the radius of curvature makes with a fixed line. 

22. In a curve, prove that 


I _ / /^\ 

p dx \iU J 
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33. Find the equation of the evolute of an ellipse bj means of the eccentrio 
angle. 

34. Prove that the determination of the equation of the evolute of the 
curve V == reducea to the elimination of x between the equations 



9 1 a ^ 2« - I 

and 3 =-**»» + 


w - I 


» — I 


kn{n— 


35. In figure, Art* 239, if the tangent to the evolute at P meet the parabola 
in a point prove that HN is perpendicular to the axis of the parabola. 

26. If on the tangent at each point on a curve a constant length measured 
from the point of contact be taken, prove that the normal to the locus of the 
points so found passes through the centre of curvature of the proposed curve. 

27. In general, if through each point of a curve aline of given length be 
drawn making a constant angle with the normal, the normal to the curve locus 
of the extremities of this line passes through the centre of curvature of the pro¬ 
posed. (Bertrand, CaL p- 573O 

This and the preceding theorem can he immediately established from geome¬ 
trical considerations. 

28. If from the points of a curvo perpendiculars be drawn to one of its tan¬ 
gents, and through the foot of each a line he drawn in a fixed direction, pro¬ 
portional to the length of the corresponding perpendicular; the locus of the 
extremity of this line is a curvo touching the proposed at their common point. 
Find the ratio of the radii of curvature of the curves at this point. 

29. Find an expression for the radius of curvature in the curve p = — — 

^ * r*’ 

p being the perpendicular on the tangent. 


30. Being given any curve and its osculating circle at a point, prove that 
the portion of a parallel to their common tangent intercepted between the two 
curves is a small quantity of the second order, when tho distances of the point 
of contact from tho two points of intersection are of tho first order. 

Prove that, under the same circumstances, tho intercept on a lino drawn 
parallel to the common normal is a small quantity of the tliird order. 


31. In a curve referred to polar co-ordinates, if the origin ho taken on tho 
curve, with tho tangent at the origin as prime vector, prove that the radius of 

curvature at the origin is equal to one-half the value of in the limit. 

B 

32. Hence find the length of the radius of curvature at tho origin in the 

curve r = a sin nB. Am. p s — * 

2 

33. Find the co-ordinates of the centre of curvature of the catenary; and 
show that the radius of curvature is equal, but opposite, to the normal. 

34. If p, p* be the radii of curvature of a curve and of its pedal at corre¬ 
sponding points, show that 

p"{2r- -^p) =r*. 


y 


Ind. Civ. Ser. Exam.^ 1878. 
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CHAPTEE XVIII. 

ON TRACING OF CURVES. 

257. Tracing Algebraic Carves. —Before concluding the 
discussion of curves, it seems desirable to give a brief state¬ 
ment of the mode of tracing curves from their equations. 

The usual method in the case of algebraic curves consists 
in assigning a series of different values to one of the co-ordi¬ 
nates, and calculating the corresponding series of values of 
the other; thus determining a definite number of points on 
the curve. By drawing a curve or curves of continuous cur¬ 
vature through these points, we are enabled to form a tolerably 
accurate idea of the shape of the curve under discussion. 

In curves of degrees beyond the second, the preceding 
process generally involves the solution of equations beyond 
the second degree : in such cases we can determine the series 
of points only approximately. 

258. The following are the principal circumstances to be 
attended to:— 

(I). Observe whether from its equation the curve is sym¬ 
metrical with respect to either axis; or whether it can be 
made so by a transformation of axes. (2). Find the points 
in wliich the curve is met by the co-ordinate axes. (3). De¬ 
termine the positions of the asymptotes, if any, and at which 
side of an asymptote the corresponding branches lie. (4). De¬ 
termine the double points, or multiple points of higher orders, 
if any belong to the curve, and find the tangents at such 
points by the method of Art. 212. (5). The existence of 

ovals can be often found by determining for what values of 
either co-ordinate the other becomes imaginary. (6). If the 
curve has a multiple point, its tracing is usually simplified by 
taking that point as origin, and transforming to polar co-or¬ 
dinates : by assigning a series of values to 0 we can usually 
determine the corresponding values of r, &o. (7). The points 
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where the y ordinate is a maximum or a Tninirymm are found 

from the equation ^ = o ^ l)y this means the limits of the 

curve can be often assigned. (8). Determine when possible 
the points of inflexion on the curve. 

259. To/race tbe Curve y* = »*(»- d) ; a being sup¬ 
posed positive. 

Id this case the origin is 
a conjugate point, and the 
curve cuts the axis of a; at a 
distance OA = a. Again, 

when X is less than rr, y is _ 

imaginary, consequently no o 
portion of the curve lies to 
the left-hand side of A. | 

The points of inflexion, T 
and T, are easily determined 

from the equation o; the 





Fig. 38. 




corresponding value of a; is —; accordingly AN = 

3 . . . 

Again, if TI be the tangent at the point of inflexion /, it 

can readily be seen that TA — ~J~’ 

This curve has been already considered in Art. 213, and 
is a cubical parabola having a conjugate point. 

260. Cubic with three Asymptotes. —We shall next 
consider the curve* 


OA 


y^x + ey = ax^ + bs? + cx + 


(1) 


where a is supposed positive. 

The axis of y is an asymptote to the curve (Art. 200), and 
the directions of the two other asymptotes are given by the 
equation 

y® - ax^ = 0, or y = ±x v^. 


♦ Thia investigation is principally taken from Newton’s Enumtratio Li- 
nearum Tertii Ordmia. 


Y 2 



324 


On Tracing of Curves. 


If the term be wanting, these lines are asymptotes; if h 
be not zero, we get for the equation of the asymptotes 



On multiplying the equations of the three asymptotes 
together, and subtracting the product from the equation of 
the cmrve, we get 

ey^ic -) a? + a: 

4a 


this is the equation of the right line which passes through the 
three points in which the cubic meets its asymptotes. (Art. 

204.) 

Again, if we multiply the proposed equation by r, and 
solve for sry, we get 

e I ^ 

icy = — - + + bx^ + cx^ + dx + - : (2) 


from which a series of points can be determined on the curve 
corresponding to any assigned series of values for x. 

It also follows that all chords drawn parallel to the axis 


of y are bisected by the hyperbola xy + - = o: hence we infer 

2 


that the middle points of all chords drawn parallel to an 
asymptote of the cubic lie on a hyperbola. 

The form of the curve depends on the roots of the bi¬ 
quadratic under the radical sign. (i). Suppose these roots 
to be all real, and denoted by a, [ 5 , 7, S, arranged in order of 
increasing magnitude, and we have 


xy = - ^ ± x/a {x - a){x - j^)(x - y)(x - S). 

Now when a? is < a, y is real; when x > a and < ^, y is 
imaginary; when « > /3 and <7, y is real; when x > y and 
< 8,3/ is imaginary ; when a; > 8, y is real. 
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We infer that the curve oonsistBof three branches, extending 
to infinity, together , 

with an oval lying j y 

between the values y 

/3 and y for x. ^ ^ 

The accdinpany- 
ing figure* repre- 
sents such a curve. ' 

Again, if either __- - 2 L 

the two greatest C_ - 

roots or the two 
least roots become 
equal, the corres- \ 

ponding point be- " j 

comes a node. I 

If the interme¬ 
diate roots become *’^6- 39 - 


equal, the orat shrinks into a conjugate point on the curve. 

If three roots be equal, the corresponding point is a cmsjo. 

If two of the roots be impossible and the other two un¬ 
equal, the curve can have neither an oval nor a double point. 

If the sign of a be negative, the curve has but one real 
asymptote. 

261. Asymptotes. —In the preceding figure the student 
will observe that to each asymptote correspond two infinite 
branches; this is a general property of algebraic curves, of 
which we have a familiar instance in the common hyperbola. 

By the student who is acquainted with the elementary 
principles of conical projection the preceding will be readily 
apprehended; for if we suppose any line drawn cutting a 
closed oval curve in two points at which tangents are drawn, 
and if the figure be so projected that the intersecting line is 
sent to infinity, then the tangents will be projected into 
asymptotes, and the oval becomes a curve in two portions, 
each having two infinite branches, a pair for each asymptote, 
as in the hyperbola. 


* The figure is a tracing of the curve 

9*y* + io8y = (* - 5) (x - II) (x - la). 
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It should also he observed that the points of oontaot at 
infinity on the asymptote in the opposite directions along it 
must he regarded as being one and the same point, since they 
are the projection of the same point. That the points at 
infinity in the two opposite directions on any line must he 
mgarded as a single point is also evident from the considera¬ 
tion that a right line is the limiting state of a circle of in¬ 
finite radius. 

The property admits also of an anal3rtical proof; for if 
the asymptote be taken as the axis of aj, the equation of the 
curve (Art. 204) is of the form 


+^2 = 0, or y = - f-, 

where 02 is at least one degree lower than 0, in x and y. 

Now, when x is infinitely great, the fraction — becomes in 

general infinitely small, whetlier x be positive or negative; 
and consequently the axis is asymptotic to the curve in both 
directions. 

262. To trace tbe Curve Y 

a’y® = 

where a and h are both positive. 

Here ya® - ±q^ {x -t- i)i. 

The curve is symmetrical with respect 
to the axis of a*, and has two infinite 
branches ; the origin is a double cusp. 

The shape of the curve is exhibited in the 
figure annexed. 

If 6 were negative, we should have 

ya* = ± a?* (as - 

Here y becomes imaginary for values of x less than h ; 
accoidingly, the origin is a conjugate point in this case: the 
curve has two infinite branches as in the former case 

263. To trace the Curve 

tt*y* = 2 nh3^y + a?*. 
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From the fopa of its equation we see that the origin is 
a point of O5cw7-inflexion (Art. 251). 

Solving for we can easily 
determine any number of points 
on the curve we please. It has 
two inhnitobranches at opposite 
sides of the axis of x, and a loop 
at the negative side of that axis, 
os exhibited in the figure. 

264. To trace the Curve 

Fig. 41. 



z*' + +y* = x {ax^ - hif). 

(1). Let a and h have the 
same sign, then the origin is 
a triple point, having for its 
tangents the lines 

z = o, X + y = o, 

and z -y/a - y ^b = o. 

Moreover, since the curve 
has no real asymptote, it is 
a finite or closed curve with 



three loops passing through the Fig. 43. 

origin ; and it is easily seen that its shape 
is that represented in the accompanying / 

figure. V 

(2). If a and b have opposite signs, the 
lines represented by - bf = o become 
imaginary. The curve in this case consists x 
of a single oval as in the figure. > 

This and the preceding figure were / 

traced for the case where 6 = 3a: if the I 

value of - be altered, the shape of the cmwe 


Fig. 43- 


will alter at the same time. If a be greater than 6, the 
curve (2) will lie inside the tangent at the point X. 

265. Form off Curve near a Uouble Folnt. —-When¬ 
ever the curve has a node or a cusp, by transforming the 
origin to that point, the shape of the curve for the branches 
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passing through the point admits of being investigated by the 
method explained in Arts. 250, 251. It is unneces^fuy to 
enter into detail on this subject here, as it has been already 
discussed in the articles referred to. 

266. In connexion with the tracing and the discussion of 
curves there is an elementary general principlei which may 
be introduced here. 

If the equation of a curve be of the form 

LL' - MM' = o, 

where X, ilf, X', M' are each functions of the co-ordinates * 
and y, the curve evidently passes through all the points 
of intersection of the curves represented by the equations 
X = o and M-o‘, similarly it passes through the intersec¬ 
tions of X = o and M' - o ; and also those of M = o and 
X' = o; and of L' -o and M' = o. Moreover, if X and L' 
become identical, the points of intersection coincide in 
pairs, and the equation of the curve becomes of the form 
X“ - MM' = o; which represents a curve touching the curves 
JIf = o, M' = o, at their points of intersection with the curve 
X = o. 

This principle admits of easy extension; but as the subject 
belongs properly to the method of trilinear co-ordinates, it is 
not considered necessary to enter more fully into it here. 

267. On Tracing Curves given in Polar Co-ordi¬ 
nates. —The mode of procedure in this case does not differ 
essentially from that for Cartesian co-ordinates. We have 
already, in Arts. 206 and 207, considered the method of 
finding the asymptotes and asymptotic circles in such cases. 
It need scarcely be observed that the number and variety of 
curves whose discussion more properly comes under the 
method of polar co-ordinates are indefinite. We propose to 
confine our attention to a few varieties of the class of curves 
represented by the equation 

r" = a"* cos m$. 

268. On ll»e Curves r"* = a*" cos mO. —In this case, 
since the equation is unaltered when 0 is changed into - 0, 
the curve is symmetrical with respect to the prime vector: 
again, when 0 = o, we have r = a; and as 0 increases from zero 
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to —, r diminishes from a to zero. When is a positive in- 
2m 

teger, it is easily seen that the curve consists of m similar loops. 

'•There are many familiar curves included under this 
equation. Thus, when m = 1, we have r = a cos B, which 
represents & circle: again, if m = - i, the equation gives 
r cos B = a, which represents a right line. Also, if ni= 2, wo 
have r* = a’ cos 26, a Lemniscato (Art. 210). If m = - 2, we 
get r* cos 20 = rt*, an equilateral hyperbola. 

If w = - we get ri = cos whence r = - (i + cos 0 ), a 
2 2 2 


1 0 

cardioid (Ex. 4, p. 232); with m = —, itisri cos - = ai, a 

2 2 

parabola (Ex. i, p. 231) ; and so on. As already observed, 
if wo change m into - ni we get a new curve, inverse of 
the original. Also, the reciprocal polar is obtained by sub- 

f 7 l 

stitutine - -instead of m. 

° m + i 

The tangent and normal can bo immediately drawn at 
any"point on a curve of this class by aid of the results arrived 
at in Art. igo. The radius of curvature at any point has 
been determined in Ex. 5, Art. 235. The method of finding 
the equations of the successive jjcdals, both positive and 
negative, has been also already explained. 

A few examples in the case of fractional indices are here 
added. 

Example i. 

^ ® 
r* = «> cos -. 

3 

Here when 0 = o, we have r = a, 
and the curve cuts the prime vector 
at a distance OA equal to a : again, 

when 0 = ^, r = - algo when 


B 


IT, r 


I’ ” = 5 - 



The shape of the curve is given in the accompanying 
figure. This curve is the inverse of the camfic considered in 
Example 18, p. 277. 
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Ex. 2. Ex. 3. Ex. 4. 

r? = a* 00s - 0. r* = a* cos ~ 0 . r* = a* cos - 0.- 

4 5 3 

In Ex. 2, as 0 increases from zero to 120°, r diminishes 
from a to zero: when 0 increases 
from 1 20° to 240°, r increases from 
zero to a : when 0 increases from 
240° to 360°, r diminishes from a 
to zero. By assigning negative 
values to 0, the remaining part of 
the curve is seen to be symmetrical / 
with that traced as above. The [ 
same result plainly follows by con- \ 
tinning the values for 0 from 360° \ 
up to 720°. The form of the curve 
is exhibited in the annexed figure. Fig. 45. 

In Ex. 3, according as cos - 0 is positive or negative, we 

5 

get equal and opposite real values, or imaginary values, for r* 

Hence it is easily seen that for values of 0 between ± ^ 

radius vector traces out two symmetrical portions of the 

curve: again, between tr and tt we get two other 

” 0 






symmetrical portions. The shape is that given in the former 
of the two accompanying figures. 
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The latter figure represents the curve in Ex. 4; it consists 
(A five symmetrical portions ranged round the origin. 

The results above stated admit of generalization, and it 
can be shown, without difficulty, that in general the curve 
e e. pO . 

= a* cos ^ consists of p similar portions arranged about 

the origin; and that the entire curve is included within a 
circle of radius a when p is positive, but lies altogether 
outside it when p is negative. 

Many curves can be best traced by aid of some simple 
geometrical property. We shall terminate the Chapter with 
one or two examples of such curves. 

269. Tlie lii mason. —The inverse of a conic section 
with respect to a focus is called a Lima9on. Prom the polar 
equation of a conic, its focus being origin, it is evident that 
the equation of its inverse may be written in the form 

r = cos 0+6, 
where a and 6 are constants. 

It is easily seen that ^ is the eccentricity of the conic. 

The curve can be readily traced by drawing from a fixed 
point on a circle any number of chords, and taking off a 
constant length on each of these lines, measured from the 
circumference of the circle. 

If a be less than 6, the curve is the inverse of an ellipse, 
and lies altogether outside the circle. 

If a be greater than 6, the 
curve is the inverse of a hy¬ 
perbola, and its form can bo 
easily seen to be that exhibited 
in the annexed figure, where 
OD = a - b, and the point 6) is a 
node on the curve. 

If 6 = «, the curve becomes 
the inverse of the parabola, 
and is called a cardioid. The 
inner loop disappears in this 
case, and the origin is a cusp 
on the curve. Fig. 48. 
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When a = 2h, the Linia9on is called the Trisectrix; a 
■curve hy aid of which any given angle can be readily 
trisected. 

270. The Conchoid of IVlcomedes. —If through any 
fixed point A a secant P^AP be 
<irawn meeting a fixed right line LM 
in By and BP and BPi be taken 
each of the same constant length; 
then the locus of P and Pi is c^lod 
the conchoid. 

This curve is easily traced from 
the foregoing geometrical property, 
and it consists of two branches, 
having the right line LM for a 
common asymptote. Moreover, if 
the perpendicular distance AB of 
A from the fixed line be less than 
BP, the curve has a loop with a 
node at A, as in the annexed figure. 

It is easily seen that when 
AB = BP, the point .4 is a cusp 
on the curve ; and when AB is 
greater than BP, is a conjugate 
point. 

The form of the curve in the Fig. 49. 

latter case is represented by the dotted lines in the figure. 

If AB = a, BP = b, the polar equation of the curve is 
{r + b) cos 0 = a. 

When transformed to rectangular co-ordinates, tbia 
equation becomes 

(r* + y*) (a - r)* = V. 

The method of drawing the normal, and finding the 
centre of curvature, at any point, will he exhibited in the 
next Chapter. 
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Examples. 

1. Trace the curve y = (4? - i) (:r — 2) (a; — 3), and find the position of its 
point of inflextbn. 

2. Trace the curve y* — iari/ +s?* = o, drawing its asymptote. 

This curve is called the Folium of Descartes. 

3. Tra the curve = y (6^ + or*), and find its points of inflexion, and 
points of greatest and least distance from the axis of x. 

4. If an asymptote to a curve meets it in a real finite point, show that the 
oorresponding branch of the curve must have a point of inflexion on it. 

5. Find the position of the asymptotes and the form of the curve 


a* — y^ + xffafy* = o. 


6. Show that the curve r = a cos 20 consists of four loops, while the curve 
r = a cos 30 consists of but three. Prove generally* that the curve r = 0 cos h 9 
has n or 2n loops according as n is an odd or ovon integer. 

7. Trace the curve 

y^ {x - a){x - i) = e^{x + a)(iF + ft). 

8. Show that the curve 2!*y* + ** = «*(«* — y 3 ) consists of two loops passing 
through the origin, and And the form of the curve- 

9. Trace the curve y{x + aY = + c)*, showing the positions of its 

asymptotes and inflnito branches. 

10. Trace the curve whose polar equation is 

r = a cos 0 + j cos 20, 

and show that it consists of four loops passing through the origin. 

11. Given the base and the rectangle under the sides of a triangle, find the 
equation of the locus of the vertex (an oval of Cassini). Exhibit different 
forms of the curve obtained by varying the constants, and find in what case tlie 
curve becomes a Lemniscate. 

12. Trace the curve y* = ox® + 3^2:* + 3ca! + rf, and find its points of greatest 
and least distance from the axis of x. 

Show that two of these points become imaginary when the roots of the cuhio 

in X are nil real. 

% 

13. Given the base and area of a triangle, prove that the equation of the 
locus of the centre of a circle touching its three sides is of the form 


- a (x* + y*) - (y - a) = o. 
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14. Prove that all curves of th^third degree are reducihle to one or other of 
the forms 

(1). xy* + ey = a*® + ix* + ex + rf. 

(a), xy = ax* + + rx + tf. 

(3) . y® = ffX® + Ja;2 + cx + rf. 

(4) - y = ax* + + <?x + . 

NewtoDf Linear. Ter. Ordinie. 


15. Prove that all curves of the third degree can be obtained by projection 
from the parabolas contained in class (3) in the preceding division. [Newton.] 

For every cubic has at least one real point of inflexion: accordingly, if the 
curve be projected so that the tangent at the point of inflexion is projected to 
infinity, the harmonic polar (Art. 223) will bisect the system of parallel chords 
passing through this point at infinity. Hence the projected curve is of the 
class (3). [TUs proof is taken from Ghasles, Hiatoire de la Geomecrie^ note xx.] 


16. Trace the curve r = 


0*'- i’ 


and show that it has a point of inflexion 


when 0® = 3; find also its asymptotes and asymptotic circle. 


17. Trace the curve y = asin-, and show how to draw its tangent at any 

a 

point. (This is called the curve of sines.) 

18. The hose of a triangle is fixed in position; find the equation of the locus 
of its vertex, when the vertical angle is double one of the base angles. 

Trace the locus in question, finding the position of its asymptote. 

19. Show geometrically that the first pedal of a circle with respect to a 
point on its ciicumfcrenceis a cardioid. 

20. Show in like manner that the Limaqon is the first pedal of a circle with 
respect to any point. 

21. Trace the curve 


y* + lary* = ox* + x*, 

and find the equations of its asymptotes, and of the tangents at the origin. 

Ind. Civ. Ser. A!x., 1876. 
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OHAPTEE XIX. 

KOTJLETTES. 

271. JRonlettes. —When one curve rolls without sliding 
upon another, any point invariably connected with the rolling 
curve describes another curve, called a roulette. 

The curve which rolls is called the generating curvcy the 
fixed curve on which it rolls is called the directing curve, or 
the base, and the point which describes the roulette, the tracing 
point. We shall commence with the simplest example of a 
roulette: viz., the cycloid. 

272. The Cycloid. —This curve is the path described by 
a point on the circumference of a circle, which is supposed to 
roll upon a fixed right line. 

The cycloid is the most important of transcendental 
curves, as well from the elegance of its properties as from its 
numerous applications in Mechanics. 

We shall proceed to investigate some of the most 
elementary properties of the curve. 

Let LPO be any position of the rolling circle, P the 
generating point, O the point of 
contact of the circle with the fixed 
line. Take the length AO equal 
to the arc PO, then, from the 
mode of generation of the curve, - 
A is the position of the generating 
point when in contact with the so- 

fixed line; also, if A A' bo equal to the circumference of the 
circle, A' will be the position of the point at the end of one 
complete revolution of the circle. Bisect A A'.in D, and 
draw PB perpendicular to it and equal to the diameter of 
the circle, then B is evidently the highest point in the 
cycloid. Draw PiV perpendicular to AA'y and let JPIf = y, 
AN = Xy lPCO = Oy OC= tty and we get 

X = AO - NO = a{9 — sin 0), y = PN = a{i - cos 0). (i) 


N L B 
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The position of any point on the cycloid is determined hy 
these equations when the angle 6 is known, t. e. the -angle 
through which the circle has rolled, starting from the position 
for which the generating point is upon the directing line. 

273. Cycloid rererred to Its 'Yertex. —It is often 
convenient to refer the cycloid to its vertex as origin, and to 
the tangent and normal at that point as axes of co-ordinates. 
In the preceding figure let 


x = BN\ y = PN\ = 

then we have 

aj = = a (O'+ sin O'), y = PJV" = a (i - cos O'). (2) 


274. Tanf^ent and Yormal to Cycloid. —^It can he’ 

easily seen that the line PO is normal at P to the cycloid; 
for the motion of each point on the circle at the instant is one 
of rotation about the point 0 , i. e. each point may bo regarded 
as describing at the instant an infinitely small circular* are 
whose centre is at 0 : and hence PO is normal to the curve. 

This result can also be established from the values of x 
and y in (I): for 


dx 

dO 


= a(i - cos fi), 


dB 


= a sin 0 : 



dy sin B 
dx I - cos B 


Q 

cot - = cot PLO ; 
2 


and, accordingly, PL is the tangent, and PO the normal to 
the curve at P. 

, dy 

and^, we 

obtain 


Again, if we square and add the values of 


dx 



= a® {(I - cos 0)* + sin* 0} = 4a* sin* ^ B ; 


« This method of finding the normal to a cycloid is due to Descaitea, and 
ovidently applies equally to all roulettes. 
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hence 


ds . 0 

-rj; = 2« Sin- = PO. 
dd 2 


( 4 ) 


275. Radius of Curvature and R volute of Cycloid. 

—Let p denote the radius of curvature at the point P, and 

/.POA- 


( 5 ) 

From this 



then P = T" 2 = 4a sin- = 2PO ; 

^ dtjt dO 2 

or the radius of curvature is double the normal, 
value of p the evolute of the curve 
can be easily determined. For, 
produce PO imtil OP' = OP, then 
P' is the centre of curvature be¬ 
longing to tho point P. Again, 
produce LO until Off = OP, and 
describe a circle through 0 , P' and 
ff ; this circle evidently touches 
A A'f and is equal to the generating 
circle LPO. Fig. 51. 

Also, the arc OP" = arc OP = AO; 

arc ffP' = ffP'O - P '0 = AL~AO=OD= Bff. 

Hence the locus of P' is the cycloid got by the rolling of 
this new circle along the line 
P)ff ; and accordingly the evo- 
luto of a cycloid is another 
cycloid. It is evident that the 
evoluto of tho cycloid ABA' 
is made up of the two semi- 
cycloids, AB' and B'A', as in 
figure 51. Conversely, the 
cycloid ABA' is an involute of 
the cycloid AB^A'. 

The position of the centre of 
curvature for a point P on a 
cycloid can also be readily de¬ 
termined geometrically, as fol¬ 
lows :— 

Suppose Oi a point on the 
circle infinitely near to and take 00 % = 00 %.. Lat P' 
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be the centre of curvature required, and draw POi and P'Oj. 
Now suppose the circle to roll until Oi and Oz coincide, then 
CO 2 becomes perpendicular to AD^ and POi and P'Oz will 
lie in directum (since P' is the point of intersection of two 
consecutive normals to the cycloid). Hence 

L OCO, = L PO.Q = L OPO, + L OP'Oi, 

since each side of the equation represents the angle through 
which the circle has turned. 

But L OCOi =21 OP Ox. (Euclid, III. 20.) 

Hence L OPO, ~ l OP' Ox-, 

POx = P'Ox-, 

and consequently in the limit wo have 

PO = P'0, 

as before. 

We shall subsequently see that a similar method enables 
us to determine the centre of curvature for a point in any 
roulette. 

276. Jjengtb of Arc ofC5'*Joid.—Since . 4 P'^ (^ig- 5 *) 
is the evolute of the cycloid AP it follows, from Art. 237, that 
tho arc AP' of the cycloid is equal in length to the line PP', 
or to twice P'O; hence, as yl is the highest point in the 
cycloid AP'P', it follows that the arc A T*' meas\ircd from the 
highest point of a cycloid is double the intercept P' O, made 
on tho tangent at tho point by the tangent at tho highest 
point of the curve. 

Hence, denoting the length of tho arc AP' by s, we have 

fi = 4a sin P' OD = 4a sin <j>. (6) 

This gives the intrinsic equation of the cycloid {see Art. 
242 {a)'). Hence, also, the whole arc APt is four times the 
radius of the generating circle: and accordingly the entire 
length ABA' of a cycloid is eight times the radius of its 
generating circle. 

Again, if the distance of P' from AA' be represented by 
y, we shall have 

P'O^ = 00 X y = 2ay. 

Hence «* * 4P'0* = Zay. (7) 
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This relation is of importance in the applications of the 
cycloid in Mechanics. 

Again, since AO = arc OJP', if we represent AO by v, we 
have* 

V = 2a<p. ( 8 ) 

277. Tfocliolds. — In general, if a circle roll on a 
right line, any point in the. 
plane of the circle carried round* 
with it describes a curve. Such 
curves are usually styled tro¬ 
choids. When the tracing 
point is inside the circle, the 
locus is called a prolate tro- S 3 - 

choid; when outside, an oblate. Their forms are exhibited in 
the accompanying figure. 

Their equations are easily determined; for, let ar, y be 
the co-ordinates of a tracing point P, referred to the axes 
AD, and AI (A being the ])osition for which the moving 
radius OP is perpendicular to the fixed line). 

Then, if 00 = a, OP - > OOP - 0 , wo have 



X = AN = AO - ON = aO - d sin 0 , 
y = PN — a —d cos 0 . 



278. Epicycloidsf and Hypocycloids. —The investi- 


* This is called, by Professor Casey, tbc tavgential equation of tbo cycloid, 
and by aid of it bo has arrivchl at some remarkable properties of tbc curve (**0n 
a New Form of Tangential Equation,” Ihilosophical Transactions^ *^77)* 
general, if a variable line, in any of its positions, make an intercept v on tbo axis 
of jr, and an angle ^ with it; then the equation of tbo lino is 

X y cot ^ — y = o ; 

y, the quantities which dot<;rminc the position oi the line may be called 
its co-ordinates. From this it follows that any relation between y and such 
as 

will ho the tangential equation of a curve, which is the envelope of the lino.** 
For applications, the reader is referred to Professor Casey's Memoir. See also 
Dub. £xam. Papers^ Graves, Lloyd Exhibition, 1847. 

t I have in this edition adopted the correct definition of these curves as 
given by Mr. IVoctor in his Oeometry of Cycloids. I liave thus avoided the 
anomaly existing in the ordinary definition, according to which every epicyclyid 

Z 2 
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gation of the properties of the cycloid naturally gave rise to 
the discussion of the more general case of a circle rolling on a 
fixed circle. In this case the curve generated by any point 
on the circumference of the rolling circle is called an epicycloid^ 
or a hypocychidf according as the rolling circle touches the outside^ 
or the inside of the circumference of the fixed circlet We shall 
commence with the former case. 

Let P be the position of the generating point at any in¬ 
stant, A its position when 
on the fixed circle ; then 
the arc OA = arc OP. 

Again, lot C and C'^e 
the centres of the circles, 
a and b their radii, 

laco = o,/.oo'p^er; 

then, since arc OA = arc 
OPf we have aO = bO. 

Now, suppose C taken 
as the origin of rectangu¬ 
lar co-ordinates, and OA 
as the axis of x ; draw PN 

and C'L perpendicular, F'g- 54 * 

and PM parallel, to CA, and wo have 

X = ON = CL - NL = (a + J) cos Q - b cos {B + O'), 
y = PN=C'L-CyM= {a + 6) sin 0 - 6 sin (0 + 0 '); 



U 


or, siibstituting ^ 0 for 0', 


X = {a + b) oos 6 - b cos0, ^ 
y = (a + i) sin 0 - 6 sin 0- J 



ifl a hypocycloidy but only some bypooycloida are epicycloids. While according 
to the correct definition no epicycloid is a hypocycloid| though each can be gene¬ 
rated in two ways, as will be proYcd in Art. 280. 
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When the radius of the rolling circle is a suhmultiple of 
that of the fixed circle, the tracing point, after the circle 
has rolled once round the circumference of the fixed circle, 
evidently returns to the same position, and will trace the 
same curve in the next revolution. More generally, if the 
radii of th^ circles have a commensurable ratio, the tracing 
point, after a certain number of revolutions, will return to its 
original position: but if the ratio he incommensurable, the 
point will never return to the same position, but will describe 
on infinite series of distinct arcs. As, however, the suc¬ 
cessive portions of the curve are in every respect equal to 
each other, the path described by the tracing point, from 
the position in which it leaves the fixed circle until it returns 
to it again, is often taken instead of the complete epicycloid, 
and the middle point of this path is called the vertex of the 
curve. 

In the case of the hypocycloid, the generating circle rolls 
on the interior of the fixed circle, and it can be easily seen 
that the expressions for x and y are derived from those in (i o) 
by changing the sign of h ; hence we have 


x= {a - b) cos B + h cos 0, 



y = {a - b) sin B-h sin —^ 




The properties of these curves are best investigated by 
aid of the simultaneous equations contained in formulas (lo) 
and (ii). 

It should be observed that the point A, in Fig. 54, is a 
cusp on the epicycloid; and, generally, every point in which 
the tracing point P meets the fixed circle is a cusp on the 
roulette. From this it follows that if the radius of the rolling 
circle be the n*^ part of that of the fixed, the corresponding epi- 
or hypo-cycloid has n cusps: such curves are, accordingly, 
designated by the number of their cusps : such as the threo- 
cusped, four-cusped, &o. epi- or hypo-cycloids. 

Again, as in the case of the cycloid, it is evident from 
Descartes’ principle that the instantaneous path of the point P 
is an elementary portion of a circle having O as centre; ac- 
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cordingly, the tangent to the path at P is perpendicular to 
the line PO, and that line is the normal to the curve at P. 
These results can also he deduced, as in the case of the 
cycloid, by differentiation from the expressions for x and y. 
We leave this as an exercise for the student. 

To find an expression for an element ds of the curve at 
the point P; take O', O", two points infinitely near to O on 
the circles, and such that 00' = 00"; and suppose the gene¬ 
rating circle to roll until those points coincide :* then the 
lines 00 ' and O'O" will lie in directum, and the circle will 
have turned through an angle equal to the sum of the angles 
000 ' and 00 'O"; hence, denoting these angles hydO and dffj 
respectively, we have 

ds = OP {dO + dff) = OP {1+ dO ; (12) 

since dff = % dd. 

b 

279. Radius or Curvature of an Epicycloid.— 

Suppose w to bo the angle OSN between the normal at P and 
the fixed lino CA, then 


W = C'OS - O '08 = - 

2 


0 ' ( 

— - fl; dfo = — dOl I + 



Hence, if p be the radius of curvature corresponding to 
the point P, we get 


— =0P 

dot a + zb ' 



Accordingly, the radius of curvature in an epicycloid is 
in a constant ratio to the chord OP, joining the generating 
point to the point of contact of the circles. 


* It may be observed that O'O" is infinitely small in comparison with 0 (/; 
hence the space through which the point 0 moves during a small displacement 
is infinitely small in comparison with the space through which i’moves. It is 
in consequence of this property that O may be regarded as being at rest for the 
instant, and every point connected with the rolling circle as having a circular 
motion around it. 
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280. Doulile Generation of Epicycloids and Hypo- 
cycloids. —In an Epicycloid, it can be easily shown that 
the curve can he generated in a second manner. For, 
suppose the rolling circle in¬ 
closes the fixed circle, and join ® 

P, any position of the tracing 
point, to O, the correspond¬ 
ing point of contact of the two 
circles; draw the diameter OED^ 
and join (XE and PD ; connect 
Cf the centre of the fixed circle, 
to O', and produce OCX to meet 
DP produced in D\ and describe 
a circle roun d the triangle CXPD'; o 

this circle plainly touches the 
fixed circle ; also the segments 55 * 

standing on OP, O'P, and OCX are obviously similar ; hence, 
since OP = 00 ' + O'P, we have 

arc OP = arc 00 ' + arc O'P. 




If the arc OCX A be taken equal to the arc OP, we have 
arc (XA = arc O'P; accordingly, the point P describes the same 
curve, whether wo regard it as on the circumference of the 
circle OPD rolling on the circle OO'E, or on the circumference 
of (XPDC rolling on the same circle; provided the circles each 
start from the position in which the generating point coincides 
with the point A. Moreover, it is evident that the radius of 
the latter circle is the difference 
between the radii of the other two. 

Next, for the Hypocycloid, 
suppose the circle OPD to roll 
inside the circumference oiOCXE, 
and let O be the centre of the 
fixed circle ; join OP, and pro¬ 
duce it to meet the circum¬ 
ference of the fixed circle in CX; 
draw O'E and PD, join OCX, 
intersecting PD in DC, and de¬ 
scribe a circle round the triangle 
PD>CX. It is evident, as be¬ 
fore, that this circle touches the 



Fig. 56. 


344 


Roulettea. 


larger circle, and that its radius is equal to the difference be¬ 
tween the radii of the two given circles. Also, for the same 
reason as in the former case, we have 

arc 0 (y = arc OP + arc (XP. 


If the arc OA bo taken equal to OP, wo ^et arc O'P 
= arc O' A ; consequently, the point P will describe the same 
hypocydoid on whichever circle we suppose it to be situated, 
provided the circles each set out from the position for which 
P coincides with A. 

The particular case, when the radius of the rolling circle is 
half that of the fixed circle, may he noticed. In this case the 
point D coincides with O, and P becomes the middle point of 
00 ^, and A that of the arc 00 '. From this it follows im¬ 
mediately that the hypocydoid described by P becomes the 
diameter CA of the fixed circle. This result will be proved 
otherwise in Art. 285. 

The important results of this Article were given by Euler 
{Acta. Petrop., 1781). By aid of them all epicycloids can be 
generated by the rolling of a circle outmle another circle; 
and all hypooycloids by the rolling of a circle whose radius 
is less than half that of the fixed circle. 


281, Kvolutc of an Epicycloid.— The evolute of an 


epicycloid can bo easily 
seen to he a similar epi¬ 
cycloid. 

For, let P be the trac¬ 
ing point in any position, 
A its position when on the 
fixed circle; join P to O, 
the point of contact of the 
circles, and produce PO 

until PP' = OP y , 

a + zb 

then P is the centre of 
curvature by (i 3); hence 

OP' = OP 

a + 26 



Next, draw P" 0 ' perpendicular to P' 0 ; circumscribe the 
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triangle OP' O' by a oircle; and describe a circle ■with O as 
centre, and 00 ' as radius: it evidently touches the circle OP'O'. 

Then 00 ': 0 P= OP': OP = a: a + 26 - 00 : OP; 

00 - 00 ': OP - OP = 00 : OP, 
or OO': 00 = 00 : OP; 

that is, the lines OP, 00 , and 00 ' are in geometrical pro¬ 
portion. 

Again, join O to P, the vertex of the epicycloid; let OP 
meet the inner circle in P, and we have 

arc OB : arc OB = 00 ': 00= CO'. CE= C /0 : PO 

= arc P'O': arc OQ. 

But arc OB = arc OQ ; arc C/B = arc PO'. 


Accordingly, the path described by P is that generated by a 
point on the circumference of the circle OP'O' rolling on the 
inner circle, and starting when P' is in contact at B. Hence 
the evolute of the original epicycloid is another epicycloid. 
The form of the evolute is exhibited in the figure. 

Again, since 00 : OP = 00 '; O' 0 , the ratio of the radii 
of the fixed and generating circles is the same for both epicy¬ 
cloids, and consequently the evolute in a similar epicycloid. 

Also, from the theory of evolutes (Art. 237), the line 
PP is equal in length to the arc P .4 of the interior epicy¬ 
cloid ; or the length of P. 4 , the arc measured from the 
vertex A of the curve, is equal to 


2 (a + i) 
a 


0 P= 2OP 


CO' 

CO 


2 OP 


00 " 

CC/' 


Hence, the length* of any portion cf the curve measured from 
its vertex is to the corresponding chord of the generating circle as 
ticice the sum of the radii of the circles to the radius of the fixed 
circle. 


* Tho length of the arc of an epicycloid, as also the investigation of its 
evolute, were given by Newton {Frincipia^ Lib, i.. Props. 49, 50). 
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With reference to the outer epicycloid in Fig. 57, this 
gives 

rirt^ 

arc Piy = zPE . . (14) 

G \J 

The corresponding results for the hypooyolfid can be 
found by changing the sign of the radius h of the rolling 
circle in the preceding formulae. 

The investigation of the properties of these curves is of 
importance in connexion with the proper form of toothed 
wheels in machinery. 

282. Pedal of Kpicyvloid.—The equation of the pedal, 
with respect to the centre of the ^ 
fixed circle, admits of a very 
simple expression. For let P be 
the generating point, and, as be¬ 
fore, take arc OA = arc OP, and 
make AB = go°. Join GA, CB^ 

CP, and draw CN perpendicular 
to DP. Let L PDO = L BGN 
= w, lACO = 0 , CN^-p. 

Then since .40 = PO, we have 




i 


aO = zhtft ; 


0 = — 0 . 

ft • 


Again, ta = 90° - A CN =0 + 0 
2b\ 


Fig. 58. 


hence 

m 

t V \JiA 

0 - . 

^ a + 20 

(15) 

Also 

CN= C'Dsin^; 



™ (a + 20) sin-r. 

(i6) 


which is the equation of the required pedal. 

283. Equation of Epicycloid in terms of r andj?.— 

Again, draw OL parallel to DN, and let CP = r, and we have 


P= PN- = OU = 00 * - CU = «* - 


a + zh)^ ^ 
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hence r* = g* + y- p^. (17) 

(a + 26)^ ^ 

Also, from (16) it is plain that the equation of DN^ the tan¬ 
gent to the epicycloid (referred to CB and CA as axes of x 
and y respeTltively), is 


• / y V • diiy f 

X cos w + y sin w = (a + 20) sin- r. (18) 

' a + 20 ' ' 

The corresponding formulae for the hypocycloid are 
obtained by changing the sign of b in the preceding equa¬ 
tions. 

Again, it is plain that the envelope of the right line re¬ 
presented by equation (18) is an epicycloid. And, in general, 
the envelope of the right line 

X cos w + y sin to = k sin ww., 


regarding <o as an arbitrary parameter, is an ^icycloid, or a 
hypocycloid, according as m is less or greater than unity. For 
examples of this method of determining the equations of epi- 
and hypo-cycloids the student is referred to Salmon’s Higher 
Plane Curves, Art. 310. 

284. diiitrocholds and Uypotroclioids.— In general, 
when one circle rolls on another, every point connected with 
the rolling circle describes a distinct curve. These curves are 
called epitrochoids or hypotrochoids, according as the rolling 
circle touches the exterior or the interior of the fixed circle. 

If d be the constant distance of the generating point from 
the centre of the rolling circle, there is no difficulty in 
proving, as in Art. 278, that we have in the epitrochoid the 
equations 


X = {a + b) cos 0 - d cos —^ 

y = (g + ft) sin 0 - c;? sin —J 
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In the case of the hypotroohoid, changing the signs of h 
and rf, we obtain 


X = {a - b) cos d + d cos 0 


y = {a — b) sin B - d sin ^ B. J 


■1 


( 20 ) 


In the particular case in which a = 26, i.e. when a circle 
rolls inside another of double its diameter, equations (20) 
become 

X (b + d) cos 0, y = (b - d) sin B; 
and accordingly the equation of the roulette is 


{b + dy'^ (b-d) 


- 2 = 


which represents an ellipse whose semi-axes are the sum and 
the difference of b and d. 

This result can also be established geometrically in the 
following manner:— 

285. Circle rolling Inside anotber of doable its 
Diameter.— Join Oi and O to any 
point X on the circumference of the 
rolling circle, and let CxL meet the 
fixed circumference in A ; then since 
L OCL = 2OC1A, and OCi = 2OC, we 
have arc OA = arc OL ; and, accord¬ 
ingly, as the inner circle rolls on the 
outer the point L moves along CiA. 

In like manner any other point on 
the circumference of the rolling circle 
describes, during the motion, a dia¬ 
meter of the fixed circle. 

Again, any point P, invariably connected with the rolling 
circle^ describes an ellipse. For, if L and M be the points in 
which (?P outs the rolling circle, by what has been just 
shown, these points move along two fixed right lines C\A 
and C 7 iP, at right angles to each other. Accordingly, by a 
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well-known property of the ellipse, any other point in the 
line LM describes an ellipse. 

The case in which the outer circle rolls on the inner is 
also worthy of separate consideration. 

286. Circle rolling on anotber Inside it and of 
half Its Dftameter. —^In this case, anp diameter of the rolling 
circle always passes through a fixed pointy which lies on the 
circumference of the inner circle. 

For, let C\L and CJL be any two positions of the moving 
diameter, Cx and Ca being the corresponding positions of the 
centre of the rolling circle: 0 and 0 % the corresponding posi¬ 
tions of the point of contact of the circles. Now, if the outer 
circle roll from the former to the latter position, the right 
lines CxOi and CO^ will coincide in d 

direction, and accordingly tho outer ^ 

circle will have turned through the 
angle C%OfJx ; consequently, the mov¬ 
ing diameter will have turned 
through the same angle; and hence 
L CJuCx = L C-iOtCx ; therefore the 
point L lies on the fixed circle, and 
the diameter always passes through 
the same point on this circle. 

Again, any right line connected 
mth the rolling circle will aheays touch 
a fixed circle. 

For, let DE be the moving line in any position, and draw 
the parallel diameter AB‘, let fall CxEtm^LM perpendicular 
to DE. Then, by the preceding, AB always passes through 
a fixed point L; also LM= CxF= constant; hence always 
touches a circle having its centre at L. 

Agmn, to find the roulette described by any carried point 
P\. The right line Pif/i, as has been shown, always passes 
through a fixed point L; consequently, since C,Bi is a con¬ 
stant length, the locus of Bx is a Limagon (Art. 269). In like 
manner, any other point invariably connected with the outer 
circle describes a Limacon; unless the point be situated on 
the circumference of the rolling circle, in which case tho 
locus becomes a cardioid. 
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1. When the radii <>f the fixed and the rolling circles become equal, prove 
geometrically that the epicycloid becomes a cardioid, and the epitrochoid a 
liimaqon (Art. 269). 

2. Prove that the equation of the reciprocal polar of an epicycloid, with 
respect to the hxed circle, is of the form 

r sin mui = const. 


3. Prove that the radius of curvature of an epicycloid varies as the perpen¬ 
dicular on the tangent from tho centre of the fixed circle. 

4. If a — 4d, prove that the equation of the hypocycloid becomes 

^ + yf — of. 


5. Find the equation, in terms of r and^, of the three-cusped hypocycloid; 

i, e, when a = 3d. Ans. ^ 

6. Find the equation of the pedal in the same curve. 

Ans* p = d sin jw. 

7« In the case of a curve rolling on another which is equal to it in every 
respect, corresponding points being in contact, prove that the determination of 
tho roulette of any point P is immediately reduced to finding the pedal of tho 
rolling curve with respect to the point P. 

8. Hcncc, if the curves he equal parabolas, show that the path of the focus 
is a right line, and that of the vertex a cissoid. 

9. In like manner, if the curves he equal ellipses, show that the path of the 
focus is a circle, and that of any point is a hieircular quartic. 

10. In Art. 285, prove that the locus of the foci of the ellipses described by 
tho difieront points ou any right line is an equilateral hyperbola. 

f 1. ^ is a fixed point on the circumference of a circle; the points L and M 
are taken such that arc AL = m arc AMy where m is a constant; prove that the 
envelope of LM is an epicycloid or a hypocycloid, according as the bxcsAL and 
AM are measured in the same or opposite directions from the point A, 

12. Prove that LMy in tho case of an epicycloid, is divided internally in the 
ratio m : i, at its point of contact with the envelope; and, in the hypocycloid, 
externally in the same ratio. 

13. Show also that the given circle is circumscribed to, or inscribed in, the 
envelope, according as it is an epicycloid or hypocycloid. 

14. Prove, from equation (14), that theintrinsic equation of an epicycloid is 


4^ (a + A) , 

8 = —2-1 Bin- 

a a + zb 


where b is measured from the vertex of the curve. 

15. Hence the equation s = f sin ntp represents an epicycloid or a hypo* 
cycloid, according as n is less or greater thgn unity. 
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16. In 2|i epitrochoid, if the distance^ of the moving point from tho centre 
of the rolling circle be equal to the distance between the centres of the circles, 
prove that the polar equation of the locus becomes 


(tB 

r = a (a + cos- r. 

a + 20 

17. Hence show that tho curve 

r — a sin mO 

is an epitrochoid when «>< i, and a hypotrochoid when m > i. 

This class of curves was elaborately treated of by the Abbe Grnndi in the 
Vhilosophieal Transactions for 1723. He gave them the name of “ Rhodonese,” 
from a fancied resemblance to tho petals of roses. See also Gregory’s Examples 
on the Differential and Integral Calculus^ p. 1S3. 

For illustrations of the beauty and variety of form of these curves, as well as 
of epitrochoids and hypotrochoids in general, the student is referred to tho admi¬ 
rable figures in Mr. Proctor’s Geometry of Cycloids. 

287. Centre of Curvature of an Epltroehold or 

Hypotrochoid. —The position of the centre of curvature for 
any point, of an epitrochoid can be easily 
found from geometrical considerations. For, 
let ( 7 i and Ci he the centres of the rolling 
and the fixed circles, the centre of cur¬ 
vature of the roulette described by Pi; and, 
as before, let Ox and 0% be two points on the 
circles, infinitely near to 0, such that OOx 
= OOi. Now, suppose the circle to roll until 
Ox and 0% coincide; then tho lines CxOx 
and will lie in directum^ as also the 
lines PiOi and (since Pa is the point 
of intersection of two consecutive normals to 
the roulette). 

Hence l OCxOx + L OC^Oz = L OPxOx + L OP 2 O,, 

since each of these sums represents the angle through which 
the circle has turned. 



Fig. 61. 


Again, let z. CxOPi = OOi = OOt = 


then 


z OCiOx = 


ds 


OGx* 


z CG%Ot = 


ds 





352 


Roulettes. 


consequently we have 

0C2^ ^ {jop, ^ ok )' 

Or, if OPx = n, OPa = ra, 



II A * 

- + T = COS 0 — + - 

a o ^ \ri ra 


From this, equation ra, and consequently the radius of curva¬ 
ture of the roulette, can he obtained for any position of the 
generating point Pi. 

If wo suppose Pi to he on the circumference of the rolling 

OP 

circle, we get cos ^ = —777^; whence it follows that 

2(JL/i 



a 

a zb 



which agrees with the result arrived at in Art. 279. 

288. Centre of Curvature of any Roulette.— The 

preceding formula can be readily extended to any roulette : for 
if Cl and bo respectively the centres of curvature of the 
rolling and fixed curves^ corresponding to the point of contact O, 
wo may regard 00 1 and 00 % as elementary arcs of the circles 
of curvature, and the preceding demonstration will still 
hold. 

Hence, denoting the radii of curvature OCi and 00 % by 
pi and p2, we shall have 



It can be easily seen, without drawing a separate figure, 
that we must change the sign of p2 in this formula when the 
centres of curvature lie at the same side of 0 . 

It may be noted that Pi is the centre of curvature of the 
roulette described by the point P2, if the lower curve be sup¬ 
posed to roll on the upper regarded as fixed. 

' 289. Geometrical Construction* for the Centre of 


* This beautiful construction, and also the formula (22) on which it is based, 
were given by M. Savary, in his Ze^ons des Machines i VEcole Folytechnique. 
See also Leroy’s Qiomitrie Descriptive, Quatriime Edition, p. 347, 
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Curratul'e of a Roulette.— The formula (22) leads to 
a simple and elegant construction for the centre of curva¬ 
ture Pz- 

We commence with the case when the base is a right 
line, as represented in the accom¬ 
panying figjire. 

Join Pi to Cit the centre of curva¬ 
ture of the rolling curve, and draw 
ON perpendicular to ( 9 Pi, meeting 
PiCi in N ; through N draw NM a 
parallel to OCiy and the point P* in 
which it meets OPi is the centre of 
curvature required. 

For, equation (22) becomes in Fig. 62. 

tills case 

^ = cos ^ W OP^ 

whence we get 

Pi P* I I NPy 

OPy. dP2 OC\ sin Cy ON NCy sin Cy NO NCy . OP, 



P.P.^iVP, 

■ ■ “OP* NCy ’ 


and, accordingly, the line iVP* is parallel to 00,. Q. E. D. 
The construction in the general case is as follows:— 
Determine the point N as in the former 
case, and join it to Os, the centre of curva¬ 
ture of the fixed curve, then the point of 
, intersection of NCt and P,0 is the required 
centre of curvature. 

This is readily established ; for, 
the equation 

^ dc^^^^^^{dPy OP* 

Cl O* cos ^ Pi P* 

00, . OC\ “ OPi. OP, ’ 

0,0a OPa 00, cos ^ 


from 


00 , 


we get 



00a PiP* 


OP, 

2 A 


Fig. 63- 
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But, as before, 


C,N. OP, 

OCi COB 0 - ——; 


OC, cos 0 NCi 


OP. 


NP, 


hence 


C,C, OP, JVC, 
OC, ' P,P,~' NP, ’ 


Consequently, by the well-known property of a transversal 
cutting the nides of a triangle, the points C,y P*, and N are 
in directum. 

The modification in the construction when the rolling 
curve is a right lino can be readily supplied by the student. 

290. Circle of Inllexious. —The following geometrical 
construction is in many cases more 
useful than the preceding. 

On tlio line OC^ take OD, such 
that 

I I I 

WlT, OC, ^ ooj 


and on OP, as diameter descriho a 
circle. Let P, be its point of inter¬ 
section with OPi, then we have 

OE, 

^ OP,' 

and formula (22) becomes 





OP, OP, OP, 008 OE,' 


(23) 


Hence, if the tracing point P, lie on the circle* OE,P,f 


* This theorem is due to La Hire, who showed that the element of the 
roulette traced by any point is convex or concave with respect to the point of 
contact, Of according aa the tracing point is inside or outside this circle. (See 
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the correE|)ondmg value of OPi is infinite, and consequently 
P: is V. point of inflexion on the roulette. 

In consequence of this property, the circle in question is 
called the circle of inflexions^ as each point on it is a point of 
inflexion on the roulette which it describes. 

Again, it can be shown that the lines Pj Pg, PxO and P, Ex 
are in continued proportion; as also C\C2y GiOy and CyDy. 
For, from (23) we have 


PiP* I 
OP, . OPg OE y 


Hence P,Pg: PiO = OPg: OP,; 

P,P,: P, 0 = P,Pg - OPg: P,0 - OP, = P,0: PyEy. ( 24 ) 

In the same manner it can be shown that 

0,0, : 0,0 = 0,0 : 0,A. (25) 

In the particular case where the base is a right line, the 
circle of inflexions becomes the circle described on the radius 
of curvature of tho rolling curve as diameter. 

Again, if we take OP, = OP,, we shall have, by describing 
a circle on OP, as diameter. 


OgO, : 0,0 = 0,0 : 0,P,; 


and also PaP, : PaO = PgO : PgP,. ( 26 ) 

The importance of these results will be shown further on. 
291. ISnvelopc of a Carried Curve. —We shall next 
consider the envelope of a curve invariably connected with the 
rolling curve, and carried with it in its motion. 

Since the moving curve touches its envelope in each of its 


Memoires de VAeademie des Sciences^ 1706.) It is strange that this rcinai'kable 
result remeiined almost unnoticed until recent years, when it was found to 
contain a key to tho theory of curvature for roulettes^ as well os for tlio 
envelopes of any carried curves. How little it is even as yet appreciated in 
this country will be apparent to any one who studies the most recent produc¬ 
tions on roulettes, even by distinguished Eritiab Mathematicians. 

2 A 2 
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positions, the path of its point of contact at any instant must 
he tangential to the envelope; hence the normal at their 
common point must pass through 0 , the point of contact of 
the fixed and rolling curves. 

In the particular case in which the carried curve is a 
right line, its point of contact with 
its envelope is found by dropping a 
perpendicular on it from the point of 
contact O. 

For example, suppose a circle to 
roll on any curve: to find the envelop^ 
of any diameter PQ :— 

From 0 draw ON perpendicular 
to PQ, then N, by the preceding, is 
a point on the envelope. 



Fig- 65* 


On OC describe a semicircle; it will pass through N, 
and, as in Art. 286, the arc ON = arc OP = OA, if A be 
the point in which P was originally in contact with the 
fixed curve. Consequently, the envelope in question is the 
roulette traced by a point on the circumference of a circle 
of half the radius of the rolling circle, having the fixed curve 
AO for its base. 

For instance, if a circle roll on a right line, the envelope of 
any diameter is a cycloid, the radius of whoso generating circle 
is half that of the rolling circle. 

Again, if a circle roll on another, the envelope of any 
diameter of the rolling circle is an epicycloid, or a hypocycloid. 

Moreover, it is obvious that if two earned right lines be 
parallel, their envelopes will be parallel curves. For ex¬ 
ample, the envelope of any right line, carried by a cirile 
which rolls on a right line, is a parallel to a cycloid, i.e. the 
involute of a cycloid. 

These results admit of being stated in a somewhat different 
form, as follows: 

If one point. A, in a plane area move uniformly along a 
right line, while the area turns uniformly in its own plane, 
then the envelope of any carried right line is an involute to a 
cycloid. If the carried line passes through the moving point 


* The theorems of ibis Article are, I belieye, due to Chaales; $00 his Ilittoir0 
d0 La GioiitfitrU, p. 6 q, 
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At its eibvelope is a cycloid. Again, if the point A move 
uniformly on the circumference of a fixed circle, while fhe 
area revolves uniformly, the envelope of any carried right 
line is an involute to either an epi- or hypo-cycloid. If tlie 
canied right line passes through At its envelope is either an 
epi- or hypo-cycloid. 

292. Centre of Curvature of the Envelope of a 
Carried Curve. —Let Oihi represent a 
portion of the carried curve, to which Om 
is normal at the point m ; then, by the 
preceding, m is the point of contact of o,Ai 
with its envelope. 

Now, suppose azh-i to represent a por¬ 
tion of the envelope, and let Pj be the 
centre of curvature of for the point w, 
and Pi the corresponding centre of cur¬ 
vature of Oihi. 

As before, take Oi and 0 % such that 
OOi = OOit and join PiOi and PaO*. 

Again, suppose the curve to roll until 
Oi and Oi coincide; then the lines P\Oi 
and P2O2 will come in directumt as also 
th<^ lines OiO, and OiCt ; and, as in Art. 

288, we shall have 



Fig. 66. 


/ ( 7 , + Oa = Z P, + Z Pa; 


and consequently 


OC, OCi ^ \OP, ^ OP 


K> 


C27) 


From this equation the centre of curvature of the enve¬ 
lope, for any position, can be found. Moreover, it is obvious 
that the geometrical constructions of Arts. 289, 290, equally 
apply in this case. It may be remarked that these construc¬ 
tions hold in all cases, whatever be the directions of curvature 
of the curves. 

The case where the moving curve a^hi is a right line is 
worthy of especial notice. 
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In this oMethe noi-mal Om is perpendicular to th© moving 
line; and, since the point Pi is infinitely ^ , 

distant, we have *] 


cos 0 

'oK 


oc, 00, on. 


(Art. 2go); 


V At 


whence, P, is situated on the lower circle of *** 
inflexions. Hence we infer that f/ie dif- d, 

ferent centvcH of curvature of the curves en- ^c, 

veloped hy all carried right lines^ at any 
instant^ lie on the circumference of a circle. 

As an example, suppose the right line OM. to roll on a 
fixed circle, whose centre is to 
find the envelope of any carried right ^ ‘ 

line, ItM. .. ^ 

In this case the centre of cur- 
vature, P,, of the envelope of PM, y' \\ 

lies, by the preceding, on the circle_ o f _ \\ l 

described on 00 as diameter; and, I ^ 

accordingly, OP, is perpendicular f /y\ A \ / 

to the normal PiP,. ( ( j | / 

Hence, since L OLPi remains I ' ^ nj jy' 

constant during the motion, the line _^ y 

OP, is of constant length; and, if ^ 
we describe a circle with O as centre, 
and CP, as radius, the envelope of 

the moving line LM will, in all positions, be an involute of a 
circle. The same reasoning applies to any other moving 
right line. 

We shall conclude with the statement of one or two other 
im}iortant particular cases of the general principle of this 
Article. 


/A 


FiR. 68. 


(1) . If the envelope ttih, of the moving curve Uih), be a right 
line, the centre of curvature Pi lies on the corresponding circle of 
inflexions. 

(2) . If the moving right line always parses through a fixed 
point, that point lies on the circle OD,E,. 

2q2 {a). Expression for Radius of Curvature of 
Envelope of a Right Idne.—The following expression 
for the radius of curvature of the envelope of a moving right 
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line is sometimes useful. Let p be the perpendicular distance 
of the moving line, in any position, from a fixed point in the 
plane, and ui the angle that this perpendicular makes with a 
fixed line in the plane, and p the radius of curvature of the 
envelope at the point of contact; then, by Art. 206, we have 

(. 8 ) 


P=P + 


du>^' 


Whenever the conditions of the problem give p in terras of 
u> (the angle through which the figure has turned), the value 
of p can be found from this equation. For example, the re¬ 
sult established in last Article {see Fig. 68) can be easily 
deduced from (2 8). This is left as an exercise for the student. 

293. On the 9Iotion ofn Plane Pigurein its Plane. 
—^We shall now proceed to the consideration of a general 
method, due to Chasles, which is of fundamental importance 
in the treatment of roulettes, as also in the general investi¬ 
gation of the motion of a rigid body. 

We shall commence with the following theorem:— 

an invariable plane figure moves in Us plane^ it can 
be brought from any one position to any other by a single rotation 
round a fixed point in its plane. 

For, let jL and B be two points of the figure in its first 
position, and /A their new 
positions after a displacement. 

Join AAi and BBi, and sup¬ 
pose the perpendiculars drawn 
at the middle points of AAi 
and BBi to intersect at O ; 
then we have AO = AiO, and 
BO = BiO. Also, since the 
triangles AOB and AiOBi 
have their sides respectively 
equal, we have lAOB = /.AiOBi ; 

Accordingly, AB will be brought to the position AiBi by 
a rotation through the angle AOAi round 0 . Consequently, 
any point C in the plane, which is rigidly connected with AB, 
will be brought from its original to its new position, Ci, by 
the same rotation. 

This latter result can also be proved otherwise thus:—Join 
OC and OCi ; then the triangles OAC and OAiC, are equal, 



Jf'iK- <> 9 - 

1.AOA1 = /.BOBi, 
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Fig. 70. 


% 

because OA = OAi, AC = AiCiy and the angle OA^C, being 
the difference between OAJB and BAC^ is equal to OAiCi, 
the difference between OA^By and BiAyCy ; thereiore OC 
= OCi, and lAOC = lAiOCi ; and hence L AOAy - L COCy. 
Consequently the point C is brought to Ci by a rotation 
round 0 through the same angle A OAy. The sanaA reasoning 
applies to any other point invariably connected with A and B. 

The preceding construction re¬ 
quires modification when the linos 
AAi and BBi are parallel. In this 
case the point, O, of intersection of tiie 
lines BA and ByAy is easily seen to be 
tlie point of instantiancous rotation. 

For, since AB = AyB,, and AAy, 

BBy, are parallel, we have OA = OA i, 
and OB = OBy. Hence, the figure will be brought from its 
old to its new position by a rotation around 0 through the 
angle AOAy. 

Next, let AAyj and BBy be both equal and parallel. lu 
this case the point O is at an infinite distance; but it is 
obvious that each point in the plane moves through the same 
distance, equal and parallel to AAy ; and the motion is one of 
simple translation, without any rotation. 

In general if we suppose the two positions of the moving 
figure to be indefinitely near each other, than the line AAy, 
joining two infinitely near positions of tlie same point of the 
figure, becomes an element of the curve described by that point, 
and the line OA becomes at the same time a normal to the curve. 
Hence, the normals to the paths dcscribea by all the points of the 
moving figure pass through O, which point is called the instan¬ 
taneous centre of rotation. 

The position of O is determined whenever the directions of 
motion of any tico points of the moving figure are known; for it 
is the intersection of tlie normals to the curves described by 
those points. 

This furnishes a geometrical method of drawing tangents 
to many curves, as was observed by Chasles.* 


* This mothod is given by Chasles as a generalization of the method of Des¬ 
cartes 2']%, note). It is itself a particular case of a more general principle 
concerning homologous figures. See Chasles, Mtstotre de la Giomitrie^ pp. 548-9 : 
Bnlletin Universel dee Sciences^ 1830. 
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The fyllowing case is deserving of special consideration 
A right line always passes through a fixed 
point, while one of its points moves along a 
fixed line : to find the instantaneous centre of 
rotation. Let A be the fixed point, and AB o 
any positmn of the moving line, and take 
NA' = BA ; then the centre of rotation, 0 , is 
found as before, and is such that OA = 0 A\ 
and OB = ON. Accordingly, in the limit the 
centre of instantaneous rotation is the inter¬ 
section of BO drawn perpendicular to the fixed 
line, and AO drawn perpendicular to the moving line at the 
fixed point. 

In general, if AB\irt any moving curve, and LMany fixed 
curve, the in^tantancoxin ant) of rotation is the point of inter¬ 
section of the normals to the fixed and to the moving curveSyfor 
any position. 



Also the normal to the curve described by any point in¬ 
variably connected with AB is obtained by joining the point 
to O, the instantaneous centre. 

More generally, if a moving curve always touches a fixed 
curve Ay while one point on the moving curve moves along a 
second fixed curve B, the instantaneous centre is the point of 
intersection of the normals to A and B at the corresponding 
points; and the line joining this centre to any describing 
point is normal to the path which it describes. 

We shall illustrate this method of drawing tangents by 
applying it to the conchoid and the limacon. 

294. Ap|>lication to Curves. —In the Conchoid (Fig. 49, 
332), regarding AP as a moving right line, the 
instantaneous centre O is the point of intersection oi AO 
drawn perpendicular to AP, with BO drawn perpendicular to 
JjM; and consequently, OP and OPi are the normals at P 
and Pi, respectively. 

For the same reason, thenoivnal to the Limacon (Fig. 48, 
page 331) at any point P is got by drawing OQ perpendicular 
to OP to meet the circle in Q, and joining PQ. 
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Examples. 

I- If the radms vector, 07 *, drawn from the origin to any point P on a curve, 
he produced to Pi, until PPi be a constant length; prove tJiat the normal at pj 
to the locus of Pi, the normal at P to the original curve, and the perpendicular 
at the origin to the line OP, all pass Ihrougli the same point. ^ 

2. If a constant length measured from the curve he taken on the normals 
along a given curve, prove that these lines are also normals to the new curve 
which is tho locus of their extremities. 

3. An angle of constant niugnitudo moves in such a manner that its sides 
constantly touch a given plane curve; prove that the normal to the curve de¬ 
scribed by its vertex, P, is got by joining Pto the centre of the circle passing 
through P and the points in which the sides of tho moveable angle touch tho 
given curve. 

4. If on the tangent at each point on a curve a constant length iricasurcd 
from the point of contact be taken, prove that the normal to the locus of the 
points so found parses tlirough the centre of curvature of the proposed curve. 

5. In general, if through each point of a curve a lino of given length be 
drawn making a constant angle with tho normal, tl>e normal to the curve locus 
of the extremities of this line passes through the centre of cuiwaturo of the pro¬ 
posed. 

295. Hotiou or any Plane Figure reduced to 
JRoulettes. —Again, the most general motion of any figure 
in its plane may bo regarded as consisting of a number of 
infinitely small rotations about tho different instantaneous 
centres taken in succossion. 

Let O, 6>', (y\ O'", &o., represent the successive centres of 
rotation, and consider tho instant when 
tho figure turns through the angle 0^00 
round the point O. This rotation will 
bring a certain point Oi of the figure to 
coincide with the next centre O. The ne.xt 
rotation takes place around O'; and suppose 
tho point Oi brought to coincide with tho 
centre of rotation 0 ". In like manner, by 
a third rotation tho point O3 is brought to 
coincide with O'", and so on. By this 
means tho motion of the moveable figure 
is eq^uivalent to the rolling of the polygon 
OOiOjOa , . . invariably connected with the figure, on tho 
polygon 00 ' 0 " 0 "'. . . fixed in the plane. In the limit, the 
polygons change into curves, of which one rolls, without 
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sliding, op the other; and hence we conclude that the general 
morement of any plane figure in tie own plane is equivalent to the 
rolling of one curve on another fixed curve. 

These curves are called by Reuleaux* the “ controdea” of 
the moving figures. 

For extBsiple, suppose two points A and B of the moving 
figure to slide along two fixed right 
lines CX and CY ; then the instan¬ 
taneous centre O is the point of inter¬ 
section oi AO and BO, drawn perpen¬ 
dicular to the fixed lines. Moreover, 
as AB is a constant length, and tlie 
angle ACB is fixed, the length CO is 
constant ; consequently the locus of 
the instantaneous centre is the circle 
described with C as centre, and 00 as 
radius. Again, if we describe a circle round CBOA, tliis 
circle is invariably connected with the lino AB, and moves 
with it. Hence the motion of any figure invariably connected 
with AB is equivalent to the rolling of a circle inside another 
of double its radius {see Art. 285). 

Again, if we consider the angle XCY to move so that its 
legs pass through the fixed points A and B, respectively; tlien 
the instantaneous centre O is determined as before. More¬ 
over, the circle BCA becomes a fixed circle, along wliich the 
instantaneous centre O moves. Also, since CO is of constant 
length, the outer circle becomes in this case the rolling curve. 
Hence the motion of any figure invariably connected with the 
moving lines CX and CY \b equivalent to the rolling of the 
outer circle on the inner (compare Art. 286). 

2 95 (a). Kpicyclics. —^As a further example, suppose one 
point in a plane area to move uniformly along the circum¬ 
ference of a fixed circle, while the area revolves with a uniform 
angular motion around the point, to find the position of the 
“ centrodes.” 

The directions of motion are indicated by the arrow 
heads. Let C be the centre of the fixed circle, B the position 


♦ See Kennedy’s translation of Renleaux’s Kinematics of Machinery 
pp. 65, &c. 
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of the moving point at any instant, Q a point in t|ie moving 
figure such that CP = PQ. 

Now, to find the position of 
the instantaneous centre of 
rotations it is necessary to 
get the direction of motion of 
the point Q. 

L/ct Pi represent a con¬ 
secutive position of P, then 
the simultaneous position of Q 
is got by first supposing it to 
move throiigh the infinitely 
small length QR, equal and 
parallel to PPi, and then to 
turn round Pi, through the 
angle RPlQ^, which the area 
turns through while P moves 
to P|. Moreover, hy hypo- 



Fig. 74- 


thesis, the angles PCPi and RPiQi are in a constant ratio: 
if this ratio be denoted by m, we have (since PQ = PC) 

RQi = mPPi = mQR. 


Join Q and Qi, then QQj represents the direction of mo¬ 
tion of Q. Hence the right line QO, drawn perpendicular 
to QQi, intersects CP in the iniitantancoiis centre of rotation. 

Again, since the directions of PO, PQ, and QO are, re¬ 
spectively, perpendicular to QP, PQi, and QQi, the triangles 
QPO and QiPQ are similar; 


PQ = mPO, i.e. CP = mPO. 


Accordingly, the instantaneous centre of rotation is got 
by cutting off 

PO = —. (29) 

m 

Hence, if we describe two circles, one with centre C and 
radius CO^ the other with centre P and radius P 0 \ these 
circles arc the required centrodes; and the motion is equivalent 
, to the rolling of the outer circle on the inner. 
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Accorjiinglj, any point on the circumference of the outer 
circle describes an epicycloid, and any point not on this cir¬ 
cumference describes an epitrochoid. When the angular 
motion of PQ is less than that of CP, i,e. when w < 1, 
the point O lies in PC produced. Accordingly, in this 
case, the ftsed circle lies inside the rolling circle; and the 
curves traced by any point are still either epitrochoids or epi¬ 
cycloids. 

In the preceding we have supposed that the angular 
rotations take place in the same direction. If we suppose them 
to be in opposite directions, the construction has to be modified, 
as in the accompanying figure. 

In this case, the angle 

MPiQi must bo measured in _ 

an opposite direction to that 

of PCPi; and, proceeding as / 

in the former case, the direc- / 

tion of motion of Q is repro- / / hL ' 

sented by QQ\', accordingly, / /c 'yt 

the perpendicular QO will in- ( C 1 ♦ 

tersect CP produced, and, as \ V / 

before, w'e have \ \ / j 


PO = 


PC 


Hence the motion is equi- Fig. 75- 

valent to the rolling of a circle 

t)f radius PC on the inside of a fixed circle, whose radius is 
CO. Accordingly, in this case, the path described by any 
point in the moving area not on the circumference of the 
rolling circle is a hypotroehoid. 

Also, from Art. 291, it is plain that the envelope of any 
right line which passes through the point P in the moving 
area is an epicycloid in the former case, and a hypocycloid 
in the latter. 

Again, if we suppose the point P, instead of moving in a 
circle, to move uniformly in a right line, the path of any 
point in the moving area becomes either a trochoid or a 
cycloid. 

Curves traced as above, that is, by a point which moves 
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uniformly round the circumference of a circle^ whose centre movea 
uniformly on the circumference of a fixed circle in ike same 
plane, are called epicycUcs^ and were invented by Ptolemy 
(about A.D. 140) for the purpose of explaining the planetar^' 
motions. In this system* the fixed circle is called the deferent^ 
and that in wliich the tracing point moves is*-called the 
epicycle. The motion in the fixed circle may be supposed in 
all cases to take place in the same direction arotmd C 7 , that 
indicated by the arrows in our figures. Such motion is called 
direct. The case for which the motion in the epicycle is direct 
is exhibited in Fig. 74. 

Angular motion in the reverse direction is called retro¬ 
grade. This case is exhibited in Fig. 75. The corresponding 
epicyclics are called by Ptolemy direct and retrograde epicy- 
clics. 

The preceding investigation shows that every direct epi- 
cyclio is an epitrochoid, and every retrograde epicyclic a 
hypotrochoid. 

It is obvious that tho greatest distance in an epicyclic 
from the centre Q is equal to the sum of the radii of the circles, 
and the least to their difference. Such points on the epicyclic 
are called apocentres q.uA. pericentres^ respectively. 

Again, if a represent tho radius of the fixed circle or 
defcrcut, aud /3 the radius of the revolving circle or epicycle ; 
then, if the curve be referred to rectangular axes, that of x 
passing through an apocentre, it is easily seen that we have 
for a direct epicyclic 

X = a cos 0 + (5 cos mOy 
y = a sin 0 + /3 sin mO. 



* The importance of the epicyclic method of Ptolemy, in representing ap¬ 
proximately the planetary paths relative to the earth at rest, has recently been 
brought prominently forward by Mr. Proctor, to whose work on the Oeofnetryn/ 
Gyelouls the student is reierred for fuller information on tho subject. 

We owe also to Mr, Proctor the remark that the invention of cycloids, epi¬ 
cycloids, and epitrochoids, is properly attributable to Ptolemy and the ancient 
astronomers, who, in their treatment of epicyclics, first investigated some of 
the properties of such curves. It may, however, be doubted if Ptolemy bad 
any idea of the shape of an epicyclic, as no trace of such is to be found in the entire 
of his great work. The AlmageeL 
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The fonnulse for a retrograde epicyclio are obtained by* 
changing the sign of m (compare Art. 284). 

It is easily seen that every epicyclic admits of a twofold 
generation. 

For, if we make m& = equation (30) may be written 

a? = 6 cos 0 + a cos 
' ^ m 

y = j3 sin 0 + a sin 

which is equivalent to an interchange of the radii of the 
deferent circle and of the epicycle, and an alteration of m 

into This result can also be seen immediately geometri¬ 
cally. 

It may be remarked that this contains Euler’s theorem 
(Art. 280) under it as a particular case. 

2q6. Properties of the Cirele of InHexlons. —It 

should be especially observed that the results established in 
jVrt. 290, relative to the circle of inflexions, hold in all cases 
of the motion of a figure in its plane, and hence we infer 
that the distances of any moving point from the centre of curva¬ 
ture of its pathy from the instantaneous centre of rotation, and 
from the circle of inflexions, are in continued proportion'. 

Again, from Art. 292, we infer that if a moveable curve 
slide on a fixed curve, the distances of the centre of curvature of 
the moving, from that of the fixed curve, from the centre of in¬ 
stantaneous rotation, and from the circle of inflexions, are in 
continued proportion. 

The particular cases mentioned in these Articles obviously 
hold also in this case, and admit of similar enuneiations. 

These principles are the key to the theory of the curvature 
of the paths of points carried by moving curves, as also to the 
curvature of the envelopes of carried curves. 

We shall illustrate this statement by a few applications. 

297. Example on tbe Construction of Circle of 
Inflexions. —Suppose ttco curves ajj^ and eft^, invariably con¬ 
nected with a moving plane figure, always to touch two fixed 
curves aj>i and cfla to find the centre of curvature of the roulette 
described by any point i2, of the moving figure. 
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Tlie instantaneous circle of inflexions is easily construoted 
in the following manner:—I^et 
Pi and Pz be the centres of cur¬ 
vature for the point of contact. 
m for the curves a^bi and O2&2, 
respectively: and let Qi, Qt, be 
the corresponding points for 
the curves Cidi and Take 

PiE, = and Q.J’. = 


PiP.’ 


Qi Qz 



then, by Art. 2 go, the points 
JEi and P, lie on the circle of 
inflexions. Accordingly, the circle which passes through O, 
El and Pi, is the circle of inflexions. 

Ilence, if JiiO meet this circle in Giy and we take 

R1R2 = - n ri * point R-i (by the same theorem) is the 

Itlfj 1 

eentre of curvature of the roulette described by Ri. 

In the same case, by a like construction, the eentre of cur¬ 
vature of the envelope of any carried curve can be found. 

The modifications when any of the curves Uibiy Oib^y &e., 
becomes a right line, or reduces to a single point, can also be 
readily seen by aid of the principles already established for 
such cases. 

2g8. Theorem of Bobllller.* —If two sides of amoving 
triangle always touch two fixed circles, the third side also always 
touches a fixed circle. 

Let ABC be the moving triangle ; the side AB touching 
at c a fixed circle whose centre is 7, and AC touching at i a 
circle with centre ) 3 . Then the instantaneous centre 0 is the 
point of intersection of 6/3 and cy. 

Again, the angle / 30 y, being the supplement of the con¬ 
stant angle BAC, is given; and consequently the instanta¬ 
neous centre O always lies on a fixed circle. 


* Cours de gcometrie pour les ecoles dos arts et metiers. See also Gollignon, 
Traite de Micanique Cinhnritique^ p. 306. 

This theorem admits of a simple proof by elementary geometry. The in¬ 
vestigation above has however the advantage of connecting it with the general 
theory given in the preceding Articles, as well os of loading to the more general 
theorem stated at the end of this Article. 
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Also if Oa 1)0 drawn perpendicular to the third side 
a is the |)omt in which the side 

touoW its envelope (Art. 291). '' 

Produce aO to meet the oixde 
in a ; and since the angle aOfi 
is equal te.the angle ACB, it 
is constant; and consequently 
the point a is a fixed point on the 
circle. Again, by (4) Art. 292, 
the oiide /SOy passes through 
the' centre of curvature of the 
envelope of any carried right 
line; and accordingly a is the 
centre of curvature of the enve¬ 
lope of BO I but a has already 
been proved to be a fixed point; 
consequently JSC' in all positions touches a fixed circle whose 
centre is a. (Oompare Art. 286.) 

This result can be readily extended to the case where the 
sides AB and AC slide on any curves ; for we can, for an in¬ 
finitely small motion, substitute for the curves the osculating 
cirolra at the points b and c, and the construction for the point 
a will give the centre of curvature of the envelope of the 
third side BO. 

298 (a). Analytical Demonstration. —The result of the 
preceding Article can also be established analytically, as was' 
shown by Mr. Ferrers, in the following manner:— 

Liet a, hj 0 represent the lengths of the sides of the moving 
triangle, and pi^ pt, pa the perpendiculars from any point 
on the »des a, S, c, respectively ; then, by elementary 
geometry, we have 

api + bpa + ipa’=‘ 2 (area of triangle) « 2A. 

Again, if pi, pat pa be the radii of curvature of the enve- 
1(^B of the thrM sides, and the angle through which each 
or the perpendiculars has turned, we have by (28), 


apx + hpa + epa ^ 2A. 


(30 


nee, if two of the radii of 
determined. 
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We next proceed to consider the conchoid of Nioomedes. 

299. Centre of Curratnre for a ConctaoldT.— Jjbt A 
he &e pole, and LM the directrix of a conchoid. Gonstmpt 
the instantaneoTis centre 0 , as before; and produce AO un^ 
OAi » AO. 

It is easily seen that the circle oircumscribing AyOBi is 
the instantaneous circle of inflexions: for the instantaneous 
centre O always lies on this circle ; also Ri lies on the circle 
by Art. 290, since it moves along a right line: again, .^Ifes 
on the lower circle of inflexions of same Article, and conse¬ 
quently Ai lies on the circle of inflexions. 

Hence, to And the centre of curvature of the conchoid 
described by the moving point Pi, produce P|0 to meet the 
circle of inflexions in P,, and tahe 

then, by (22), P* is 

the centre of curvature belonging to 
the point P, on the conchoid. 

In the same case, the centre of 
curvature ot the curve described by 
any other point which is inva¬ 
riably connected with the moving 
line, can be found, h'or, if we p 
produce QiO to meet the circle of 
inflexions in P,, and take Q1Q2 

= ; then, by the same theorem, 

Qj is the centre ot curvature re- Fig. 7*. 

quired. 

A similar construction holds in all other oases. 

300. Spherlcifci Ifoaiettea.—The method of reasoning 
adopted respecting the motion of a plane flgure in its plane 
is appHcable identically to the motion of a curve on the sur¬ 
face of a sphere, and leads to the following results, amongst 
others:— 

(1) . A spherical curve can be brought from any one 
position on a sphere to any other by means of a single 
rotation around a diameter of the sphere. 

(2) . The elementaxy motion of a moveable figure on a 
sphere may be regarded as an infinitely small rotation 
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around a certain diameter of the sphere. This diameter is 
called the instantaneous axis of rotation, and its points of 
intersection -with the sphere are called the poles of rotation. 

(3) . The great circles drawn, for any position, from the 
pole to ea^ of the points of the moving curve are normala to 
the ouryes«desoribed hy these points. 

(4) . When the instantaneous paths of any two points ore 
given, the instantaneous poles are the points of intersection 
of the great circles drawn normal to the paths. 

(5) . The continuous moyement of a fl&pire on a sphere 
may be reduced to the rolling of a curve meed relativmy tc 
the moving figure on another curve fixed on the sphere. 
By aid of mese principles the properties of spheiioal roulettes* 
can be discussed. 

301. Btotlon of a Rigid Body about a Fixed 
Point. —We shall next consider the motion of any rigid 
bod^ around a fixed point. Suppose a sphere described 
having its centre at the fixed point; its surface will intersect 
the rigid body in a spherical curve Ay which will be carried 
with tiie body during its motion. The elementary motion of 
this curve, by the preceding Article, is an infinitely small 
rotation axoimd a diameter of the sphere; and hence the 
motion of the solid consists in a rotation around an instan¬ 
taneous axis passing through the fixed point. 

Again, the continuous motion of A on the sphere by (5) 
(preceding Article) is reducible to the rolling of a curve 
Ly connected with the figure Ay on a curve X, traced on the 
sphere. But the rolling of £ on A is equivalent to the 
rolling of the cone with vertex O standing on £, on the cone 
with we same vertex standing on X. Hence the most general 
motion of a rigid body having a fixed point is equivalent to 
the rolling of a conical surface, having the fixed point for its 
summit, and appertaining to the sohd, on a cone fixed in 
space, having the same vertex. 

These results are of fundamental importance in the gene¬ 
ral theory of rotation. 


* On the Ourvsinre of Sj^etxoal j^ioyolaide, aee Beni; Jounut dt liooU 
JPofyUchnigtie, tSjS, pp. 435, Ae. 
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Example* 


EzAHnsa. 

z. U the radius of (he generating oinde be one*fiiuiih. that of (he fixed, 
proye immediately that the hypooyoloid becomes the envelope cC a right line of 
constant length -whose extcemities move on two rectangular lines. 

3. Prove that the evolute of a cardioid is another cardiidd in vhieh the 
radius of the generating circle is one-thud of that for the original drrie. 

3. Prove (hat the entice length of the^oardioid is eight -times the diameter of 
its generating circle. 


4. Show that the points of inflexion in the trochoid are given by the 
equation 00s 0 + - s o; hence And when they are real and when imaginary. 

I 

5. One leg of a right angle passes through a fixed points whilst iU vertex 
slides along a riven curve; show that the problem of mding the envelope of 
the other leg of the right angle is reducible to the investigatioa of a locus. 


6. Show that the equation of the pedal of an epicycloid with respect to any 
origin is of the form 


r = (a -h ^b) cos 


aB 
u + 


- s cos (d + 



7. In figure 57, Art. 281, show that the points O, P' and 0 aoq |i» 

8 . Prove that the locus of the vertex of an angle of given magnitodeg whose 
aides touch two given circles, is composed of two nmaqons. 

9* The legs of a given angle slide on two given circles; show that the 
loous of any carried point u a Ima^on, and the envelope of any oaxried right 
line is a cirole. 


10. Find the equation to the tangent to the hypooycloid when the radius of 
the fixed circle is tnree times that of the rolling. 

- Ans. s?oo8ca + y8in««d8in3##. 

This IS called the thiee-ousped hypooydoidv See Ex* 5, Art* aSd. 


XU Apply the method of envelopes to deduce the equation of the three- 
ousped hypocydoid. 

Substituting for sin 3« its value, and ipakftig f * cotthe equation of the 
tangent becomes 

« 

+ 3 J)<’ + + y»0| 


ia whidi t is an 


derived equatioa takea 
bypooyolmd^ 


larameter. If f be ehminated betweea tbia ead its 
1 reepeot to we get for tbo ^ 


(«■ +1^)* + i84» (»• + p*) -f 340«*p - sap* m 374 *. 
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12. If turo tmmntt to a ^oloid intaneet at a oooataat angle, prove that the 

length of th& pomon whiah to^ int^gpept on the tangent at the vertex of the 

cveloM ia erartant, 

^ \ 

13. If ti*^ tangents to a hypoeyeloid intersect at a constant angle, prove 
that tteare whidr they intercept on the circle insciibed in the hypooyoloid is of 
constant longth. 

14. ^he vdAex of a right angle moves along a right line, and one of its legs 
passes through a fixed point: show geonetricwy that the other legenvehq^ a 
parabola^ having the fixed point for focus. 

15. One angle of a given triangle moves along a fixed curve, while the 
opposite si^ passes through a fixed point: find, for any position, the centre of 
curvature of the envelope of either of the other sides, and also that of the curve 
described hy sny carried point. 

16. If a right line move in any manner in a plane, prove that the locus of 
the centres of curvature of the paths of the different points on the line, at any 
instant, is a conic.—(Resal, Journal de VlholeFolyteehniquey 1858, p. 112}. 

This, as well as the following, can be proved without difficulty firom equa* 
tion (as), p. 35a. 

17* When a conic rolla on. any curvCi the locus of the centres of cuxTatore 
of the dements described simultaneously by allfthe points on the conio is a new 
conicp touching the other at the instantaneous centre of rotation.—<-(MannheitDp 
9 ame Journal^ p. 179*) 

x8. An dlipse rolls on a right line: prove that p, the radius of ourratuxe of 

the path described by cither focuB, is given by the equation - cs i ^ i; where 

par 

r is the distance of the focus from the point of contact^ and a is the semi-axis 
major.—-(Mannheim, Ibid^ 

19. The extremities of a right line of given length move along* two fixed 
right lines: give a ^ometrical construction for the centre tl curvature of the 
envelope in any position. 

20. Prove that the locus of the intersection of talents to a cycloid whidi 
intersect at a constant angle is a prolate trochoid (La Hire, de VAcoda dee 
Scietieee^ t^o 4 )a 

ax. Mote generally, prove that the corresponding locus for an epicycloid is 
an epitxecboid, and for a hypooycloid is a hypotroohoid. (Chaales, Miet d0 ia 
Odoma^ 

22. If a variable circle touch a given ojroloid, and also touch the tangmt at 
the vertex, the locus of its centre is a cycloid. (Professor Casey, TVom#., 
1877.) 

23. fieiug gLveu three* fixed taugente to a variable cycloid, the envelope of 

the tangent at its vertex ia a parabola. {Ibid.) * 

34 > If two langenta to a (peloid cut at a constant angle, the locun of the 
eenlye ttihd eiirio dcMcflied about the trhmgle, formed by the two ma 

tho'chord Of ooedact, ia a right line. {Ibid.) 

25. If n curve {A) be such that the radius of eurvatnra at eaidi point is n 
times the noctahl v&itecoepted between riie print and a fixed ettnight line (jB), 
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then when the curve rolls along another straight Une» (£) will envelope a onrre 
in which the radius of curvature is n + t^times,the normal. ^ 

Thus, when n = - a, {A) is a parabola, and (£) the directrix; and when 
the^ parabola rolls along a straight une, its directrix enrelopes a catenarj (for 
which e 3 — i), to which the straight line is directrix. 

When the catenary rolls along a straight line, its directrix passes through a 
fixed point, for which n^o. 

When the point moves along a straight line, the straight line which it car¬ 
ries with it envelopes a circle (» = i), and (£) is a diameter. 

When the circle rolls along a 6trai£;hi line, its diameter envelopes a cycloid 
(n = 2), to which (^) is the base. Wlien the cycloid rolls along a straight line 
its base envelopes a curve which is the involute of the four-cusped hypocyoloid, 
passing through two cusps, and is in figure like an ellipse whose major axis is 
twice uie minor, (Professor Wolatenholme.) 

The fundamental theorem given above follows immediately from, equation 
(* 7 ), P* 357 - 

26. Prove the following extension of Bobillier^a theorem ;—If two sides of a 
moving trianglo always touch the involutes to two circles, the third side will 
always touch tho involute to a circle. 

37. Investigate the conditions of equilibrium of a heavy body which rests on 
a fixed rough surface. 

In this case it is plain that, in the position of equilibrium, the centre of 
gravity G of the body must be vertically over the point of contact of the body 
with the fixed surface. 

Again, if we suppose the body to receive a slight displacement by rolling on 
the fixed surface, the equilibrium will be stable or unstable, from elementary 
mechanical considerations, according as tho new position of G is higher or 
lower than its former position, i.e> according as O is situated tnsids or outside 
th^ eircle of inflexions (Art. 290). 

Hence, if pi and pz be the radii of curvature for tho corresponding fixed and 
rolling curv 3, and h thodistanco of G from the point of contact of tho surfaces, 

the equilibrium is stable or unstable according as A is < or > ^ . See Walton’s 

pi + ps 

FroblemSj p. 190; also, for a complete investigation of tho case whore A = 

pi + pz’ 

Minchin's StaticSf pp. 320-2, 2nd Edition. 

28. Apply the method of Art. 285 to prove the following construction for 
the axes of an ellipse, being given a pair of its conjugate acmi-diameters OP, OQ, 
in magnitude and posliion. From P draw a perpendicular to OQ, and on it take 
PJ> =£ PQ; join Pto the centro of the circle described on OJ) as diameter by a 
right line, and let it cut tho circumference in tho points £ and F; then the right 
lifies OB and OF are the axes of the ellipse, in position, and the segments PE 
and PF axe the lengths of its semi-axes (Mannheim, Noup. An^ de Math. 1857, 
p. l88)« 

29. An involute to a circle rolls on a right line: prove^that its centxe describes 
a parabola. 

.30. A cycloid rolls on an equal cycloid, oorresponding points being in con¬ 
tact : show that the locus of tho centre of curvature of the rolling corve^ at the 
point of contact is a troohoid, whose generating circle is equid to that of either 
cycloid. 
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CHAPTER XX. 

OK THE CABTESIAK OVAL. 

302. Kqnatton of Cartesian Oval. —^In this Chapter* 
it is proposed to give a short discussion of the principal pro¬ 
perties of the Cartesian Oval, treated geometrically. 

We commence by writing the equation of the curve in its 
usual fmm, viz., 

ri ± fiVi = a, 

where n and r, represent the distances of any point on the 
curve from two fixed points, or foci, and while fx and 
a are constants, of which we may assume that (i is less than 
unity. We also assume that a is greater than F\Fty the dis¬ 
tance between the fixed points. 

It is easily seen that the curve consists of two ovals, one 
lying ^ inside the other ; the former corresponding to the 
equation ri + /xr, = a, and 
the latter to n - /ir* = a. 

Now, with Fx as centre, 
and a as radius, describe a 
circle. Through JP, draw 
any chord DE^ join F^D 
and FxBi then, if P he 
the point in which F\D 
meets the inner oval, we 
have 

PD s a - a B fiPFt. 

From this relation the 
point P can he readily Fig. 79. 

found. 

* This Chapter is taken, with slight modifleations, fh>in a Paper puUidied 
by me in Bermuthma^ No. it., p. 509. 
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« 

Again, let ^ be the ooiresponding point foir l||ie outer 
oval f*i <- B a; and we have, in like manner, DQfi ftF^Q ; 

.% F^Q . 'f^P^QD iI>P i 

consequentij, FJO bisects the angle FF^Q. 

P^uoe QFt and PFt to intersect FiE, and let Pi and Qi 
be the points of intersection. 

Then, since the triangles PF^D and PiF^E are equiangular, 
we h^pve PiE b ftPiFa ; and consequently the point Pi lies on 
the inner ovaL In like manner it is plain that Qi lies on 
the outer. 

Again, by an elementary theorem in geometry, we have 

PP. FaQ B PZ). EQ + FaJP ; 

.-. (l - fl*) FaP . FaQ ^ FalP, 

Also, by similar triangles, we get 

FaP'.FJPa^FaD’.FaEl 

consequently 

(i - pi?) FaQ . FaPi = FaD. FaE = const. (2) 

I 

Therefore the rectangle \mder FaQ and FaPi is constant; a 
theorem due to M. Quetelet. 

303. Construction for Tbird Focus.—Next» draw 
QFat making L FiQFi = L FaFxPi ; then, since the points P„ 
Pi, Q, Ps lie on the circumference of a circle, we get 

F\Fa . FaFa — FaQ . FaP 1 = COnSt. ^3) 

Hence the point Pj is determined. 

We proceed to show that Fa possesses the same properties 
relative to the curve as Pi and P,; in other words, that Pa is 
a thirdfocvs* 

For this purpose it is convenient to write the equation of 
the curve in the form 

mrx ± Ira = nca, (4) 

in which Ca represents P1P2, and m, n are constants. 

It may be observed that in this case we have n>m> I, 

- _ - - -- .- - ■ ■ - . . ^ ^ --- 

• * This fundamental property of the curve was difloo^el by Ohadea See 
la Qim4tri$t note xzi., p. 3 ja. 


CoMt»ucli(m fw Third Focus. 

I 
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Now» ainoe jL F^FtQ « l FiFiFt «= l JiPJFi, the triangles 
F\PFt and FiFtQ are equiangidar; but, by (4), we have 

mFiP + IFtP - nFiFi ; 


aocordingl^ we have 

tnFiFi + /JFsQ = nFi^f 

or nFiQ - IF3Q - mFiFt ; 


I. e. denoting the distance from F3 by and F1F3 by 

«r, - /r, = mci. 


This shows that the distances of any point on the outer oval 
from Pi and Pa are connected by an equation similar in form 
to (4) ; and, consequently, Pa is a third focus of the curve. 

,304. Equations of Curve, relative to eacli pair of* 
Foci. —^In like manner, since the triangles PiQPa and PPaP 
are equiangular, the equation 


gives 


mFxQ - IF3Q = «P|Pa 


♦wPjPa - /PsP = nP,P. 


Hence, for the inner oval, we have 

nri + /ra = met. 


This, combined with the preceding result, shows that the con¬ 
jugate ovals of a Cartesian, referred to its two extreme foci, 
are represented by the equation 


«ri ± /rs = met. ^ (5) 

In like manner, it is easily seen that the conjugate ovals re¬ 
ferred to the foci Ft and P, are comprised under the equation 


where 


nrt - mrt = ± fc|, 
c, *= P,P,. 



305 . ttelaftoB between the Constants.—^The equap* 
tion coAueoting the constants /, m, n in a Cartesian, which 
has thrM pfUnte Pi, Pa, Pa for its foci, can be readily found. 
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For, if we substitute in (3), Ca for FiFs, &e., the equation 
is easily reduced to the form 

Pct + n^Ca = m’ctf 

or , PIIF3 + m^FaFx + n^F^Fz = o, . (7) 

iu which the lengths FaFa^ «&o., are taken with their proper 
signs, viz., F^F^ = - FiFzt &o. 

306. Conjugate Ovals are Inverse Curves.—^Next, 
sinoe the four points Fz, P, Q, P3, lie in a circle, we have 

P,P. FiQ = F Fz.F\Fa = const. (8) 

Consequently the two conjugate ovals are inverse to each other 
with respect to a circle* whose centre is Pi, and whose radius 
is a mean proportional botwoon P,Pj and P, Pa. 

It follows immediately from this, since Fz lies inside both 
ovals, that P3 lies outside both. It hence may be called the 
external focus. This is on the supposition that the oonstantsf 
are connected by the relations n> m> t. 

Also we have 

ZPPaP* = Z PQPa = Z PaQiP, = Z FzFiPi» 

% 

hence the lines P3P and F^Pi are equally inclined to the 
axis P1P3. Consequently, if P* be the second point in which 
the line P3P meets the inner oval, it follows, from the sym¬ 
metry of the curve, that the points Pa and Pi are the 


* It is easily seen that when /so the Cartesian whose foci are Ft^ Fzf 
reduces to this circle. A^ain, if ft o, the Cartesian becomes another circle, 
whose centre is and which, as shall be presentlT seen, outs orthogonally the 
system of Cartesians which have Fi^ F%^ F3 for their foci. These circles are 
owed by Prof. Crofton (TransaeCtons, London Mathematical Soeveiy^ 1866}, the 
Oonfoeal Cireles of the Cartesian system. 

f From the above discussion it will appear, that if the general equation of 
a Cartesian be written hr + /ir' = ve, whore e represents the distance between 
the foci; then (r) if, of the constants, X, ^ v, the greatest be v, the curve is 
referred to its two internal foci ; (1) if ir be intermediate between X and /i, the 
curve is referred to the two extreme foci; (3) if y be the least of the three, the 
curve is referred to the external and middle focus ; (4) it X = the curve is a 
wnio; (5) if r X, or V = /I, the curvo is a limafon; (6) if one oi the constants 
X, V vanish, the curve is a circle. 
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Conatruetion for Tangent at any Point, • 

reflexions of ea<fli other with respect to the axis FiF^y and thd 
trianf»les>Z^JP»I^ and F\PiFt are equal in every respect. 
Again, sinoe 


z F^PF^ = z = z F^F,Px = z F^F^P^, 

the four points P, P^y P, and Pa lie on the circumference of a 
circle. 

Prom this we have 


FiP . FaPt = P3P1. P3P3 = constant. 


Hence, the r,^dangle under the 'cgments^ made by the inn&r oval^ 
on any tr-'^nn ersalfrom the externalfocus^ is constant. 

In Mke manner it can be shown that the same property 
hchls f.'-, the segments made by the outer oval. 

If we suppose P and Pa to coincide, the line P3P becomes 
a tangent to the oval, rnd the length of this tangent becomes 
constant, being a mean proportional between F3F1 and P3P3. 

Accordingly, the tangents drawn from the external focus 
to a system of triconfocal Cartesians are of equal length. 

This result may he otherwise stated, as follows :—A system 
of triconfocal Cartesians in cut orthogonally by the confocal circle 
whose centre is the external focus of the system (Prof. Crofton). 

This theorem is a particular case of another—also due, I 
believe, to Prof. Crofton—which shall be proved subsequenUy,. 
viz., that if two triconfocal Cartesians intersect, they out each 
other orthogonally. 

307. Construction for Tangent at any Point.— 

We next proceed to give a geometrical method of drawing 
the tangent and the normal at qny point on a Cartesian. 

Ketaining the same notation as before, let R be the point 
in which the line FJ) meets the circle which passes through 
the points P, P2, P3, Q ; then it can be shown that the lines 
PR and RQ are the normals at P and Q to the Cartesian 
oval which has P, and Ft for its internal foci, and P3 for its 
external. Por, from equation (4), we have for the outer oval 


m 


dn 

da 




I 
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360 

^lenoe, if &>i and lua be the angles wbioh the nomal at Q 
makes with QFi and QF^ respeotivel^ we have *'• 

m sin ct>x / sin o)s; or sin on: sin mt « ^: m. (9) 



Again, we have seen at the commencement that 

l:m = JDQ: FxQ ; 

also, by similar triangles, 

RQ‘.S,Fx = DQ:FiQ-l‘.m\ ( 10 ^ 

but 

RQ : RF» ^ sin RQP : sin RQFx ; 

hence 

sin RQFi : sin RQFx = lim. 

Oonsequontly, by (g), the line iSQ is the normal at Q to the 
outer oval. In like manner it follows immediately that FR 
is normal to the inner oval. 

This theorem is given by Prof. Orofton in the following 
form:— The arc of a Cartesian oval makes equal angles with the 
right line drawn from the point to any focus and the cirvuker are 
drawn from it through the two other fewi. 

Thk result furnishes an easy method of drawing the 
tangent at any point on a Cartesian whose three foes are 
given. 
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The ooxksiraotion may be exhibited iiji the following 
form 

Let jFiy Fi be the three foci, and P the point in question. 
Desoribe a ciTcle throngh P wd two foci Pa and Pa, and let 
Q be the eeoond point in which PiP meets this circle; then 
the line jicaning P to P, the middle point of the aro cut off 
by PQi is the normal. 

308. Confbcal Caxtesians Intersect Orthogonally* 

—^It is plain, for the same reason, that the line drawn from 
P to Pi, the middle point of the other segment standing on 
PQ, is normal to a second Cartesian passing through P, and 
having the same three points as foci—^Pa and Pj for ite in¬ 
ternal foci, and Pi for its external. 

Hence it follows that through any point two Cartesian ovals 
can be drawn luiving three given points—which are in directum-^ 
for foci. 

Also the two curves so described cut orthogonally. 

Again, if JELC be drawn touching the circle PPQ, it is 
parallel to PQ, and hence 


PaC; PiC? = PaP: PP = PaP’: P*P . PP; 


but PaP . PP = PP*; 

P2C : FiC = PaP*: PP* = m*: P. (i i) 

Henoe the point O is fixed. 

Again 

CP: PiP <= PPa:PPa = nP:m* - I*; 




nPa 

fn* - P* 



which determines the length of CP. , 

Next, since PP «PQ, if with P as oentro and PP as 
radios a cixole be desodbed, it will touch each of the ovals, 
from what has been shown above. 

Also, suiSc C is a fixed point by (11), and CP a constant 
lei^a^ by (12), it follows that the locus of the centre of a circle 
wh^ touches both branches of a Cartesian is a circle (Quetelet, 
Nbuv. Mim. de PAcad. Moy. de Prux. 1827). 
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On the Carteeian Oval, 


This construction is shown in the following figure, in 
which the form of two conjugate 
ovals, having the points Fi, jP„ 

J^s, for foci, 18 exhibited. 

Again, since the ratio of 
F^R to RP is constant, we get 
the following theorem, which 
is also due to M. Quetelet:— 

A Cartesian oval is the 
envelope of a circle, whose 
centre moves on the circum- 
forenoo of a given circle, while 
its radius is in a constant ratio 
to the distance of its centre 
from a given point. 

310. Cartesian Oval as an Envelope. —This oon> 
struction has been given in a different form by Professor 
Casey, Tmnsnetiom Royallrish Academy^ i86g. 

If a circle cut a given circle orthogonally^ while its centre 
moves along another given* circle^ its envelope is a Cartesian 
oval. 

This follows immediately; for the rectangle under FxP 
and i^iQ is constant (8), and therefore the length of the tan¬ 
gent from Fx to the circle is constant. 

This result is given by Prof. Casey as a particular case of 
a general and elegant property of bicircular quartics, viz.: if 
in the preceding construction the centre of the moving circle 
describe any conic, instead of a circle, its envelope is a bidr- 
oular quartic. 



* It is easily seen that the three foci of the Cartesian oral are: the centre 
of the orthogonal centre, and the limiting points of thia and the other fixed 
circle. 




Examplea 
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Examples. 

1. Fi&d the polar equation of a Carteeian oval referred to a forua ae pole. 
If the focus bo taken as pole, and the line FiF% as prime vector, Me easily 

obtain, for the polar equation of the curve, 

® « 

(m* — P)r* “ 2^3(mn — cos S) r + ea* (»* - P) = o. 

The equations with respect to the other foci, taken as poles, are obtained by 
a change of letters. 

2. Hence any equation of the form 

r* — 2(e + i cos a)r + tf® « o * 

represents a Cartesian oval. 

3. Hence deduce Quetelct’s theorem of Art. 302. 

4. If an;^ chord meet a Cartesian in four points, the sum of their distances 
from any focus is constant P 

For, if we eliminate 9 between the equation of the curve and the equation of 
an arbitrary line, we get a biquadratic in r, of which — 4a is the coemoient of 
the second term. 

5. Show that the equation of a Cartesian may in general be brought to the 
form 

where 8 represents a circle, and Z a right line, and ^ is a constant. 

6. Hence show that the curve is the envelope of tho variable circle 

X?k£ + 2KS + a * = o . 

Compare Art. 309. 

From this show that the curve has three foci; t.s. three evanescent 
circles having double contact with tho curve. 

8. The base angles of a variable triangle move on two fixed circles, while 
the two sides pass through the centres of the circles, and the base passes through 
a fixed point on the line joining the centres; prove that the locus of the vertex 
is a Cartesian. 

9. Prove that the inverse of a Cartesian with respect to any point is a bi- 
ciroular quartic. {See Salmon, Higher Flane Curvee^ Arts. 280, 281.1 

10. Brove that the Cartesian 

r* — 2(0 + A cos 0 )r + s* ss o 
has three real fod, or only one according as 


a-Ais>or<^« 
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CHAPTER XXI. 


ELIMINATION OF CONSTANTS AND FUNOTIONB. 


311 . Ellmtnattoa of Constants. —^The prooeps of dif¬ 
ferentiation is often applied for tHe elimination of constants 
and functions from an equation, so as to form differmtiat 
equations independent of the partioular constants and func¬ 
tions employed. 

We commence with the simple example y* = ax+ h. By 
difPerentiation we got 2y-j- - a result independent of h, 
A second dhSerentiation gives 



a difierential equation containing neither a nor 3 , and which 
accordingly^ is satisfied by each of the individual equations 
which result from giving all possible values to a and h in the 
proposed. 

In general, let the proposed equation be of the form 
/(jp, y, «) = o. By differentiation with respect to a?, we get 


dx dydx 


The elimination of a between this and the equati9n/(9,y,a) « o 
leads to a differential equation involving x, y and ^ which 


holds for all the equations got by varying a in the pxopo^d. 

Again, if the given equation in x and y cental two 
oonstants, a and h } by two differentiations with reepeot to a*, 
we obtain two differential equations, between which and the 



Exampka, 
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orii^al, when the oonstantB e .and h are eliminated, we get a 

* • I 

differential equation containing x, y, ~ and 

In general, for an equation containing n constants, the 

arieing from the elimination of the n constants between the 
given equation and the » equations derived from it by suo- 
cesaive differentiation. 


contains a?, y, 

dx* da? 


• • 




o. 


Am. ^+n*y«o. 


(a?—a)® + (y - Vf = c\ 


Ans, 


Exah^les. 

1. Eliminate a from the equation 

y^ —2ay + a;» = a*. ufwr. — 4a?y^-aj*=0. 

2. Eliminate a and jS from the equation 

(y-a)»=y( 4 F-iS). 2^ 

3. Eliminate the constants a and $ from the equation 
' yvacoBfUf+jSsinn^. 

4. EUminate a and b from the equation 

...Mill 

■ IgT" 

This agrees 'with the formula for the radius of curratuxe in Art. 226. 

5. Eliminate a and fi from the equation 

y«<tiecoB ^^ + i8^. 

6. Eliminate the constants oof • • • Un from the equation 

ya^(d;) + aoxn + ai^*^+ 

7. EUminate a and fi from the equation 

y»as" + j 3 s^*. 

8. EUminate a and h from the equation 


. »»*y „ 








^ “Rlimhiiits ^ and if from the equation 

X .X 


* « 
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Elin^atwn of Constants and Fitnctions, 


312. Elimination of Truiscendental Fnnctloiis.-o 

The process of differentiation can also he employed for the 
elimination of transcendental functions from 'Equations 
of given form; for example, the logarithmio ^notion 
can he eliminated hv differentiation &om the equation 

rft/ d/ (uj) 

y Blog^(a;), which gives ^ ^®-^® Beveral 

instances of this process of elimination already; thus, in 
Art. 86, we found that the elimination of the symholio 
Eimctions, sin and sin~', from the equation y « on (tn aijr^a) 
leads to tiie differential equation 

g 

The principles involved in this process of elimination are 
of great importance in connexion with the converse problem— 
viz., the procedure from the differential equation to the 
primitive from which it is derived. This part of the subject 
belongs to the Integral Calculus in connexion with the sotn~ 
iion 0 /difet'ential equations. 


Exakplks. 


I. 




A 

An%. 


dz 1 + 


3* Eliminate the exponential and logarithmio functions from the equation 

y=l<«(^- + ^-). Am. g + (I) = I. 


4. Eliminate the circular and exponential fiinctiona from y « ein ». 


Here 

dxerefore 

5* 

6. 


dx 


sin *+«* cos « as y+<* cos »; 


du , dv 

^ s8^ + ^ooaaf-*«8m»as2^-ay. 


y St sin (logs). 


'Am. 
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In the Jpreoeding examples we have onlj^ considered the 
ease of Is smgle independent variable; the differential equa¬ 
tions arrived at in suoh oases are oalled ordinary differential 
equations. - 

When our equations are of suoh a nature as to admit of 
two or more independent variables the equations derived from 
them by differentiation are oalled partial differential equa¬ 
tions. We proceed to consider some oases of elimination 
which introduce differential equations of this class. 

313. Kltmlnatlon of Arbitrary Functions.—^The 
equations hitherto considered contained only two variables ; 
we now proceed to the more general case of an equation in¬ 
volving three variables, two of which accordingly can be 
regarded as independent. We shall denote the independent 
variables by the letters x and y, and the dependent variable 
by 2. It will also be found convenient to adopt the usual 
notation, and to represent the partial differentia coefficients 

dz dz d^z flPs , <Pz 

dx* dy* dx** dxdy dy^ 

by the letters jt?, g, r, « and respectively. 

We proceed to show that in this case we are enabled by 
differentiation to eliminate functions whose forms are alto¬ 
gether arbitrary. In fact we have already met with examples 

of this process; for instance, if 2 = 

Art. 102, that in all oases we have 


(r}* have seen, in 


dz dz 




(0 


whatevM be the form of the function ^: this function accord¬ 
ingly may be regarded as completely arbitrary in its form, 
and the preceding differential equation holds whatever form 
is assigpaed to it. This can also be shown immediately by 
differentiation. Conversely, it can be established wiihout 

difficulty that ^ general form of 2 which 

satisffea the preceding partial differential equation, and con- 


sequmitly-s » | j ^ to be the solution of equation (i). 


202 
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where the funotion ^ is perfectly arbitrary. This latter 
prooess, as in the ease of ordina^ differential e^hiations, 
comes under the pxpvinoe of the jntegr^ Calculus^ and is 
mentioned here for the purpose of showing the connexion 
between the integration of differential equations and the 
formation of such equations by the method of elimination. 

As another simple example, let it be proposed to eliminate 
the arbitrary function from the equation s “/(a?* + y*). 

Hei» p = ^= 

hence we get yp — vq ^ o\ 

an equation which holds for all values of % whatever the form 
of the function (/) may he. 




ds 

dy 




f « ^(aap+ by). 

2 . y — az). 

3. »-«=(«-7)^ 

4. + y"*) = s’. 

5. «*»«y+ ^ 

6. » + V*® + y’ + 5’ = »*-*4> 


Exaupixs. 

Ant. aq ■* bp, 

ap + bq = I. 


99 


(» - a)p +(y- S)j-«-7. 
q as 

99 + psq as zy. 


99 


99 



99 


z ^pz + qy + fiVai* + y* + A 


314. Condition that one Kxpresftlon should he a 
Function of another.— Let % = where v is a known 

function of a? and y. 


Here 


therefore 


dz ,, ^dv dz ,, ,dv 

dv dv 




dz dv dz ^ 
dx dy dy dx 

This furnishes the condition that % should be a function of 
the quantity represented by v. Also, denoting z by Vj and 
supposing V and v to be two given explicit functions of x and 
y, me condition that V is a function is that the equation 

dVdv dV^ . . 

dx dy dy dx'^^ ’ 


o 
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shall hojd for all values of at and y, i« e. shall be identioallj 
satisfied* For insfimoe, if . 


P's. JLf and o«aaJv/1 -y* + y\/1 -«*• 

• » + y 


ive get 


dV^ 

djB dy 


dVdv „ 


hence F is a function of v in this case. 

This can also be independently verified: for, if d; ■> sin 0 , 
and y » sin wo get 



cos 0 - cos tft 
sin 0 - sin ^ 



= sin 0 cos ^ + cos 0 sin ^ = sin (0 + ^): 

this establishes the result Tequired. 

We have here assumed that whenever equation (2) is satis¬ 
fied identically, V is expressible as a function of v : this can 
be easily shown as follows:— 

Since V and v are supposed to be given functions of x and 
y, if one of these variables, y, be eliminated between them we 
can represent F as a function of v and x. 

Accordingly, let 

F“/[a-, v); 


then' 

therefore 


dx dx do dx* dy dv dy * 

dVdv dVdv _ df dv 
dx dy dy dx dandy 


Hence, sinoe the left-hand side is zero by hypothesis, we must 
have ^fanotion/(a;, v) or F reduces to a func¬ 
tion of V solely; which establishes the proposition. 
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315. More generally, let it be j^roposed to eliminate the 
arbitrary fonotion ^ from the equation 


F=0(«>), 


where V and v> are given functions of three variables, «, y, 
and s. 

Begarding and y as independent variables, we get by 
differentiation 



eliminating we obtain 


dVdo dV do fdV do do dP 
dx dy dy dx ^\<fe dy dzdy 

fdVdo dodV\_ 

^ ^ \rfa: dz dx dz ) ° ^ 



a result independent of the arbitrary function 

This equation can also be established as follows:— 
Differentiating the equation V = ^(0), considering x, y, » 
as all variables, we get 



Then, since the form of <p(o) is perfectly arbitrary, this equa¬ 
tion must hold whatever be the form of the function ^(0), 
and hence we must have 



o 



( 4 ) 
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Morgover^ intro4uoiiig the oondition that z depends on x 
and if, we hare 


dz pdx + qdy ; 

oonseqnei^jdj, eliminating dx^ dy, dz between this and the 
equations in (4)1 we get 



dV 

dV^ 

dx * 

dy* 

dz 

do 

do 

do 

dx' 

dy' 

dz 

Pt 


- 1 



This agrees with the result in (3). 


Examples. 


Eliminate the arbitrary faneticns in the following eases:— 


fl?=:^(aaina; + dBin^). 

. . iis dt 

Ans* ocosy^r —acoaa*—» 

dx dy 

r 


S 

dz ds z 
dx^ dy^ a 

3. 

v» 

% 

dz dz xy 

as^ + y:;- « 
dx dy z 

^ s a? ^ \ff Si 

•» 

dz dz 

dx dy 

- - + * 

$9 


6 . $mxaVlP +f/* + tp . 

99 


7. *-»(»+y)»^(»*-y»). 

99 

dz dz 

8. + «t). 




Amo (&i—(ftp—= 



392 ' Elimination of ConstanU and Ikmdiono, 


I 

316. NexVlot it be reqtured to diminate the ^bitrary 
fonotion ^ from the equation 

^ jPlar, y, «, 0(tt)} *0, 

• 

where u is a given explicit function of Xy y and a. 

Begiurdiug x and y as the independent variable^) we may 
differentiate the equation with respect to Xy and also with 
respect to y ; then, since 2 is a function of x and y, we have 

.rf.Jdu . du \ 

— * («\^ + SP} 


and 



hence we obtain two partial differential equations involving 
Pi S'? ^(«) Accordingly, if ^(w) and ^'{m} be 

eliminated between these and the original equation, we snail 
have a resulting equation containing only Xy y, s, p and q. 

317. Case of Two or more Arbitrary Fancttons.— 

If the given equation contain more than one arbitrary func¬ 
tion, we must proceed to partial differentiations of a Mgher 
degree in order to eliminate the functions: thus, in the case 
of two arbitrary functions, ^(w), and yp{o)y the first differen¬ 
tiations with respect to x and y introduce the functions 
and It is plainly impossible, in general, to elimmate 

the four arbitrary functions between three equations; we 
accordingly must proceed to form the three partial differen¬ 
tials of the second order, introducing two new arbitrary 
functions and yif'ip). Here, again, it is in geneim 

impossible to eliminate the six functions between six equa- 
tions,,BO that it is necessary to proceed to differentials of the 
third order: in doing so we obtain four new equations, con¬ 
taining two additional functions, and After 

the elimination of the eight arbitrary functions there would 
remain, in general, tm resulting partial differential equa¬ 
tions of the third o:^er. 

318. There is one case, however, in which we can always 
obtain % resulting partial differential equation of the second 
order—viz., where the arbitraiy funotioi|p ore fhnctions of 
the^same quantity, t«. 
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Tho^ suppose the given equation of the fonn * 


y, », ^(«), ^{u)] - o, (6) 


where a is a known function of x, y and z. 
By di&erentiation we get 


d:F dF 

dx dz 


dFfdu du\ 

^ du\dx^^dz) 

).o. 


dF dF dFfdu dti 

dy dz ^ du ^ ^ c 


dF 


Eliminating ^ between these equations, we obtain 


dFdu 
dx dy 


dFdu /dFdu 
dy dx^ dy 

/ dF du 
^^\dx dz 


dFdH\ 
dy dz) 

dFdu\ 
dz dx)~^ 



This equation contains only the original functions 
along with y, s, p and q. Again, if we apply the 
same method to it, we can form a new partial differential 
equation, involving the same functions ^(u) and ^(u), aloibg 
with «, y, s, JO, q^ r, s, t. 

The elimination of the unknown functions, ^{u) and ^(«), 
between this last equation and equations (6j and (7), leads to 
the required partial differential equation of the second order< 
The result in ( 7 ) admits also of being arrived at by the 
method adopted in the second proof of Art. 315. For, re> 
garding x^ y, a, as all variables, we get from ( 6 ), on differen¬ 
tiation. 


dF. dF, dF , dFfdu, du , , du 

dx dy ^ dz du\^ dy dz 





But 


" du ^ d^(«) 
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and accordingly, sinoe (8) must hold for all Talnos pf ^'(u) 
and we hare 


and 




dz s o, 

rfa « o 




Eliminating between these equations and 

dz = pdc + qdy, 

we get the following determinant: 


dF 

dF 

dF 

dx * 

dy* 

dz 

dn 

da 

du 

dx* 

Ty* 

dz 

P, 


- I 



which, plainly, is identical with (7). 

This admits also of the following statement: suhstitate e 
instead of u in the proposed equation; then regarding 0 as con¬ 
stant, differentiate the resulting equation, as also the equation 
u - e (on the same hypothesis): on combining the resulting 
equations with 

dz = pdx + qdyy 

we get another equation connecting ^ (c) and ^ (e); and 
applying the same method to it, we obtain the result, on 
eliminating the arbitrary functions ^(c) and between 
the orighial equation and the two others thus arrived at. 

These mewods will be illustrated in the following ex¬ 
amples :— 
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Exampubs. 


r. 

Her* 


• - + i^W- 

P “ + {»«'(*) + 

? « +(s) + («) + 


Hence 


P 

i 


4'W 


/(«}, snppoee. 


Applying the principle of Art. 314, we hare 



or 

Otherwise thus: let s 
also pdx + qdy = o; 

therefore 


<pr - tpqa + pH = o. 

e, and we get dz = o, and ^{e)da + ^(0) dp 

P ^ »(o) 

4 ♦(c)’ 


Differentiating again, we hare 



qdp — pdq a o, 


or 


q{rd» + sdp} - p(ad» + tdp) = o, 


which, combined with pda 4 qdp a o, 

leads to the eatne result as above. 


2. 

M a ae^(aaf + ip) 4- pil>(aae 4* ip)- 

Here 

p a 4i(eut 4- ip) 4- «{*♦ («r 4- iy) 4- (a* 4- *y)}, 

q a ♦(«» 4- iy) 4- *{*♦'(«* + ip) + irp’iax 4- iy){: 

therefore 

ip —aq = iq>(ag + ip) - tt^(ag 4- iy); 

hence 

ir—aa^ a{ip'(ax + ip) - «♦'(*« 4- ^)}; 

it— aim i{i^’(aii + ip) — a^’{aat -f iy)\i 

therefore 

d*r — zaia 4- «*< ■» 0. , 



^ r 
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Othervue thus: let ax + a c, then a€lx + ■■ 0; also* 

dz ^ ^{c)dx+'q{c) djf, Kii de mpdx + i • 

hence 

bp ~.aqta b^{e) - w^{ 9 ). 

Differentiatinf; again, we get , 

bdp — adq = o, or 6 {rdx + tdjf) - a{$dx + tdy) b o* 
€ombimog this with the equation adz + bdy « o, we get 


as befoie. 


b^r — 2ab$ + d^t b o, 


319. Case of ft A.rliltrary Functions of same 
Function. —It can be readily Been that the preceding 
method is capable of extension to the elimination of any 
number n of arbitrary functions from an equation, provided 
that they are all functions of the same quantil^ u. 

For the equation (7) plainly holds in this case, and, pro¬ 
ceeding as in the last Article, we obtain a series of equations 
(the last being of the order of differentiation), each con¬ 
taining the ft arbitrary functions along with the variables and 
their derived functions. If the n functions be eliminated 
between the n differential equations and the original equation, 
we obtain a differential equation of the order which is 
independent of the arbitrary functions in question. 



EjMiinplea 


397 


Ej^kpijes. 


I. GWen y » •«»(G+ O'*), proye that 




a. EUmmate the oonstante fxom the equation 
yes Oi^ cos 3 * + Cz^ sin 3 a?. 

3 ^Eliminate (7 and C from the equations- 


dii 


dy 

4 ^+i 3 y-o 


(•) 

(») 


cos ma? 


y « V - + Coos+ C-sin 
y=3a;ainna;+ (7c08f»js + (Tamnar 




Am. (a) ^^ + w^ = co 3 »M?. 


d^y 

(J) ~ 4 - «*y * 2 « cos fur 


4 Eliminate the arbitrary functions from the equation 

5 . Eliminate the fonotions from the equation 


Am. r - = xy. 


y — ^ 00 s (a sin' \h). 

o 


6 . Eliminate A and a from 


y a* ^ OOB (»COB « + a). 


^,M.(.s»-r*)g-*g+e*y-o. 


fPy dy 

Ant. ootx~ + n‘^yava.*9 — o. 


7. If as: OOB mesin prove that 

rafl + 2i*y + <y* + a**^ = O. 

8. If ai, «t, as be the roots of the equation 


a* +^ia» + J^sa + ya - o, 
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Examples, 


(rovG that the mult of dixniuating the exponentials from the equation 

- I 


U 






dtf 


«■ 

9* Find the result of the elimination of the arbitrary functions from 

z SB + ^) + ^(4s — «y)- Am, 

... B . =/ (I) + ^(«y), proTO that 

x*r - y*« + *p — yg = O. 

II. If + iri' = ce* + <ir«, prove that 

rrf*y /rfy\ * dy-\ V (dyy dy (d*y\* 

L«fo» W “ L W ” J”^ <te \«fa»/ * 

Arts, sfir + 2xya + - (m + » <- i)(paf + jy) + mnz 

[3. Eliminate the arbitrary functions from the equation 


12 , 


V 
x. 


8=»^{*+/(y)}. 


- gr ss o. 


14. Prove that y e= satisfies the differential equation with constant 
coefficients 

rf"y rfy 

provided a is a root of the equation 

z" + + . . . 

15. Show that 

y = + .. • + 

is the general solution of the equation in Ex. 14, where Oi, aa • • - On are the 
n roots of the equation in «« and Au A%^ An are arbitrary constants. 

A 

16. Eliminate the constants from the equation 

« 

ax* + 2bxy + ej/*+ zdx + 2ey +/= o. 

ify iPy d*]f 


Ant. 40r» - 45gr*f + 9g*< « o, where y 


di' 




, *0, 
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CHAPTER XXII. 

*CHANGE OF THE INDEPENDENT VARIABLE. 

320. Case of a Single Independent ITarlable. —We 

have already pointed out the distinction between indepen¬ 
dent and dependent variables in the formation of differen¬ 
tial coefficients. 

In applications of the Differential Calculus it is sometimes 
necessary to make our differential equations depend on new 
independent variables instead of those which had been origi¬ 
nally selected. 

To show how this transformation is effected we commence 
with the case of one independent variable, and suppose V to 

represent miy function of y, &o. We proceed to 

show how the expressions for &o., are transformed, 

when, instead of Xj any function of x is taken as the indepen¬ 
dent variable. 

Let this new function be denoted by t, and suppose that 
&o., are represented by x, af, then, in all oases 

we have 

du du dx . du 
dl dx dt * dx* 

where « is any function of x ; 


or 


d . 1 / V 


(«) 


Hence 


.dx xdt * 


(2) 



400 

f 

Change of the Independent Variable. 


Sr 

also 

d?y ^ d /dy\ d fi dy\ i d fi , 

di? dx \dx) “ dx\xdt}“ xdt\xdt)* 

by (1) 

A 

hence 

d?y ^ dy 
d?y _d^~dt 
dx* a? 

(3) 

Again 

d?y d ( dt dt \ t d 1 di* dt 

da? dx\ [xf J xdt\ a? 


• 

{xy 

( 4 ) 


and so on for differentiations of higher degrees. 

■ If y be taken as the independent variable, we obtain the 
corresponding values by making 


Hence 



^ I 
dx dx' da? 

Ty 




/d®a?Y dxd?x 
d?y ^ \dy^) dy dtf 
dc? “ 

.dy. 


( 6 ) 


and so on. 

The preceding results can also be arrived at otherwise, 
as jfoUows:—The essential distinction of an independent 
valuable is, that its differential is regarded as constant; ac* 

cordingly, in differentiating when x is the independent 


C(»B of a Singh Independent Variable. 
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^ j “ . However, when cc is no longer 

regarded as the independent variable we must consider the 

numerator and the denominator of the fraction ^ as both 

ax 

variables, hnd, by Art. 15, we get 


\dxj 


dar (Pi/ - dy d*x _ dx dPy — dy d*x 


:) 


djp ’ dxKdxJ dpp 

Differentiating again on the same hypothesis, we get 

_ djP(Py - dxdyd^y - ^dx dPxdPy + 3 {tPxydy 
dx\djp) * ^ 

These results are nerfectly general whatever function of x 
hr taken as the independent variable. Their identity with 
the equations previously arrived at is manifest. 


Ex VMPL£S. 

1. Being given that « = a (0 — sin 0) and y s a (i - cos 0), find the value of 

di- a(l-coa0)»‘ 

2. ^enco deduce the expresoion loi the radius of curvature in a cycloid. 

0 + 6 , 0 4* 6 

3 . If « a (a + 6) coa 6 — 6 coa —^ $ and y=(a + 6) sin B—b sin—^ find 

d^f/ 


iht aluo of 




lldie 


, cos 0 — COB —, $ 

^_ 0 

~ . 0 I ^ ~ \ ~ 

Bin - — d — sin $ 

b 


tan 




d^ 


0 + 2$ 


46 (a+5)sin^COS® 




4« Ghango the independent variaUe from a; to 0 in the expression ^9 aup- 
posing X B sin fi. 

dy 

dy J_dy xdlx^\ x i?y sing^ 

" cos fi rfe* * * ds^ * cos $ d$ \coBtf de) cos* 9 dP ' * 
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Change of the Independent Variable. 


5. Transform the equation 

-f* mr ~ -f s o 

into another in which 0 is the independent Tatiable» being giy0ns; 


Here 


hence 


ther^ore 


dy 

de~ dxde™ dx* 


d (dy\ d f rfv\ d*y » 
rf0\<i0) ~‘^dx\fdx)' de^ ^ 


d^^ dx* 


d*y iPy ^ 
«£*»"«»»“ dd 


and the transformed equation is 




6. Transform tbo equation 




into another where » is the independent Tariahle, being giren 

It is evident that in this case s? ^ — s ^; hence 

dx dz 


therefore 


d ( dy\ d i dy\ 
^ dx\^dx) ^^dz("dz)* 


dx^^ dx rfe® ^ dz* 


dx* dx (&*' 


and the transformed equation is 


rfV 

dz^ 


+ a*y = Ox 


7* Change the independent variable from x to s in the equation 


i^y r 

+ where 

Anzx * 


iPy 2 dp 


dad 





Tvn Independent Variahtea, 
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321.^ Two Independent Variables.—We will next 
consider* the proo^ of transformation for two independent 
variables, and oommenoe with the transformations intro* 
duoed bj changing from rectangular to polar coordinates 
in analytic geomet^. In this case we have 

e ■ r cos 0, y = >• sin 0; (7) 


and th^fore r* - a?* + y*, tan 6 = (8) 

iC 

Accordingly, any function Voi x and y may be regarded 
as a function of r and 0 , and by Art. 98 we have 



dV dY dx dV dy'' 
dO dx dO ^ dy dB 

dV dY dx dY dy 

>• 

( 9 ) 


dr dx dr dy dr ^ 



But, from (7), 




dx n dx 

^-oosfl, ^ — 

dr 


hence we obtain 

IT- 

dd ^ dy ^ dx* 


(II) 


dY dY dY 

dr dx dy 


(12) 


These transformations are useful iu the Planetary Theory. 
Again, we have* 

das dr (h dO dx \ ^ ^ 

(* 3 ) 

dy " dr dy d% dy J 

ZP2 
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Change of the Indepmdent Variable, 


But fropi (8) we have 

dr » f, 
~ ss . s oos 8, 
dm r 


dr 


dy 
sin 0 


8in0, 


therefore 


a/jy 

_ = - 008 «flj = - ^ , 

dV .dV sinSrfr 

-. 0089 ^---^, 

dV . t^dV co 8 0 dV 

_x=sin0~+- 

dy dr r da 


dy 


qobO 


r 


(h) 

(* 5 ) 


(i6) 


(17) 


The two latter equations oan also he derived from equa- 

dV dV 

tions (i i) and (i 2) by solving for 3— and 3—, 

(to ap 

<PV <PV 

322. Tranerormatlon of ^-j-aad^-Y-.—Since for- 

djo dy 

mula (16) holds, whatever be the form of the function F, 
we have 

d , . ad,. sin0 d , . 

M -oose x(») —M> 


d» 


dB 


where 0 stands for any function of x and y. On substituting 
• 

— instead of this equation becomes 


dfdV\ .dr 


. .. .dV BmSdV 

ooaB-r ooaO- - 

dr dr r 


] 


sinO d 




dB 

dV sindrfF 
dr r dB 


] 


cosflsin 0 rf*F COB 6 emBdV 

- —dFTe* —?—W 


riner .dfV . . 

r i“”«* 39 -““* 


smdfoosddF sinOd* 





r dB 
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TroMforfmtvm of 



asindoosflri ePV'] 

_.co. 9 ^ +---1^-_ - _J 


Bin»a dV sin^a eP V 
^ r rfr ^ r* rfa*' 


In like manner we get 


dPF . ggfPF 2Binacosari rfF d*F ' 

rfy* ^ rfr* r j" dd drdQ f 


oos*a rf F co8*a d^ F 

^ r rfr ^ da* 


The latter reeult can also be readily deduced from the 

• • TT 

preceding by substituting in it ~ ^ ^or a. 

If these equations be added we have 


^ ^ tZ iZZ lZZ 

cte* ^ dy* "dr* ^ r dr ^ r* dd* * 


(i8) 


d*F d*F d*F 

323. Transformation of + -rx to Polar 

dar dy dz 

Coordinates. 

Let the polar transformation be represented by the equa- 
lions 

rBrsinacos^, y^rsinasin^, s^roosa; 
also, assume p « r sin a, and we have 


x = p 00s y = p sin ^ ; 


hence, by (18), 


d»F d*F d*F idF 

da? ^ df '‘dp* '^pdp '^p*d^*' 



4o6 ' Ckahge of the In^kpendont Variabk, 


Again, from the equations 

porsinO, s«roos0, 
we have in like manner 


^ i£r LtZ 

dp* ^ rfa* c?/ ® ^ r dr ^ p* ‘ 

Aooordingly, 

d»F rf'K d*V idV tePF idV i <PV 

dg^ p dp p» ■*■ r rfr ^T^dfjF’ 

But by (17) we have 


dp 


=>sin d 


dV ooeOdV^ 

dr ^ r dO * 


therefore 


pdp 


Hence we get finally 


I ^ cot d 
r dr ^ t* d$ * 


tZ ZZ ZZ^ZZ » 

da? ^ dtf ^ d%^ ^ dr* ^ r* sin® 0 



i c?V 2 dV cot 0 dV 


324. Hlemarka on Partial Dlflnerenttale.— As already 
stated in Art. 113, the student must be careful to attach the 
correct meaning to the partial differential coefficients in each 
case. 

Thus in finding j- in (10) we regard a; as a function of r 

dT 

and 0 , and differentiate on the supposition that 0 w comtant; 
in like manner the value of ~ in (14) is found on the suppo¬ 
sition that y is constant. 


Geometrieal IWustraiiotu * 


407 


— »I. 


The, acoordingly, must not fall into the ( 

fusion of supposing that in this case we haye ^ x — 

ax dr 

This caution is necessary, as some mathematical writers, 
from no^aying proper attention to the meaning of partial 
derived functions, have fallen into a similar error. 

325. Cfeometrical lllastratlon.—The following geo¬ 
metrical method of determining the proper values qf and — 

dx dr 

under the preceding hypotheses may assist the beginner 
towards forming correct ideas on this important subject. 

Let P be the point whose coordinates are x and y : then 
OM * a?, PJf = y, OP = r, 

POX =* 0 . Now, in finding 

~ regarding 0 as constant, 

we take on the radius vector 
OP produced a portion PQ 
= Ar, and draw QN perpen¬ 
dicular to OX ; then AXf the. 
corresponding increment in Xy 
is represented by MN or PL ; 




WITT? 


therefore 


Ax 

Ar 


PQ 

dr 


= cos Of or 


dx 

dr 


cos 9 . 


Again, to find ^ on the supposition that y is constant: 

let JfAT be Ax, the increment in x, and draw the parallelo¬ 
gram PLMXT, and joiis^ OL, meeting in / a circle described 
with radius r and centre O ; then LI represents the corre¬ 
sponding increment in r, and we have 


— 

dx 


limit of 


~ »limit of ^ «> cos 9 ; 
Ax PL 


diT dx 

so that in this case the values of ^ and ^ are each equal to 


W 


COS 0 or ^ as before^ 

r 



Change of the Independmt Variable. 
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The values of &o. can also be readily represented 

geometrically in a similar manner. 

326. Ijtnear Transformations. —If we are given 

C 

»-aZ+ 6F+C.Z; y = + « = a"X+6"r+c"F, (20) 

then any function F, of Xt y and s, is transformed into a 
function X, F, X; and, as in Ex. 2, Art. 98, we have 


dV 

dV , 

dV „ 

(PV 

rfX“ 

a ,— + » 
ax 

' - 4 “ {Z 

dy 

dz * 

dV 

i^y 

^y A- 

dV 

dY" 

dx 

—+ A 
dy 

dz* 

dV 

dV z 


dV 

dZ 

C + c 

dx 

dy 

dz * 


Again, proceeding to second difPerentiation, we get 


rfX» 




dV ,dV „dV 
-j- + a —+a -r- 
dx dy dz 




dV ,dV ,,dV 
— + a —+a -r- 
dx dy dz 


„d( dV ,dV 

+ Qt -^( Of , ■ + Of "T” + 

dz\ djc ay 




,d*V , (PV „ (PV ,,, (PV 

= flf -TT + 200 T-r*+ 200 + 20 o 

dar dxdy dxdz 


dzdy 


,,(PV 

dz’*' 


Similarly we have 


dip dy* dip dxdy 


+ 2 bb"-y—- + 2 b b XT' > 
dxdz dzdy 



Orthogonal Transformation, 




0 * ^ + C -y-j + 0 * yy + 2CC —~r- 

djp dif dz* dxdy 
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,,cpv tpr 

+ 200 - —r- + 20 d 


dxdz 


dzdy 


327. Orihogonal Transformations.— If the transfor¬ 
mation be such that 


we have 


r» + y> + a» = X»+ T* + 2P, 


0*+<*'•+rf"*a* I, fi*+6'* + 6"*s= I, C* + o'* + <J"* = I. ( 21 ) 

ah + a'd + o, ac + aV+ aV'= o, ho + h'd + 6 V'= o. (22) 

Again, multiplying the first of equations (20) by a, the 
second by (d, and the mird by we get on addition, by aid 
of (21) and (22), 

X«® oa? + et'y + a''a. 


In like manner, if the equations (20) be respectively 
multiplied by i, J', i", we get 


similarly. 


X ® fta? + 6 V + J 

Z- ox + c'y + d'z. 


If these equations be squared and added, we obtain 
<,* + 6* + c» = I, a'* + 6'» + c'> - 1, a"* + 6"* + c"»» i. (23) 

ad + hh'-¥ od ■ o, a 4 d'-\- bd% cc"* o, cV'" o. (24) 

Hence in this case, if the equations of the last Article be 
added, we shall have 


d*F d^V dPV <PV d*r d^V 
do? rfs* “ dX* ^ dT* dZ^' 


(25) 
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Change of the Independent Variable, 

1 

The transfonuations in this and preceding Article 
are necessary when the axes of co-ordinates are changed in 
Analytic G-eometry of three dimensions; tmd equation (23) 
shows that, in transforming from one rectangular system to 

another, the value of the function + t^+ ^^isun- 

dj^ dp* rfs* 

altered. 

328. Cteneral Case of Transformation for Tvro 
Independent ¥arlables. —Suppose that we are giyen the 
equations 

x = tp(r,e), y = 0), (26) 

then any function of x and y may he regarded as a function 
of r and 0, and we have, from (9), 

dV dV dx dVdy 

dO dx dO ^ dy dff 

dV _dV dx dV dy 

dr dx dr dy dr 

where the values of ~ can be determined from 

dQ dQ dr dr 

equations (26). 

Whenever these equations can bo solved for r and 8, 
separately, we can determine, by direct difierentiation, the 

values of and hence, by substituting in (13), 

we can obtain the values of and ~ • 

dx dy 

When, however, this process is impracticable, we can ob¬ 
tain the values of &o., by solving for ^ and ^ 

in the preceding equations. 

Thus we obtain 


dV_ 

dx 


dV dy dV dy 
dO dr dr dO^ 
dx dy dxdy* 
dB dr dr dB 
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dV dz dV dx 
dY d% dr dr dd 
dy djidy d»dy' 
dr dB- dO dr 


• iPY (PY 

The values of , ^5-, «S:o., can be deduced from these: 

but the general formulse are too complicated to be of much 
interest or utility. 


329. ConcomUant Functions. —We add one or two- 
residts in connexion with linear transformations, commencing 
with the case of two variables. We suppose x and y changed 
into aX + bY and a'X + b'Yj respectively, so that any func¬ 
tion ^ {Xf y) is transformed into a function of X and Y: let 
the latter be denoted by (X, Y)t and we have 


0 (ar, y) = (X, Y). 

Again, let ib' and f be transformed by the same substitu¬ 
tions, i. e,t 

of = aX + b Y\ y' = a'X' + b' Y'\ 
then sinoe x -^kaf = a{X^ AX') + 6(F+ AX'), 
and y + A/ - d{X + AX') + b'{Y+kY), 

it is evident that 


0 (® + kx'f y + kf) =» 0 i(X + AX', Y 4 AX'). 

Hence, expanding by the theorem of Ai-t. 127, and 
equating like powers of A, we get 






X'*^^ + 2X'X' 

dJL 


eP^i 


,d*0, 


. T^»rLz» 

dXdY dF*^ 
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Change of the Ind^endent VariahU, 


' Accordingly, if u represent any function of and y, the 
expressions denoted by ' 



are unaltered by linear transformation. 

Similar results obviously hold for linear transformations 
whatever be the number of variables (Salmon’s Higher Algebra^ 
Art. 125). 

Functions, such as the above, whose relations to a quantio 
are unaltered by linear transformation, have been call^ con- 
comitanis by Professor Sylvester. 

330. Transformation of Coordinate Axes.— When 
applied to transformation from one system of coordinate 
axes to another, the preceding leads to some important 
results, by applying Boole’s method* (Salmon’s Conietf 
Art. 159). 

For ill the case of two dimensions, when the origin is 
unaltered we have 


ar'* + 2ry cos a> + y'* = + 2X' T cos Q + Y'\ (31) 

where o) and Q denote the angle between the original axes 
and that between the transformed axes, respectively. 

Multiply (31) by X, and add to (30); then denoting 
y) by M, and ^i(X, F) by ZT" we get 


(; 


o^f ^ + X 1 + 




dxdy 


+ Xcos 




+ 2 X'Y'[ -^^+XoobSi) + 






> 


Now, suppose X assumed so as to make the first side of 
this equation a perfect square, it is obvious that the other 
side will be a perfect square also. The former condition 
gives 

+ x) 




\(ixdy 


+ X cos 


«)*. 




I am indebted to Prof. Bumside for the suggeatioii that the eqnationa of 
lifl Article are immediately obtained by Boole’a method. 


or 


Trantformatim of Coordinat'e Ames. 


A*sm*of lij-A 3^ + -5-5- - 2 -T—^ cos 

\da? dj^ dx dy 


“) 


f rf*« Y 

^ (&* \dxdy) 

Accordingly, we must have at the same time 
A’sin^Q + A( -r:?: + - 2-rsr-7^,008 £2 


\dX* ■ d¥^ ~ dXdY 


) ' 


cPUa^U / d’CT \ 

dX^dl^ [dXdrJ~°’ 


Hence, comparing coefficients, we get 


d*« (Pit 
da? dy^ 


(PuV (PU(PU f d*U V 
^dxdy) dX^ dY* " 


sin’^iu 


and 

(Pu d*u 


sin’‘£2 


(PU 


(Pu d?U d?U 

da?'^ dy^'^ dxdy dX* dF* ^ dXdY 
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rcos £2 


BUX^CU 


Bin’'£2 


• (33) 


Consequently, if u he any function of the coordinates of 
a point, the expressions 


(Pu <Pu 
da? dy^ 


f (Pu Y 
\dxdy)' 


and 


sin^cii 


cPu (Pu Pu 

33 + 33 “ 2 ~T~J~ ®o® ^ 
dP dip dxdy 

eirPiti 


are unaltered whm the axes of coordinates are changed in any 
mannerf the origin remaining the same. 

In the particular case of rectangular axes, it follows that 


Pu d?u , PuPu f Pu Y 
dx' ^ rfy* ^ dx* df \dxdy) 

I 

preserve the same values when the axes are turned round 
through any angle. j 



414 


Change of the Independent Variable, 


331. Applleatlon to Orthogonal TranslbrmatlQn.*— 

When the transformations are orthogonal it is easy to ^tend 
the preceding results to three or more variables (Art. 327). 
Thus, in the ease of three variables, we have 


+ y'* + s'* 


X'* + Z'* + Z\ 


Multiplying this by A, and adding the result to the equation 
that corresponds to (30), it follows that the expression 



+ 


(Pu 

dzdce 


+ 


(Pu 

dxdy 


is unaltered by orthogonal transformation. 

Next, suppose that A is such that the quadratic function 
in y, y' and z is the product of two linear factors j then, by 
Art. 107, we have 


. Pti 

djf* ^ * dxdy* 


d®tt 

dxdz 


d?u 

dxdy* 

dPu 

dxd:^ 




But, as the transformed expression must also be the product 
of two linear factors, we have 


Pu 

dP 



dhi d^u 
dxdy* dxdz 


PU . PU PU 
dX^ ^* dXdF* dXdZ 


Pu d^u . 
dydx* dy'* ^ ’ 


Pu 

dydz 


PU PU PU 
dXdT* dl^ * ^* dTdZ 


Pu Pu Pu 


^dxdz* dydz* ds? 


+ X 


PU PU PU 
dXdZ* dYd^ dZ*^^ 
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w 

iBquating the coeffidenta of like po'Vfrera of A, we see that the 
expressions ^ 

(Pu iPu 

s 

<Pu ct^u / d*u Y d^u d*u f d^u V / d^u y 

dx^dy* \dxdy}^dx^ dz* \dxdz) dy^ dz* \dydz)* 

and 

d*M (Pu (Pn 

dsP* dxdif dxdz 

dPu <Pu dhi 
dxdy* rfy*’ dzdy 

rf*M d^u cPu 
dxdz* dydz* dP 

ere unaltered by orthogonal transformation. 

The first of these results has been already arrived at by 
direct substitution (Art. 327). 

These results readily admit of generalization. 
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Change of the Independent Variahk, 


Exaicplss* 




I. Being given y and « » find^» 

u£iw. /'(«)♦"(*) +/"(«){«'(*)}* 


2. If y s , t =/(m), m=^(«), find the value of 


da? 


Ana. r{t)f{u) J'(0 + (/'(»))•>"(<)} 


3. Change the independent variable from « to c in the equation 

. « V J 

— 2fiir —+ aVa5 0. where 

. d*y 2(» + 1 ) dy . , 

-dm. ^ + -i-i a»y = o. 

ds* a de 

d>^y dy 

4. Transfonn (l — »•) ^ ^ + i^y mo, being given » = ein a. 

d^y 

- 4 ~. 5P. + .V-0. 

5. If d? s: r sin cos y = r sin sin s= r cos prove that — = —, 

ar dx 


dx 


where 0 and 4> are regarded as constants in finding —; while y and z are re 

dr 

garded as constants in finding — 

6. If s be a function of two independent Tatiables, x and y, which are 
connected with two other variables, u and e, by the equations 

/i(»t y ,«» v) = o, Mt, y, «, t>) ■ o; 

dz dz d% d% 

■how how to express — and—in terms of — and—• 

dx dy du dv 


jm Transform the equation 




dz^ ^ I + <^a? (i + a;*)* 

into another in which 0 is the independent variablei supposing x »tan $» 
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8. If e be a function of x and y, and u = px + qy ~t, prove that when 
p and q ore taken as independent variables, we have 


du 


du 


drU 


cPii 


dp dq d]^ — dpdq 


rt - 


dq'^ 




where p, q^r^ s, t, denote the partial differential coefficients of r, as in Art. 304. 
9. If the equation 

» dy ^ 


dx^‘ 


dx 


be transformed to depend on where x = prove that the coefficients in the 
transformed differential equation are all constants. 


10. Given x • 


m 


m 


prove that 


F{t) _ 


Fit), F'{i), F'V) 

W ), «"(0 

4 ( 0 . 4 '( 0 . no 


fy 

dx^ 
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CHAPTEE XXin. 


SPHERICAL HARMONIC ANALYSIS. 

332. It is proposed in this chapter to give a brief discussion 
of the differential equation 


d^V d^V d^V_ 

dx^' dy^ ^ 'dz^ ~ 


(0 


an equation which occurs so frequently in physical investi¬ 
gations. We shall denote the stjniholic operator 


d^- d^ d\ , 

+ — + — by V . 


dx^ dy^ d: 


S' 


Adopting this notation, we readily see that 


, V , fdu dv du dv du dv\ , , 

\dx dx dy dy dz dzj ' ' 


d 


Again, since — (r”*) = mxr 

(iX 


,OT-'2 


d 


( 3 ) 


wo have — (/■"') = + tn{tn— 2) iS®;'”*"*, 

and we readily get 

V* (?"’”) = tn{tn + 

Hence, from (2), we have 

r+ m{i}i + I )»•«”-* F 

dV dV dV' 

+ X - 7 - + «-— + 3 — 

\ dx dy dz 

Moreover, if F be a homogeneous function of the «'* de¬ 
gree in X, y, z, we get, by Euler’s theorem of Art. 98, 

V*(r"' F) = r” V* F + m{m + 2n + 1) r"*‘* F. (5) 


(4) 
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333. Solid Harmonic Functions. —Any homogoneons 
functicJn in x, y, z whicli satisfies equation (i) is called a solid 
spherical harmonic function, and frequently a solid harmonic. 

We shall denote a solid harmonic of the degree by 
Fi,; in wliioh the degree n may be positive or negative, in¬ 
teger or*fractional, real or imaginary. 

It is evident that any constant multiple of an harmonic 
is also an harmonic of the same order. 

From (5) it follows that a solid harmonic of the degree 
satisfies the equation 


y2(,.nipr) _ + 2n + 

Hence we see that if be a solid harmonic, 
a solid harmonic, whose degree is — (« + i). 




( 6 ) 

is also 


Again, from (2) wo sec that - is a solid harmonic of the 


r 


degree - i. Also it can be readily shown that - is the only 

function of r that satisfies equation (i). For by (19), Art. 
323, we can transform that equation into 



I d 

sin 0 (W 



+ -7 


d^V 


sin*d dfjt" 


= o. 


( 7 ) 


Hence, if F be a function of r solely, wo must have 

/"r® = o. This gives V in the form - + h. 

dr \ dr J r 

In like manner, if F be a function of the angle 0 solely, 

d'‘ V 

it must satisfy the equation —— = o : this leads to V=a<p + b. 

(i<b 


Hence we observe that tan'^ 
degree zero. 

Again, if F be a function of 0 solely, we have 


is a solid harmonic, of the 



2 E 2 
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Hence we see that log Aan satisfies the equation 


V 2, 


( r + sN , 

-—is a solid harmonic. 

IT CC f* ^ 

In like manner, log-and log —- are also solid har- 

r - X r - y 

monies. 

It is readily seen that ^ log tan satisfies equation (7); 
hence wo see that 


tan"' ^ log 


r + s 
r - z 


is a solid harmonic, of zero degree. 

If V satisfies equation (i) it is seen immediately that 

—, —, and “ also satisfy it, as also the general expres- 

V . . 

sion which <7, r are any positive integers. 

Hence, from any solid harmonic, a number of others can 
be immediately deduced by differentiation. 

dV 

Again, since is a harmonic of degree n— 1, it follows 

I dVn 

from (6) that is also a solid harmonic, whose degree 

ClOl/ 

is - «, and so on. 

/1 \ 

For example, any expression of the form 
is a solid harmonic, whose degree is - (y + Z; + / + i). 


Exa.MPL£S. 


I. Find (he condition tbat 


az^ + iy* 4 cz^ + dxy 4- exz 4 /ys 

' ehould be a solid harmonic. Ans, a + b + c^o. 
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2. Prove that 


, z tan*^ and z log - 2r, 


-1-f y . V > - — icr, 

r + a' r(r + «)' 2:’ * 

are solid harmonics. 

3. If Vo be a solid harmonic of degree zero, prove that is also a 

solid harmonic. 

„ sin 

4. Hence prove that - — , is a harmonic function. 

2, dz^ 

(a:- + 

For, let Vo = tan"^ j ; then, since y = a; tan it can be shown, as in 
Art. 46, that 




(tan-i = (-!)» \t^ 


sin n<p 
(x^ + y2)' 


At. \ ^ t 

r^M-^sin«4> . 

Hence- - 18 a solid harmonic, as also any function derived from 


(a.® + 

it by differentiation. 


r-r„ 


S- Prove that u = — —- ia a solution of the differential conation 

2{2« + 3) 

v-M = r«. 

334. Complete Stolid Harmonies. —A solid harmonic 
that is finite and single valued for all finite values of the co¬ 
ordinates is said to be a complete harmonic. It can bo proved, 
by aid of tlie Integral Calculus, that every complete solid 
harmonic is either a rational integral function of the coordi¬ 
nates, or is reducible to one by multiplication by some power 
of r. Assuming this, it follows that the number of indepen¬ 
dent complete harmonics of degree u is 2n + i, when n is 
positive. 

_For it is readily seen that the number of terms in F),, a 
rational homogeneous function of the degree in as, y, z, is 

(w "4“ H“ l) 

- - -; and also the number of terms in is 

n(n - i) 

-; hence, since v* F”,, = o identically, we must have 

^^ linear equations connecting the eoefl&cients in Vn, ; 

consequently the number of independent constants is 

{n+ 2)(«+ 1) n{n- i) _ ^ 

--, or 2w + I. • 
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I 

It can now be shown that every complete harmonic ^can bo 

I . 

deduced from - by differentiation. For the solid harmonic 

T 

rf'***' I 


dx^ dtj^ dz^ + s®)i’ 

when the differentiations are performed, is readily seen to be 
a fraction of which the numerator is a homogeneous func¬ 
tion of the degree w, and whose denominator is , where 


Vn 


the 


n ^ k +j + 1 . If this function be represented by 

numerator Fii, by (6), is also a solid harmonic. 

We can now show that the number of independent har¬ 
monics of degree ii that can be thus derived is zn + i. 

For, since 

I. _ + ilVi^ 

rfa’V/ \<l^ ‘Vjvj' 

we see that 



'fl'i d^\«f 

in which ( -r^ + — i can be expanded by the binomial theorem 


d . d 


as if and ^ were algebraic quantities, and the resulting 
ax ciy 

differentiations of - taken. 

r 


Hence, if I be even, we have 


dj*M 


dx> di/^ dz^ 
and, if / be odd. 



- r- — 

dad dyk ■** fly 


- W-^ 


/-I 


dy^ dz^ \ n 


\\ , .n rf>“ /a‘ 


dad rfy* \dx* dy 


dif) ds\rj 
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Accordingly, in the former case we get a number of te/ms 

• fi\ 

each of the form (-), where p + q = n\ and in the 

dxPdy^\rJ 

latter, terms of the form -7^—r ■ I t( “ )I »which p -v q =n- i. 

dxP dy'^ \dz\r Jy ^ ^ 

Now there are ja + q+ i, or « + 1 terms in the former case, 
and n in the latter. Hence there are 2» + i independent 
forms, as was to be proved. 


335. SIpherioal and Zonal Harmonics. —If a solid 
harmonic Vn he divided by r", the quotient may bo regarded 
as a funetion of the two angular coordinates, or spherical 
surface coordinates, 0 and 0. Such a function is called a 
spherical surface harmonic of the degree n. 

Hence, if F,, = then Yn is a spherical harmonic of 

the degree. 

It is obvious that the general spherical harmonic of the first 
degree is of the form a cos fl + /j sin 0 cos ^ + c sin 0 sin 0, where 
a, by c are arbitrary constants. Also, the general expression 
for Y-i can he written down readily (see Ex. 1, Art. 333). 

Again, by (ig). Art. 323, we see that satisfies the 
differential equation 


I d 

sin 0 dO 



+ 


siix ‘6 dq> 


d^Y 

^± + n{n+ i)F„=o. 



This equation admits of a useful transformation : for let 
fi = cos 0 , then, since 


we get 






dYn{ ^ 1 

djj, 


d^Y„ 

I - d^- 


+ n (n + i)Yn = o. (9) 


Again, if a spherical harmonic be a function of 9 solely, it 
is called a zonal harmonic. Hence, if Yn be a zonal harmonio 
of the order, it must satisfy the equation 




+ n (n + i) P« = o. 
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% 

* When w is a positive integer, the value of P„ can bo readily 
represented by a finite series. For since, by hypothesis, P„ 
is a function of the degree in /u, we may assume 




Pn=S {an^pT). 


Hence 
^ 2\ 


dP. 

dp 


= S {ma^ p ”*-'); 


= S;»(»n- i) Omp”^- Sm(m + i)a„ p*". 


Substituting in (lo), and equating the coefficient of p”* to 
zero (since the result must vanish identically), wo get 

(m + i) (m f 2) am+a = ~ (n - m) {tn + » + 1)0^. 

Honco, observing that the highest power of p is «, we 
have 


^n-2 “ ^7 


and we may write 


” 2 {zn - i)' 


Pf. = «n j/u" - 


n (n- I) 
2 (zn 


z.4(zn-i)(zn-3) y 

(ii) 


where is an arbitrary constant. 

This is the general form of a zonal harmonic of integer 
positive degree; and we sec that two zonal harmonics of the 
same degree can only differ by a constant multiplier. 

It can be shown independently of the above that 

—J (/Lt* - i)" satisfies the equation (10). 

In order to prove this we shall assume u = p^ — i, and 
write the symbol D for ~; then we have to prove that 

D (mP”*' (m**)) -n(n+ i) 2 P (w") = o. 
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Nox 7, observing that 
rem of Art. 48, 


du 

dpi 


2pij we get, by Leibnitz’s tbeo- 


(w»«) = {u .M”) = (m”) + 2 [n + j) pJ)”^ (w") 

* + n(n + 

Again, since 

2 ) («”+’) = 2 (•» + i) 

we have also 


JD”*‘ (m”*') = 2 (« + I) D” (jutt") 


= 2 (»+ I(m**) + 2»(w + («”). 

Equating these values of we get 

(«(”) = (» + I ) i)”"* (m") ; 


hence (e«“)} —n{n-\- i) 2?" (««”) =0. (12) 


Consequently 2)“ («”) satisfies the equation in question. 
Hence we infer that 



Ga* - I)”. 


The student can verify, by direct differentiation, that 
this expression differs only by a constant factor from the 
value of P„ found in (i i). 

It is usual to assume that P„ is that value of the pre¬ 
ceding expression which becomes unity when pi - 1. 

To find this value, we have 


“ (I;)” 

- (/“'-!)“■'+(»-of 0*’ 

by Leibnitz’s theorem. 
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\n-2 


f d 

Now it is readily seen that J (ju®- i = o whea p = i; 
hence, when fj. = i, we have 




(/.’-l)”-’, &o. 

Consequently, when /x = i. 


and we have 


f f 

= ) (m*- I)”- 

2*‘^n\dpJ ' 


(* 3 ) 


The foregoing can he readily shown in another manner. 
For 2 — i)’* is the coeflGlcient of //" in the expansion 

of (i -2juA + h-y^ (see Ex. 6, p. 155). 

Again, 

((x - ay + 2/* + = (r* - zarp. + a*)*^ 

if r 1 ^ 

= -[i-|w + -s ,where=-, 

a\ a a^J a 


= S 


r" I 


~) (/a* - I)”; 


^n+i 2"^}1 \dpj 
in which we suppose a>r. 

But V®{(a? - ay + 2/* + 2®}“^ = o ; 


hence 


>•” (m® - 0 ”j ®o; 

f d # 

( j' 1 (i“* “ satisfies equation (10), &o. 

\dpj 


The functions Pi, . . . P„ are usually called Legendre*s 
(Coefficients. 
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Examplks, 

1. If ^ = I, prove that Pn = i for all values of w. 

2 . If /* = — I, prove that Pn= (— i)". 

3. If < I, show that the scries 

Pi + Pj + • • • + P» + - - - 

is convergent. 


4. Prove the relations 

35ai<-30/x5+3 


P 4 = 

5- Prove the equations 

d 


8 


, P 5 « 


63j«®- 70tt®+ iSm 
8 


(-Pnfl — Pn-l) = ( 2 >* + *) P»> 

afx 

(m + 1) P«+1 - (2« + 1) HiPn + «Pn-l = o. 

336. Complete 6(|ilicrical llarmouicH.—From Art. 
334 it follows that a complete spherical harmonic of the 
order, when n is an integer, contains zn + i arbitrary con¬ 
stants. Its value can bo expressed by aid of the corresponding 
zonal harmonic P,„ as we proceed to show. 

Since F„ is in this case a rational integer function of 
sin 0 cos (p, sin 0 sin 0 and cos 0 , we may suppose it expressed 
in a series of sines and cosines of muHiplos of q!>, wliose coef¬ 
ficients are functions of 0 , or of fi. We accordingly assume 
that Yn consists of a number of terms each of the form 
J/jCoss^; then, substituting in equation (8), and observing 

that — ^2^^ ' = - s* cos we obtain, on equating to zero the 

coefficient of cos 

If, as before, we write « for u® - i, and D for this 

djLi 

becomes 

(* 5 ) ^ 


uD { uJ)M,\ - «*JT, - n (« + I) uMg = o. 
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' Now, let Ms = w* ; then 


J 

“♦1 


S 


uDMs = tt* Dv+Sfiu^v's 


therefore 

uD {uDMs) = M® 'D^V + 2 (s + I) /UM® + sw® w® v. 


’r*+2 




J 

r*i 


s 

T*1 


Suhstitute in (15), and divide by «® ; then 

uD\ + 2 (5 + i)fiDv + {s(s + i) - «(« + i))w = o. (16) 

It is readily seen that this equation is satisfied by assum¬ 
ing V = IP Pm I for substituting this value for v in (16), it 
becomes 

uIP*^Pm + 2 (« + l)flIP*^Pm+S {s + l) IPPm 

-u {n + i) IPPm = o; 

but by Leibnitz’s theorem the first three terms are equivalent 
to lP*^{itDPm ); whence the equation becomes 

JD***- «(n + i)lPPm ^ o. 

But this equation follows immediately from (10) by 
differentiating s times with respect to /£. 

Accordingly the expression 




satisfies equation (14), and hence 

cos 8^(/!i®- i)* ^ Pn 

satisfies (8). 

In like manner, as ^ = - s® sin the expression 


d<j>‘ 


S 


d 


sins^()u®- i)®(^-^jP„ 

also satisfies the same equation. 

Accordingly, equation (8) is satisfied by the expression 

{As cos Sij, + Ps Bin s<l>) (/a® - i )* (Pn), (17) 

p which As and P, are arbitrary constants. 
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w ^ 

This expression is called a Tesseral Surface Sarmonic, and 
is said to be of the degree n and order s. 

If we give all integer values to s from i to «, the com¬ 
plete spherical harmonic can be written in terms of 
Tesseral harmonics as follows :— 

i Jsp 

F„ = - 4 oPn+S {AgQOSS^ +BsB\nS(p){jx^- (18) 

GfX 

in which (j“* “ ^^^7 ^6 substituted for P« if neces¬ 
sary. 

This equation contains the proper number 2» + i of arbi¬ 
trary constants, and consequently may be regarded as a 
general expression for a complete spherical harmonic of in¬ 
teger positive degree. There is no difficulty in showing by 

/ d 

differentiation that j (ju® - i)’* differs only by a constant 
from 


ft 


+ 


2 [zn- 1) 

{n-s){n-s - I){«-«- 2) (»-«- 3) 
2.4. {zn - 1) (2?i - 3) 




n-^-4 


+ &c. 


Hence that part of F,* depending on the angle s^ may be 
written 

{i-pf ^ • 

This agrees with the general expression given by Laplace 
{Micanique Cileste, tome iii., chap, ii., p. 46). 

337. liaplace’s Coefficients. —It is immediately seen 

that the expression — -—;-t-t-t satisfies the 

^ _ {{x-xy+{!/-fy + {z-zy\^ 

general equation (i), as also the corresponding equation 

d^V d^V d^V _ 
dxf' dy'^ ^ dzf^ 
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Transferring to polar coordinates, the preceding expression 
may be written - 2Xr/+ where 

= r' sin W cos 3/ = / sin 0' sin 2' = r' cos 0'; 

and X = cos 0 cos 0' + sin 0 sin 0' cos (</i - 

If P and 7 *^ be the points whose coordinates are*^ xyz and 
xy'z\ respectively, then 


I 

pP 





Accordingly, if 

(i - 2 \h + = I + Lih + Lih' + . . . + Lnh”’ + . . ., 

we have 


PP' 


and 


PP' 


1 Ly Ly^ 

-h --^ - - -1- 



. when r > r'. 



+ . . . when r < 



Hence, since v® must have V® - o, 

and also = o. 

From this we see that is a spherical harmonic of the 
degree n, and that it satisfies the equation 





I - /A* d<ii 


7- + W(« + l) Pn= O. 


The functions Zi, X*, . . . X„ are called Laplace’s Coef¬ 
ficients^ after Laplace, to whom their introduction into analysis 
is due. 

The value of X„ may be deduced from that of Pn in (n) 
or (13), by substituting fiff ^ ^ 1 - y 1 - cos - <p,') in 
place of /a, whore p. = cos 0 , and p = cos 0 '. Hence it is a 
function of the degree mp,y'i-p^ cos ^ and ^yi-y sin 0; 
as also in p\ p'^ cos and x/1 - p'* sin 
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* . . . 

Moreover, since Ln is a spherical harmonic of the 

degree,* and symmetric in /* and /a', as also in f and 0', it 
must, hy (18), be of the form 


3sn 


Z:„=aoiJnPn'+S a.coss(0-0')(;u*-i)* 

»=i rf/x * 

in which the coefficients fl?o» <7i,. . . a, . . . are constants, the 
values of which remain to be determined. 

It is immediately seen that = i; for if /a' = i, we have 
= I, and Lfi ~ P n* 


aM- 0 


In the Integral Calculus, Art. 233, it is shown that 
2I » - s 


w + s 


. Assuming this result, we have 


i„=PnP«'+2S 


*=1 


I w - .s , 

-0“ (/'- 


»f?*p„ 

dfx^ 


Some further applications of spherical harmonics will bo 
found in the Integral Calculus, Arts. 230-5, but for a more 
complete treatment of the subject, which involves the applica¬ 
tion of Multiple Integrals as well as the solution of Differential 
Equations, the student is referred to Thompson and Tait’s 
2 'reatisc on Natural Philosophy; to Ferrer’s Spherical Har¬ 
monics; or to Todhunter’s Treatise on Laplace's, Lame's, and 
Bessel's Functions. 
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Spherical Harmonic Analysis, 


Examples. 

I. If u bo a solution of the diifcrential eq^uation 

d^V d^r d^r 

-J-L-- sr O, 

dy^ dz* 


prove that 


+ z ^ will also be a solution of it- 
dx dy dz 


2. Show that each of the quantities 

(i — p?) sin 20, /aV 7—cos 6 , ^ 

3 

is a surface harmonic of the second degroo. 


3. Prove that the expressions 


, r + « z . r + z 

*log--2r, — log- 


r — s 


r — a? 


- r + « 2r2:^ 


are solid harmonic functions. 


4. If the polar variables be replaced by u and v, where 

0 iip 0 i<p / 

cot -e = «, tan - s ^ =s v, and t =s V — 

2 2 

prove that any surface harmonic of the order u satisfies the equation 

(pr «(n+ or 

- — —J-es O. 

dtfdv (« + v)*'* 
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CHAPTER XXIV. 

JACOBIANS. 

338. JacoMans. —The results obtained in Articles 330 
and 331 are particular cases of a class of general theorems 
in determinants, which were first developed by Jacobi (Crelle’s 
Journal^ 1841). 

Thus, if' M, V, w be functions of y, 2, the determinant 



du 

dll 

du 

lx" 


d% 

dv 

dv 

dv 

dx" 


li 

dw^ 

die 

die 

dx 

dH" 

dz 



was styled by Jacobi a funcUotml determinant. Such a 
determinant is now usually represented by the notation 

f 

d («, t7, w) 
d (ar, y, 2)" 

and is called the Jaoobian of the system u, v, w with respect 
to the variables x, y, 2. 

In the particular case where «, u, w are the partial diffe¬ 
rential coefficients of the same function of the variables ar, y, 2, 
their Jacobian becomes of the form given in Art. 331, and 
is called the Hessian of the primitive function. Thus the 
determinant in Art. 331 is called the Hessian of m, after 
Hesse, who first introduced such functions into analysis, and 
pointed out their importance in the general theory of curves 
and surfaces. 


2 F 
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Jacohiam. 


’ More generally, if yi, . yn be functions of xiy Xa, Xj 

, . . Xuf the determinant 


dyi 

dyx 

<fyi 

dxi* 

dxa ■ 

" dXn 

dya 

^X 

dya 

* m 


dXi dXa ‘ ' ‘ dXn 


dljyy 

dyn 

dyn 

dxi* 

dXa* ■ 

“ dXn 


is called the Jacobian of the system of functions yi, yx, . . . y^ 
with respect to the variables iVx, Xa^ . . .Xn\ and is denoted by 


.Vai • • ♦ .Vn) 
d^Xly Xay ... Xfl^ 

* 

Again, if y\^ yay . . . yn be differential ooeoiffients of the 
same function the Jacobian is styled, as above, the Hessian 
of the function. 

A Jacobian is frequently represented by the notation 


• • • y»)» 


the variables x^y Xa, . . . Xn being understood. 

If the equations for yt, yx,... y^ be of the following form. 


yi =/i(«i), 
ya=/a(«i, Xa)y 
ya’^fiixiy Xay Xa)y 



y«“^(*i» Xay 


• • • 
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it is obvious that their Jacobian reduces to its leading term, 
viz. 

_ dyi dy^ ^ 
dx,'dxt " ‘ dx.: 

« 

This is a case of the more general theorem, which will be 
given subsequently (Art. 343). 


Examples. 


1. Find the Jacobian of - yn» being given 

% 

yi = i-ari, y 2 =ari(i-2:2), y 3 = afi:r 2 (i-asa) -.. 

yfi=a;ia;3.. .ar«-i(l -arn)* Ans» /= (- i)«a:i«-*ara"'* - . - a:«-i. 

2. Find the Jacobian of xi, ara, > • • Xn with respect to 92 , . • . On^ being 
given 

— cos Bu ^2 » sin 01 cos 02, ara- sin 0 i sin 02 cos 03, . * . 
a;n=sin 01 sin 02 sin 03 ... sin Bn-i cos 0 ^. 


An$. 


0 


d{Xl, 3 ) 2 , ... Xn) 
d{di, 03 , .. , 0,1) 


= (— i)“ 8 in’‘ 0 i. sin"-*- ffa . . . ain 9 n. 


339. Case wliere tbe Sanctions are not Xndepen> 
dent. —If pi, ya ... yn he connected by a relation, it is 
easily seen that their Jacobian is always zero. 

For, suppose' the equation of connexion represented by 

-F(yi» 3^2, . . . y«) * o; 

> 

then, differentiating with respect to the variables Xi, Xa,... Xn, 
we get the following system of equations:— 

4 • 

dEdyi dF dy% dF dy^ 

dyi dxi dyx dxx * * * dyn dxi * 
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Jacohians. 


dF dyi dF dy^ dF d^ 

dyx dXi dyz dx% ''' dy^ dx% 


dF dyx dFdy^ 

dyx dxn dyt dxn 


dF dyn 

dijn dXn 


= o; 


, .. dF dF dF , 

whence, elinunatinfir . . . -—, we ffet 

dyi dyt dy^ ^ 


d (?/!, ?/», ... ?/n) 
d{Xii Xij ... Xf^ 



The converse of this result will he established in Art. 344 ; 
and we infer that whenever the Jacobian of a system of 
functions vanishes identically the functions are not indepen¬ 
dent. This is an extension of the result arrived at in Art. 

314- 


340. Case of Fmictlonjs of Functions. —^If we sup¬ 
pose Ui, U3 to be functions of y^ ya, where yi, ya, ys are 
functions of Xx^ x^, x ^; we have 


dUx 

dxx 

dUx dyx 
■ dyx dxx 

dy^ dxx 

^ dux dyi 
dya dxx 

dux 

dUx dyx 

dUx dyi 

dUx dyi 

dxt 

dyx dXi 

dy% dXi 

dyi dXi 

dUx 

dux dyx 

dux dy% 


dXi dyx dxt 

dyi dXi 

dyi dx^ 


i 


&o. 



Case of- Fumtima of Functions. 
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Henoe, by the ordinary rule for the multiplication ofMe- 
termiaants, we get 


dui 

dui 

dux 


dux 

dux 

dUx 


dyx 

dy^ 

dyx 

^ 1 * 

dx^ 

• 

dXi 


^1’ 

dyi 

dy^ 


dxx 

dx% 

dxz 

du% 

du% 

dUi 


du2 

dUi 

dUi 


d^ 

^2 


dxx 

dxz 

dxa 


^1’ 

dyt 

dy3 

• 

dxx 

dxz 

dxz 

duz 

dih 

dUi 


du3 

duz 

du2 


djh 

^3 

dyz 

dxi 

dx% 

dXi 



dyz 

dijz 


dxx 

dxz 

dXi 



d(^Uif Uz) ^ 3 ) _ d(uif U2, ^ 3 ) y2fy3^ 

ar*, Ufa) d{yi2 y^, y^) * rf(a;i,a?2, ajj)' 

It follows as a particular case, that 


d (yi, ?/2, ya) d {xiyX2,x^ ^ ^ ^ 
d{xi, X2, a?3) " d(yi,y2,y3) * 



These results are readily generalized, and it can he shown 
by the method given above that 


rf(wi, W2, •. • ^ d[uif ■M2, . , . Uti) d(yif y^f ... y«) . 

d (a?,, Xfy... Xn) ~ d{yi, ya, . . . y») ’d (ar,, a;*, . : . Xn)' 


This is a generalization of the elementary theorem of 
Art. 19, viz. 

du du dy 
dx dy dx 

Again, 

rf(yi> y2» •. • yn) d(a?i, x^^, ,. 3?^) ^ ^ 
d • •Tn) d (yi, ya,»• • yi») 

This may bo regarded as a generalization of thb result 

dx dy 
dy ^ ' dx 


(8) 
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Jacobians. 


*341. The Jacobian Jb an Invariant.— -Xa'the parti¬ 
cular case of linear transformations we have a system of 
equations as follows:— 

= ttiXi + ttiXi . . . . + 
y* = JiJTi + b^Xi . . . . + 


Un ^ l\X\ li%X% % . . 


In this case 


ya > - ■ ^ //n) 
til ^2 • • • • 



+ Lx, 


n^n» 


^2 • • • 

^2 • • • 

» • • • 

L * * • L 


4 


This determinant is a constant, and is called the modulus 
of the transformation. 

Accordingly, in linear transformations the transformed 
Jacobian is equal to the original Jaoobian multiplied by the 
modulus of the transformation. 

In the case of orthogonal transformation (see Art. 327) 
the modulus of the transformation is unity, and accordingly 
the J acobian is unaltered by such a transformation. 


342. Jacobian of Implicit Functions. —Next, if 
11, Vj Wf instead of being given explicitly in terms of x^ y, s, 
be connected with them by equations such as 

Fi{x, y, z, M, ©, w) - o, F^{Xyy, z,«,», w) = o, jPa(a;,y,z,«,i;,«>) = o, 

then u, Vy w n^ay be regarded as implicit functions of Xy y, z. 
In this case we have, by difEerentiation, 


dFy 

dFi du 

dFx do 

dFx 

dw 

dx ^ 

du dx 

do dx 

dw 

dx 

dFy 

* t 

dFidu 

dFydo 

dFx 

dw 

dy 

m. 

du dy 

• • 

dv dy 

dxo 

dy 

w 

dF^ 

dFidu 

dFidv 

dFi 

dw 

dx 

du dx 

do dx^ 

dw 

dx 


o, 

o, 



Jacobian of ImpUeit Functiom, 
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Henoe we obsdnre, from the ordinary rule for multipfioa- 
tion df determinants, that 


rfF, 

dFy 

dFy. 

du 

dv 

dw 


dF, 

dFr 

dF, 

du * 

jiv * 

dw 

da>* 

dx* 

dx 


dx* 

dy* 

dz 

dFi 

dFi 

dFi 

du 

dv 

dw 


dFi 

dFi 

dFi 

du* 

dv ’ 

dw 

Ty* 


dy 


dx * 

dy* 

dz 


dFi 

dF j 

du 

dv 

dw 



dFi 

dF 

du* 

dv * 

dw 

dz* 

Tz* 

dz 


dx * 


dz 

This result may 

be written 






d (Fly F%y . 


d{u 

, V, w) 

d{F, 

1 -^) 


( 9 ) 


^d{UfVfW) ’d{xji/fZ) d{xyp,z) 

The preceding can be generalized, and it can be readily 
shown by a like demonstration that if yi, yz, ys, . . . yw 
are connected with Xij x^ • • • Xf^ n equations of the 
form 


Fi {xi.jxht.. . Xn, yi, y2.. . y») = o, 

• Fi (tUl, Xi m m m Xf^f f/i • . • y«) — O, 

• ••••• ■ 

F(jCif Xz • m m Xflf l/lj yz • • • /^n) ” 


(lO) 


we shall have the following relation between the Jacobians: 

d(y,, yz, • • . Vn) . d{Fx,Fz, . . . Fnj 

d(yi} y%^ • • • yn} d^Xi^ Xz^ • • d(xij Xzy • • . ii?») 


Accordingly, 


Xly Xzf • * • Xf^ 


d{Fiy Fzy • • ■ Ff^ 
rf(a?i, a?a» ■ « « ^«) 

d{F^, Fi,... F„) 

d it/i, y*, . . • yn) 


(”) 
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Jacobiana. 


*343- Again, the equations connecting the vaciahles are 
always capable by elimination of being transformed into the 
following shape 


(•J'lj • • • ^ny i/i) ~ O, \ 

J 

^2 (^ 2 » ^29 • • • t/lf 2 ^ 2 ) ” ^9 

03(^3, yi, ys, ys) = o, r 

«••••• 1 

0n(a?n» yi> y2» • • • yn) = 0 . J 

In this case the Jacobian determinant 


^(0 l» ^2> • • • 

<^(yi, y?, •. • yn)’ 

as in Art. 338, reduces to its leading term 


^01 C?03 ^03 d0] 


rfyi ffyi dtjz' ' ' dijn 


In like manner, 

« ^ 


I'educes to 


d{^U 02 , « • . 0 n) 
rf (a?i, jTj, . • • 



Accordingly, in this case, the Jacobian 


d (yi, ya, 

d{xif £^2, 




344. Caae where JTacoblan Taniahes.—We can now 

prove that if the Jacobian vanishes the functions yi, yg,... yn 
are not independent of one another. 



Case where Jacobian Vanishes. 


441. 

For, as in the previous Article, .the equations connecting 
the vdriahles are always capable of being transformed into 
the shape given in (12), and accordingly, if J(yi, ... y„) = o, 
we must have 


d^i d^n 

dxi dx2 ’ ’ ’ dzn ’ 

that is, we have ^ = o for some value of i between i and n. 

dXi 

Hence, for that particular value of i the function must 
not contain Xi ; and accordingly the corresponding equation 
is of the form 


Vlt • • • Vi) ~ O' 

Consequently, between this and the remaining equations, 

0f+l ~ 0» ^143 ~ 0» • • • 0n ~ 0» 

the variables Xi+i, . . . Xn can be eliminated so as to give 
a final equation between yt, y^ ... yn alone. This establishes 
our theorem. 

Also, it follows that if the Jacobian does not vanish, 
the functions are independent. 

345. In the particular case where 

yi = Fi(xi, X3t . . . 2:„), 

ya ~ .... • ^n)t 


Vn’^Fniyii ^2, . . . y«-i, «n), 

we have 

d (yi, y2,... yn) ^ ^ ^ . 

d x^y ... Xfi^ dx\ dx^ dx^i 

It may be observed that the theory of Jacobians is of 
fundamental importance in the transformation of Multiple 
Integrals (see Int. CaUs.y Art. 225). 
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JaeoUam, 


Examplks. 

r 

1. Find the Jacobiaa of yu ysi • • • Vn with respect to r, 9 j, 9 i, . . . 9 h-\, 
being given the system of equations— 

¥ * 

j/i = rco 80 i, y2 = rBia 0 i cos 02, y3sr8in0i siB02COB03, . « / 

—i^ 8 in 0 L sin 02 . • . am 0 fi^ia 
If we square and add we get 

yi® + yz® + .. . yn® = rK 

Assuming this instead of the last of the given equations, we readily find 


J s= r«-i sin"-^ 01 8 in»“® 02 . • • sin 0n-2- 


2. Find the Jacobian of yi, ya, . . • yn, being given 

yi = «j(i-»3), yt = »ixz[i-x3). . . 


y,t-l=XiXi . . . X^i(l-Xn), 


yn " 

Here, yi + ys + . . . y,i = *1, and we get 


d (.Vi, f/ 2 , . -. STn) 

rf(ari, * 2 , . .. x„) 


. . . Xn^\. 


346. Case where a Relation connects the Depen¬ 
dent ITarlahles. —If yi, ^2, . . . which are given func¬ 
tions of the n variables a?], ir2,. . . x^j be connected by an 
independent relation, 

y*, * • • 2/») = o» (*5) 

we may, in virtue of this relation, regard one of the variables, 
Xn suppose, as a function of the remaining variables, and thus 
consider j/i, ^2,. . . functions of Xi, x^, . . . Xn~i. In 

this case it can he shewn that 

> » » 1 /n-i) ^ ^ d (yi) ya, . » . Pn) 
d{Xi,X 2 , . . . Xn-i) dF d(Xif Xif . . . Xn) 

dXn 
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For, if we regard as a function of a?,, aj®, &o. we haVe 

_£_/ N ^ ^_dy^ . dya dx^ ^ 

dxi ' *' dxx dxjx dxx ’ ctei dxx dx^ dx^ * 


AlsOj from equation (15), 


dP dF dx^ 

dxy dxn dxx 


d^ 

dx^ 


dFdXn 

dxndxi 


=s o, &o. 



• 

dF 





dF 

Again 

, let A] 

dxx 

■ dF' 

A* = 

dx-i 

dF' 

W m » X| 

1-1 ® 

dXn-\ . 

dF ’ 



dXn 


dXn 



dXn 

then 

dXn V 

dxx ^ 

It 

" X2J • • • 

diX^n 

dXn-i 

ss — 

Aa_i. 

Hence 

^ f ^ 

dtji . 
dxx 

diji 

dXn 

d 

dXi 

(yO = 

dXi 

— A2 3 — 
dXn 



&o. 


Accordingly, substituting in the Jacobian 

d (yi> ya, •. • y«-i) 

d {x\f a?2, ... Xfi^i^ 

it becomes 



1 


I dpn-i ^ di/n-2 ^ rfyn-i d^n-i y dy^-i I 

dXx '^dXrx ’ dxx dXn-x'' dXn I 

If this determinant be bordered by introducing an addi¬ 
tional column as in the following determinant, the other 
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Jacobiana. 


% 

terhis of tlie additional row being cyphers, its value is readily 
seen to be 


dyx 

dyx 

dyx 

dxi 

dx^ ' ' ■ 

dxn 

dy^ 

dy^ 


dxi 

dx^* ' ' ' 


# • 

dyt^i 

• • 

dy^x 

• 

• 

dyn-x 

dXy ’ 

dx.,* ' " 

dx„ 


A2f • • • 

I 

dyx 

dyx 


dx\ 

dx,* ■ ■ ’ 

U-Tji 


d]h 


I dx* 

dx, ' ' * 


dF 

• * 



dy^-x 



dx , * ’ ' 


dF 

dF 

rfjP 

dx* 

dx,* ’ * ■ 



Again, we have 

dF _ dF dt/i ^ ^ ^ ^ ^ ^ 

‘ dxi dy\ dxi dy^ dx ’ ' •* dxi ’ 

dF _ dF dyi dFdyz ^ ^ 

dXi ~ dyi dXi dy^ dxt ’ ‘ * rfy» rfa?, * 

• •••••• 

Substituting these values in the last row of the preceding 
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the theorem is establislied, since we readily find that the de- 
termin*ant is reducible to 


dyn 

dxn 



d^ 

dyi 

dXi 

dxi 

dxn 

dy% 


dyt 

m m A *^r^^** 


dx* dr-z ' ' ' 


dyn 

dpn 

dpn 

dxy' 

dXi* 

■ * ‘ dr. 



It may be well to guard the student from the supposition 
that this latter determinant is zt'ro, as in Aits. 339 and 344. 
The distinction is, that iu the former cases the equation 
F{!/i > pi) - Pn) - o, conn, cting the y functions, is deduced 
by the elimination of the variables Xi, X2, . . . Xn from the 
equations of connexion ; whereas in the case here considered 
it is an additi mal and independent relation. 



446 


Jacohiam. 


1. Being gireu 


Ezasiples. 

yi S3 rain 01 Bin 02 , ^2 —rain 0 i cos 02 , 
^3=** 008 01 sin 03, ^4= r cos 01 cos 03, 


2. Find the Jacobian 


find the value of the Jacobian fit sin®, cos 0|, 

d(r, 01, 02, 03 ) 

2. Find the Jacobian >[^* 5 * —being given 

«Clr cos0 cosy =srsin0 Vi -m*sin*^, ssrsin^Vi -«*ain^, 
where «2* + n* as i. 

coa^ ^ -f «» co8*0) 
Vi —»i* sin*)^ V i -«®sin ''0 

3. Being given 

3^2 ^ ^3 ^1 3?2 

—> y2 = —> ya = -~. 

iCl iPs 

Gad the value of the Jacobian of yz, ys- Ans. 4, 

4. In the Jacobian 

^(yif y 2 > — - yn) 

arg, . . - arrt) 

if we make 


Ans. 4. 


\ 

_«1 


tiz 

Uh 

yi 

prove that it becomes 


ys- 

* • 

U 

11 

S 



Wl, 

f«2| 

■ • a Utt 





dut 





’ ' ’^1 


du 

dui 

dU 2 

dUn 

Wti+1 


dzz 

d ^2 

' " dxz 


» 

• 

• 

w m 


du 


dtt% 

» 

dUn 



diTn 


dXn 


This determinant is represented by the notation £'(u, tii, • • . »»)• 

5. If a homogeneous relation exists between u, Uns prove that 

2 l(u, •..«») s o. 

6, In the same case if yi, ysi • • « yn possess a common factor^ so that 
y< s= UiU, &o.| prove that 

•^(y» ysf • • • yr»>« 2 ||^/(« 1 , Iia, . .. wi, Wt,. . • Nn). 
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CHAPTER XXV. 

GENEBAL CONDITIONS FOB MAXIMA OB MINIMA. 

347. Condittons a JHaxlmum or minimum for 
Four YarlaJbles. —The loonditions for a maximum or a 
minimum in the case of two or of three variables have been 
given in Chapter X. 

It can be readily seen that the mode of investigation, and 
the form of the conditions there given, admit of extension 
to the case of any number of independent variables. 

We shall commence with the case of four independent 
variables. Proceeding as in Art. 162, it is obvious that the 
problem reduces to the consideration of a quadratic expres¬ 
sion in four variables which shall preserve the same sign for 
all real values of the variable. 

Let the quadratic be written in the form 

M =ax\Xx^ +fl232?a® + 

+ 2 ax^XlX^ + zttiiXiXi + zuuXiXx + 

+ 2^24 XzXi ■{'ZauXaXit (I) 

in which ai2, ^22) represent the respective second 
differentia] cooffLoients of the function, as in Art. 162. 

We shall first investigate the conditions that this ex¬ 
pression shall be always a positive quantity. In this case 
Oxit ( 732 , aaa, &o. evidently are necessarily positive: again, 
multiplying by da, the expression may be written in the 
following form:— 

ff I, M = (( 7 u «! + « 13 iPa+«xsiPs + *14 + («i 1 «22- a?3® + («n Oas- «!a's'* 

+ *“ <^14*) Xx + 2 — (713(713)2^22^4 

+ 2(an«a4 - 77 i 2 au) XzXx-^-2 (ana,i -ai3aw) x^Xx. ( 2 ) 
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'Also, in order that the part of this expression'^ after the 
first term shall be always positive, we must have, Tty the 
Article referred to, the following conditions:— 





( 3 ) 


023 - 012013 )* >0, ‘ 

( 4 ) 

and 











2 

< 3 tllCp 33 ^13 j 

^U^ 34 “^I 3^14 >0. 

( 5 ) 


<^11 ^34 

^11 




To express the determinant (5) in a simpler form, we 
write it as follows 



<^J2> 

tiny 

«U 

I P> 

2 


^11^21“"<^12<3!i4 

^11 0 , 

% 

<?11^33““^18^13» 

flSu^33’"^l3 y 

^11®34""^13^14 

0 , 


^11^34““^23fl^Uj 

^11 



Next, to form a new determinant, multiply the first row 
by 012, 013, 014, successively, and add the resulting terms to 
the 2nd, 3rd, and 4th rows, respectively; then, since each 
term in the rows after the first contains 0ii as a factor, the 
determinant is evidently equivalent to 


011 ® 


t^Wy 

^I2y 

tiny 

tlu 

tllZy 

thzy 

tlzsy 

^24 

6Pi3, 

tlzZy 

tlz3y 

£134 

tluy 

thiy 

tlMy 

^44 



In like manner, the relation in (4) is at once reducible to 
the form 





tll2y 

tin 

Ui2y 

tlzZy 

tin 

d'lZy 

tiny 

ffss 


>0. 


Maxima, and Minima. 
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Hence we oonolude that whenever the following condi¬ 
tions a 3 re fulfilled, viz; 


rtn >0,1 


dwj € 1 x 2 


> 0 , 


^13 

^13| ^23 > Oj 

^ 13 > ^ 23 > ^33 


^ 13 > <'^ 13 ) flfu| 

CP23) fif24 

>o, 

^ 13 > ^ 33 > 

^U» ^24» ^Ziy ^441 



tlie quadratic expression in (i) i& positive for all real values 
of Xxy X-i, Ta, a?i. 

Accordingly the conditions are the same as in the case 
('Ai't. 162) of three variables, a?i, Xz, X3, with the addition that 
the determinant (7) shall .be also positive. 

In like manner it can be readily seen that if the second 
and fourth of the preceding determinants be positive, and 
the two others negative, the quadratic expression (i) is 
negative for nil values of the variables. 

The last determinant in (8) is called the discriminant of 
the quadratic function, and the preceding determinant is 
dei’ived from it by omitting the extreme row and column, 
and the others axe derived in like manner. 


When the discriminant vanishes, it can be seen without 
difficulty that the expression (i) is reducible to the sum of 
f/iree squares. 

It can now be easily proved by induction that the preceding 
principle holds in general, and that in the case of n variables 
the conditions can be deduced from the discriminant in the 


Tnanner indicated above. 

348. Conditions for 11 l^arlables.—If the notation 
already a^dopted be generalized, the coefficient of Xr is 
denoted by arrt a^d that of XrXm by 2«r-m* Iii this case the 
discriminant of the quadratiq.function in n variables is 


^11; 


fll3j - • • 

«in 

^12> 

(l%2y 

• • • 

d>7$y 

d\Zf 

V 

% 

^339 • • • 

■ • 

• 


*• 

% 

(Ztni • • • 
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and the conditions that the quadratio expression sl^all bo 
eX'ways positive are, that the determinant (9) and the series 
of determinants derived in succession by erasing the outside 
row and column shall be all positive. 

To establish this result, we multiply the quadratio func¬ 
tion by Uii, and it is evident that 

+ (ail a«„ - ai„®) x^+ 2 {an a^ - a^ a^) a?, + 

"1“ 2 (uii a^i^ “ a^f aifi^ x^ "4" &c. 

In order that this should be always positive it is necessary 
that the part after the first term should always be positive. 
This is a quadratio function of the n - i variables x^ X2,... x^. 
Accordingly, assuming that the conditions in question hold 
for it, its discriminant must be positive, as also the series of 
determinants derived from it. But the discriminant is 

elii — flfiartis, ^11 <3^33 — <^13 , . . . 

Writing this as in (6), and proceeding as in Art. 347, it 
is easily seen that it becomes 

^12» ^I3j - • • 

^12# ^22> ^23> • • • ^8» 

^33> • • # 9 0 ^) 


I ^2»j • • • dnn | 

1. e. the discriminant of the function multiplied by an**'*. 

Hence we infer, that if the principle in question hold for 
» - I variables it holds for n. But it has been shown to hold 
in the cases of 3 and 4 variables; consequently it holds for 
any number. 
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'W% conclude finally that the qimdratio expression in n 
variables always positive whenever the series of determi¬ 
nants 

I <*IS» • . • IM I 




^ll> 

^I 3 > 



^ll| fiSl3 

^23> ^3a 






^2n 


(12) 


^Irtj 


are all positive. 

According as the number of rows in a determinant is 
even or odd, the determinant is said to be one of an even or 
of an odd order. 

If the determinants of an even order be all positive, and 
if those of an odd order, commencing with «,i, be all negative, 
1 he quadratic expression is negative for all real values of the 
variables. 

Hence we infer that the number of independent conditions 
for a maximum or a minimum in the case of n variables is 
a - 1, as stated in Art. 163. 

It is scarcely necessary to state that similar results hold 
if we interchange any two of the suffix numbers ; i. e. if any 
of the coefficients, ^33, • • ^n«, be taken instead of as 
the leading term in the series of determinants. 

If the determinants in (12) be denoted by Ai, Az, A.<t,... Ant 
it can be seen without difficulty that, whenever none of 
these determinants vanishes, the quadratic expression under 
consideration may be written in the form 




A» 

Ai 




Hence, in general, when the quadratic is transformed into a 
sum of squares, the number of positive squares in the sum 
depends on the number of continuations of signs in the 
series of determinants in (12). 

It is easy to see independently that the series of conditions 
in (12) are necessary in order that the quadratic function 
under consideration should be always positive; the preceding 

2 Q 2 * 
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investigation proves, however, that they are not only meessary, 
but that they are enfficient. 

Again, since these results hold if any two or more of the 
suffix numbers be interchanged, we get the following theorem 
in the theory of numbers; that if the series of determinants 
given in (12) be aU positive, then every determinant'Obtained 
from them by an interchange of the suffix numbers is also 
necessarily positive. 

Also, since when a quadratic expression is reduced to a 
sura of squares the number of positive and negative squares 
in the sum is fixed (Salmon’s Higher Algehra^ Art. 162), we 
infer that the number of variations of sign in any series of 
determinants obtained from (12) by altering the suffix 
numbers is the same as the number of variations of sign in 
the series. 

349. Orthogonal Transformation. —As already stated, 
a quadratic expression can be transformed in an infinite 
number of ways by linear transformations into the sum of 
a number of squares multiplied by constant coefficients; 
there is, however, one mode that is unique, viz. what is 
styled the orthogonal transformation (see Art. 341). 

In this case, if Xz, X3, . . . X„ denote the new linear 
functions, we have 

+ . . . + = Xi* + X** + &c. + X„* = V; 


also, denoting the coefficients of the squares in the transformed 
expression by a^ azt . . . 


TT— ai\Xi + o-iziTz + .. .^+ afinStff + .. • + 2 aiznniXz + 2^1^371 
+ . . . = cfiXi* + ttzXz* + . • . + a^Xn*. N 

Uence, equating the discriminants oi U - W for the two 
systems, we get 



rtii — Xj 


• » > dm 


^2% — X, 

• • • 

• 

• • 

* . • dzn 

ft 

<*in» 


1 

• 

• 


“(®i ^)(^'“A)»(flf*—A). 

(*4) 
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Accordingly, the ooeffloients ai, a^, . . . a„ are the roots of 
the defenninant A* 

Moreover, in order that the function 27 should be always 
positive or always negative for all real values of the variables 
xi, Xi, . y Xni the coefficients ai, 02,.,. a^ must be all positive 
in the lOTpieT case, and all negative in the latter; and con¬ 
sequently, in either case, the roots of the determinants in (14) 
must all have the same sign. 

For a general proof that the roots of the determinant A 
are always real, and also for the case when it has equal 
roots, the student is referred to Williamson and Tarleton’s 
l>i/namtC8f Chapter XIII. 
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I. If a, iS, 7 be tho Wts of the cubic 


+ pz^ + ?« + r = Op 


flhow that 


dp 

dq 

dr 

da 

da 

da 

dp 

dq 

dr 

'dlf 

dfi' 

d$ 

dp 

dq 

dr 



dy 


= (7 - - «)(« - 7 )- 


2. Being given the three simultaneous equations 


Zty zzy ari) =s o, p%(x\y z%y x^, Xi) = o, ^a(ari, jPa, fl?3, xi) = o, 


determine the values of 


fix2 dx2 dxi 
dx\* dj:i* dz\ 


3* If X and y be not independent, prove that the equation 
does not hold good, in general* 


d^u 

dxdy 


fii 

dydi 


4* Prove that the points of intersection of a cuive of the fourth degree vritlt 
its asymptotes lie on a couiu; and in general for a curve of the degree n they 
lie on a curve of the degree v — 2. 

5. Prove that every curve of the third degree is capable of being projected 
into a central curve, (Chasles). 

For %f the hca'monic polar of a point of inflexion he projected to infinity, the 
point of inflexion u*ill he projected into a centre of the projected curve (eee p. 282). 

6. Two ellipt^cs having the same foci are described infinitely near one 
another, how docs the interval between them vary f 

(a) How will the interval vary if the ellipsea be concentric, similar, and 
similarly placed? 

7. Eliminate the arbitrary functions from the equation s » if'Cy)- 

8. Show that in order to eliminate n arbitrary functions from an equation 
containing two independent variables, it is, in general, requisite to proceed to 
different!^ of the order 2u -* 1* llow many resulting equations would be ob¬ 
tained in this cose F 

9. In the Lenjuiiscate « a* oos 2 S, show that the angle between the tan¬ 
gent and radius vector is ^ + 29 * 
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10. if fbe determinant of the order 

Xf Xf ff, A • 

a, Xf a 

X, Xf 0 

0 f 0 f X • 

• • • • • 

be denoted by Ah» prove that 

11. Provo that the ellipBes 

o®y® + (l)» sec* ip + cosec^ ^ (2), 

are 80 related that the envelope of (2) for different values of ^ is the evolute of 
(1); and the point of contact of (2) with its envelope is the centre of curvature 
at the point of (i) whose excentnc angle is ip. 

12. Being pven the equations 

bx = \fif by= >/ ( a * — 4 *) ( 4 * — /*»), 

prove that 

13. If I — y — ay^ s= o, develop in terms of a by Lagrange’s Theorem. 

14. Being given s? b r cos 0 , y == r sin 0, transform 

(- ^ (S)T 

cfx* 

into a function of r and 0, where 0 is taken os the independent variable. 



15. Apply the method of infinitesimals to find a point such tiiat the sum of 
its distances from three given points shall be a minimum. 

If Pu ftf pz denote the three distances, we have dpi 4 dpz-^-dpz^oi suppose 
dpi s o, tnen d{p% + pz) = o, and it is easily seen that pi bisects the angle be¬ 
tween pa and ps* and similarly for the others ; therefore &c. 

16. Eliminate the circular and exponential functions from the equation 

If = 

17. One leg o| a right angle passes tbrouah a fixed point whilst its vertex 
slides along a given curve, show that the proUem of finding the envelope of the 
other leg m the right angle may be reduced to the investigation of a locus. 
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% 

V8. If two pairs of conjugates, iu a system of lines in involatidrUi be given 
by the equations ^ 

H =S + zhxff + cy* = O. b/ sa + zVxy + a= o, 

show that the double lines are given by the equation - 


du dit dudu , 1 ^ . A ^ 

— — — — “ as o. (Salmon^a VomeSf Art. 342 ) 
dx dy • ay dx 


19. M. 


n\ 


Xx x% 

Xu Xn 




Xn~l 

Xn 


where xi, fTz, t • . Xn are connected by the relation 

iTx® + or*® + «?;»- -f .•. + a-M* « I, 

prove that the Jacobian 

d(Uu t/2f . . . Un-l) ^ I 
d(Xl, • Xn-l) 


20. If the variables yj, yn, ... yn are related to xj, X2, • • • Xh 
equations ^ 


yi « aixi + + . . . + a^Xnf 


by the 


y% « bixi + bzxz + ... + inXuf 


and if we have also 


prove that the Jacobian 


+ i^Xz "f* • • . + InXnp 

x^ + a:a® + . . - + Xf? a I, 

yi* + ya’^ T - • • + yt? i> 

d{yu y:t> * ■ ■ y«-i) ^yi* 

*2, . . . a:H*|) Xn 


21. Prove that the equation 

ry® — Z9xy + fa?® = yj? + yy - s 
d^z 

may be reduced to the form + 2 =» o by putting x^u 00a y sin v. 

22. Investigate Iho nature of the singular point which occurs at the origin 
of coordinates in the cui vc 


** — zaz^y - axy^ + a*y® aa 0 . 
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23. Investigate the fonn of the carve represented by the equation y »*«*<* 

24. How would you ascertain whether an expression, F, involving x, y, and *, 
is a function of two linear functions of these same variables P 

Ana. The given function must he homogeneous; and the equations 


dV 


dx dy 


dV dV 


must be capable of being eatisfled by the same values of s?, y, s; i* e. the result 
of the elii^ation of x, y, and z between those equations must vanish identic 
cally, 

25. If ^ s ^ prove that 

~ a (2x)»^(«)(dJ«) +«(»- I) (2X)«'2 

+ "<—.)»-/> (»).-■ »■-. (#) t *0 

26, If « + ty a (a + ij 9 )", where t = V -1, prove'that 


dx-i + dy- _ da^ + <f/8» 

a;« + y*' "" 1F+W‘ 


17- + 


28.’ If # = prove that 


% 


dx 




~ 7: ' • ' o>'> ' transforms into -sr——-1 

V(I - a:*)(l -¥x^) V(r - y*)(I - **y*) 


Prove that 


29. Hence prove that 




For 


(*i) (*5 - S- 

/ \ / du\ f , m ^ \ du du 

*■&)*-** + 


d^U ^ 


therefore 




(Pw 
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^30. ProTe that 




By the preceding example we have 


('S - ’ ) (*s - ') (*s) “ ' (*5 - ’) •’S' 


but 


therefore 


d f 

dxV dx'^J ^ 


^d?u d?u 


2^ 


31, Prove, in general, that 




«*• 




This can be easily arrived at from the preceding by the method of mathematical 
induction: that is, assuming that the theorem holds for any positive integer «, 
prove that it holds for the next higher integer (n + I), &Ci 


r li\ 

32. Find " + ^ ( “) terms of r, uhen cos 2$. 

33, If « = {x^ + y® + «®)1, prove that 


d^u d^u d^u d^u d^u 

-+ - - 4 - - 4 - 2 - - 4 * 2 —-< 4-2 - 0 « 

</.r* rfy* dz^ dx^ dy^ dy'^ d*® rfs* da? 

34- If « = and ^ = tan"» , prove that 

^ ^ * 3 * » * **■ COB(n + l)^ a COB*»*^^ 

— e= (- Ijn ^ 

<**»f ^ I . 3.3 . . . 2n . COB (2n + I) 0 . COB*"*' ^ 




3«* 


rfy*' 


**« 




( !)«♦' * • * • 3 • • • (*”+ *)*'“ ( 2 ** + *) 4* • COB*"'*^ 




«®"*® 
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35. If M be a bomogeneoua fimction of the degree in x, y, b, and «i, * 4 . •*9, 
^enot» its differential coefficients with regard to a?, y, respectively, while 
9 tiit tfiZf in like manner denote ita second differential coefficients^ prove that 


Uu, 

MlSf 

^ Mia* 

«1 










Ullf 

«12, 

Mu 

<f31» 

M23f 

MS3» 

Ms 

MU 









M21f 

M2S, 

. 

Msif 

Mat, 

«S3f 

Ma 

M — 1 









Mai, 

UsSt 

Mas 

Ml. 

MSf 

M 3 , 

0 






36. If u he a homogeneous function of the degree in x, y, z, tv, show 
that for all values of the variables which satisfy the equation w = o we have 


Mllf 

«12, 

MlSf 

Ml 


«u, 

M|2, 

Mia, 

M14 

M21, 

M«, 

M23, 

f<3 


1^1# 

Mas, 

«23, 

M34 

Mail 

M32, 

Maa, 

M3 

= («-!)* 

M 31 , 

MaSf 

«33, 

M34 

Ml, 

«2, 

M3, 

.0 


M4I, 

M42, 

M43| 

«44 


7. If « + A be substituted for x in the quantic 

- «(rt - i) . 

CqX^ 4 ^4 &c. 4 Xn§ 

1 • z 


and if a Of a'l, *. . • aV • • • • denote the corresponding coefficients in the new 
quantiCf prove that 


da\ 

d\ 


= ra r-i. 


•w 

It is easily seen that in this case we have 


ar 


r(r-i) , . 

4 r«r.iA 4 - ' <rr-2X*4 &C. . . . 4 eoA**; &c. 


1.2 


38. If p be any function of the differences of the roots of the quantic in the 
preceding example, prove that 



d d 

4 aai — 4 3«a 3“ 
da% ^ da$ 


4 . • . 4 wi».i 





This result follows immediately, since any function of the differences of the 
Toots remains unaltered when a; 4 X is substituted for x, and accordingly 

^ B o in this case. 

<fx 

39. Being given 

4 Vi - — y* 4 a * Vi - y* 4 y y/i ^ x\ 


460 

proVe thut 


Miacellaneom Examples. 


du dff dv du 
dx dy dx dy 


and explain the meaning of the result* 


40* Find the minimum value of 


ein^ 


sin^ 


sin ^ sin (7 sin (7 sin ^ sin^sinJ? 


sin <7 , - « ^ 

+ T — r- r — » where -4 + 5 + 180^ 


41. Prove that 


♦ (*i) 


where ^ (x) is a rational function of 

42. Show that the reciprocal polar to the evolute of the ellipse 

with respect to the circle described on the line joining the foci as diameter, has 
for its equation 




I. 


43. If the second term bo removed from the quantio 

(iio, ai, ffa, . . . «-.) y)" 

by the substitution of s? — — y instead of x. and if the now quantic be denoted 

«o 

• 

by (^Of o, jfa, ji2f • • . ■An)(Xf y); show that the successive coefficients 
Azt A2 * • • An are obtained by the substitution of ai for x and — ao for y in 
the series of quantics 

(rio, tfi, rta) (ar, y), (ao, ai, a%, a^) (x, y), - • . (tfo, «i^ . . . a«) (x, y). 

44. Distinguish the maxima and minima values of 

I + 2x tan"^ X 


45 - If V 


+ 25x + e ^ 

—5- 1 -, prove that 

ax^ + 26 x + c 


I dy (ad — y * -I- (ad + a*d — y + a'c' — A'* 
a dj; (o 4 ') a?* — (ea*) x + (id) 
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461 If /JC + H ri + ffi'Y + bo substituted 

for pj Zy in tho quadj'atic expression asc^ + + «* + zdyz + 2 ezx + 2/j:y ; 

and if a', A'i y' be the respective coefficients in the new expression ; 

prove that 



j\ 



f, 

e 

A 

y, 

d’, 

= 0 whenever /, 

b. 

d a 0. 





d. 

0 


47. If the transformation bo orthogonal^ i.e. if 

«’ + + s’ = a:* + + J?*, 

prove that the preceding determinants are equal to one another. 

48. Provo that the maximum and minimum values of the expi'essicm 

+ 4^f.r + e 

arc the roots of the cubic 

a’x® - 3 («’/ - 3^2)s’ + 3 {aV - iSJT/) s - A = O, 
where £■ = «c — 6’, I = ae ^ ^bd + 3 <?’, 

r?, by 0 

iT" = by Oy d y ttUd A = J’ — 2jJ\ 

Cy dy e 

By Art. 138 it is evident that the equation in z is obtained by substituting 
e — z instead of e in the discriminant of the biquadratic; accordingly, since the 
discriminant of the biqua^tic is 

i’ - 27/*« o, 

we have for the resulting equation 

27 ( 7 -sil)’. 

In general, the equation in z whose roots are the — t maximum and mini¬ 
mum values of a given function of n dimensions in z can be got from the dis¬ 
criminant of the function, by substituting in it, instead of the absolute term, 
the absolute term minus s. 

It is evident that the discriminant of the function in ^ is, in all cases, the 
absolute term in the equation in s. 

49* If A be the product of the squares of the differences of the roots of 

% • 

*• — + g* - r ■ o. 
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ifA 


find an exproBsion for ~ by solring from three equations of the form ^ 

<f A ifA dp <fA dq dA dr 
da dp da dq da dr da 

Ana. 2 O + 7 -- 2a) (7 + « “ 20) (a+ jS 27). 

< 

50. If X + F be a function of a? + y V- i, prove that X dad Y satisfy 
the equations 

d^X ^ iPT d^r 

dx^ ^ dy^ ’ dx^ ^ df 

51. If the three sides of a triangle are a, a + a + iB, where a and $ are 
Infinitesimals^ find the three anglesi expressed in circular measure. 

. w a + j 3 IT 2a— 0 IT 2 / 3 —a 
Ana. --+-TTt r +-r*- 

52. If s= x + 02;^, where a is an infinitesimal^ find the order of the error in 
taking x ^ y — at/^. 

53. The sides c, of a right-angled triangle become a + a, A + / 3 , s + 7, 
where a, iS, 7 are infinitesimals ; find the change in the right {ingle. 


Ana* 


cy — aa - bfi 

ol ' 


54. If a curve be given by the equations 

22 ? = - 2 i, 


2y = + 2 / - - 2f, 

find the radius of curvature in terms of 


55* In the curve whose equation is y » determine all the oases where 
the tangent is parallel to the axis of x. 

If 0 be the greatest angle which any of its tangents makes with the axis of 
prove that tan B = 


56. In a curve traced on a sphere, prove the following formula for tho 
radius of curvature at any point: 

, sin rdr 

^ COB pdp 


57 - -^PP^y form to show that in a spherical ellipse we have 

sinp sinj}' « const., 

where p and p" are the perpendiculars from the foci on any great circle which 
touches the ellipse. 



MiacellaneouB ExampleB. 


465 

V 

58. ^ye the following relation between {p^ p'), the radii of curvature at 
oorreeponding pointa of two reciprocal polar curves: 


♦ 

where ifr is^he angle between the radius vector and normal. 

59. If ABf BOf CBf ... be the sides of an equilateral polygon inscribed in 
any curve, and if ^Dbe produced to meet BC in B, prove that, when tbe sides 

pi 

of the polygon are diminished indefinitely, J 7 P=: 3 „ where p and p" are the 
radii of curvature at B and at the corresponding point of the evolute. 


00. Jf rr- V(r -ar) (i +y-i-y-) -f V(i -y) (x +a; + ar-) ^ 

x-y 


and 



( Vi - - Vi 

x-y } 


2 

+ A- + y. 


dnd the value of 

61. If 
prove that 


dV 

dx dy dx dy* 


r*jr** + 



and z = 



( 2 ^- 4 ) 


d^V dV 
ds* ^ ^ dz 




62. Determine b and k so that the curve 

(x* + y®) {x cos a + y sin o — a) = A- (a; cos jS + y sin j8 - ^) 

may have a cusp; a, fit and a being given, and the coordinates being rectan- 
gulnr. 

Prove that in this case the cuspidal tangent makes e<iual angles with the 
asymptote and with the line drawn from the cusp to the origin. 

63. Find the coordinates of the two real finite points of inflexion on the 
curve y- = {x — 2)^ [x — 5), and show that they subtend a right angle at the 
double point. 

64. If Xf y, c, be given in terms of three new variables, </, Vt ta, by the fol¬ 
lowing equations: x = y = (P — i) v* * » (P — c) la, where 
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f 

it ia required to prove that dx^ + rf”' + dz^ = + JiPdd^ + N^djc^ and to 

determino the actual values of X, iVl 

65. If a; 4 y = y =* JCF, prove that 


d^u d^u da —d^u ^ dPa du 

dxdy dx dX- dXd¥ dX t 

< 

66 , Being given ,r = m* — y = — r®, find what becomos 

in terms of «, v, rf?/, 

ttrfi? - vdu 


^ns. 


uda + r '7 


67. If tlu' polar equation of a curve be r * « sec* find an expression ioi 

2 


its radius of curvature at any point, 

68. Sho\^ that the <lilferential — 

V 


dr 


“ i-r- f 3 


*a transformed into 


_ Jdy __ 

\/(i + y* tan’-^A.) (i 4- yScot'** A)’ 


by assiuniiig x = 


I- y 
I-I- y' 


and find the value Oi A. 


Oq, If y* 4- a*y = i, jnove that 


d~y rfy* dfr 


A7JL 






- o. 


70. The pair of curves represented by the equation 


Ans, A — 7 * 30'. 


— zrF («) 4- c* = o 


may be regarded ns the envelope of a series of emdes whose centres lie on a 
certain curve, and which cut orthogonally the circle whose radius is f, and 
whose ceutro is the origin (Mannheim, Journal de Math,^ 1862). 

71. A chord FQ cuts off a constant area from a given oval curve; show that 
the radius of curvature of its envelope will be \FQ{QQt 9 + cot^), 8and^ being 
the angles at which FQ cuts the curve. 

t * 

72, In the polar equations of two curves, 

F (r, ») = O, / (r, «) - O, 

if be substituted for r, and nCl for «, prove that the curves represented by 
the transformed equations intersect at the same angle as fhe originid curves. 

W. Roberts, Liou^nllo^ojoamalf Tome 13, p. 209. 
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Thi» result follows immediatoly from tLe property tliat is unaltered by 
the transformation in question. 

73. A system of concentric and similarly situated equilateral hyperbolas is 
cut by another such yateni haviiif^ the same centre, under a constant angle, 
which is double that under which the axes of iho two systems intersect. 

* lhid,j p. 210, 

74. In a triangle formed by three arcs of equilateral hyperbolas, having the 

Bame centre (or by parabolas having the same focus), the sum of tho angloa is 
equal to two right angles- Ibid.^ p. 210- 

Being given two hyperbolic tangents to a conic, the arc of any third 
liy ' bolic tangent, which is intercepted by tho two first, subtends a constant 
angi.- at tho focus. Ibid.^ p. 212, 

Ad equilateral hyperbola wnich touches a conic, and is concentric with it, is 
called a hyperhohe tuugent to the conic. 

76, A system of eonfocal cassiuoids U cut orthogonally by a system of equi- 
livpcrbulas passing through the Lki and couccntric with the cassinoida. 

Ibid.f p. 214. 

iho student wHl find a number of other remarkable theorems, deduced by 
the same general method, in Mr. Ilobcrts' 31 cmoir. This method is an exten¬ 
sion of tho method of inversion. 

77, If on each poM.t. on a curve a right line be drawn making a constant 
angle with tho radius vector drawn to a fixed point, prove that tho envelope of 
the line so drawn is a curve a 1 irh is similar to tlic neyattvepedal of tho given 
curve, trken with re«:|-c'jl to thf fixed point as pole. 

78, If ? U - 2 bxy + cy\ 2 V + 2 l/xy + dy\ 


2 BUr^ CV\ find A, B, C. 


79. Prove that the values of the diameters of curvature of the curve y* =/(^) 
at the points w'here it meets the axis of x are.... if a, 0, ... be 
tho loots of f{x) = o. 

lienee find the radii of curvature of - ?n-) {x — a) at such points. 

^ 80. A constant length FQ is measured along the tangent at any point P on 

a curve; give, by aid of Art. 290, a geometrical construction for tho centre of 
curvature of the locus of the point Q. 

81. In same case, if Pff be measured equal to PQ, in the opposite direction 
along the tangent, prove that the point P, and the centres of curvature of the 
loci of Q and Q' lie in direclum. 

82. A framework is formed by four rods jointed together at their extremities ; 
prove that the distance between the middle points of either pa|r of opposite sides 


and 


dx* dy 

dV ^ 
dx* dy 
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ifl a maximum or a minimum when the other rods are parallel; being a maximum 
when the rods arc uncrossed, and a minimum when they cross. ' 

83. At each point of a closed curve are formed the rectangular hyperbola, 

and the parabola, of closest contact; show that the arc of the curve described by 
the centre of the hyperbola will exceed the arc of the oval by twice the arc of 
the curve described by the focus of the parabola; provided that no parabola has 
iive-pointic contact with the curve. [Camh, Math. Trip.^ 1875.) * 

84. A curve rolls on a straight line : determine the nature of the motion of 
one of its involutes- (Prof, Crofton.) 

85. Prove the following properties of the tbree-cusped hypocycloid:— 

(i). The segment intercepted by any two of the three branches on any 
tangent to the third is of constant length. (2). The locus of the middle point 
of the segment is a circle. (3). The tangents to these branches at its extremities 
intei'sect at right angles on the insciibcd citclc. (4). The normals corresponding 
to the three tangents intersect in a common point, which lies on the circum¬ 
scribed cirele- 

Jiejimtlon ,—The right line joining the feet of iho perpendiculars drawn to 
the sides of a triangle, from any point on its circumscribed circle, is called the 
pedal line of the triangle relative to tb (5 point. 

86. Piove that the envelope of the pedal line of a triangle is a three-cusped 
hypocycloid, having its centre at the centre of the nine-point circle of the 
triangle. (iSteiner, Ueher eine besondere curve driller Idaese und vierten grades^ 
Crello, 1857.) 

This is c'lllcd Steiner^s Envelope^ and the theorem can be demonstrated, 
geometrically, as follows :— 

Let Pbe any point on tho circumscribed circle of a triangle O', of which D 
is tho intersection of the perpendiculars; then it can be shown without difficulty 
that tho pedal line corresponding to P passes through the middle point of DP, 
Lot Q denote this middle point, then Q lies on the nine-point circle of the 
triangle ABO, If 0 be the centre of tho nine-point circle, it is easily seen that, 
as Q moves round the cinde, the angular motion of the pedal line is half that of 
OQ, and takes place in the opposite direction. Lot B be the other point in 
tvhich tho pedal lino cuts the nine-point circle, and, by drawing a consecutive 
position of the moving line, it <-an be seen immediately that the corresponding 
point T on the envelope is obtained by taking QT= QR, Hence*it con be 
readily shown that the locus of T is a three-cusi>ed hypocycloid. 

This can also be easily proved otherwise by the method of Art- 295 (a). 

87. The envelope of the tangent at the vertex of a parabola which touches 

three given lines is a threo-uusped hypocycloid. ^ 

88. The envelope of the parabola is the same hypocycloid. 

For fuller information on Steiner’s envelope, and the general properties of 
the thrce-cusped hypocycloid, tho student is referred, amongst other memoirs, to 
Cremona, Crelle, 1065. Townsend, Edm, Timee. Reprint. 1866. Ferrers, 
Quar, Jour, of t866* Benet, Nouv. Ann.y 1870. Painvin, ibid.^ 1870. 

Caben, ibid.^ 1875. 



On the Failure of Taylor*e Theorem. 


467 


Ok the Fatlube of Tatloe’s Theorem. 


As no mention has been made in Chapter III. of the cosob when Taylor’s 
Series baBomes inapplicable, or what is usually called the failure of Taylor’s 
Theorem, me following extract &om M. Narier’s Zegons tP Analyse is intro¬ 
duced for the purpose of elucidating this case:— 


On the Case whcn^ for certain particular Talnea of the 
Variable, Taylor^s Series does not fplTo the Ilevelopnient of 
the function* —The existence of Taylor’s Series supposes that the function 
f{x) and its difperential coefficients/'(:r),/"(ar), &c- do not become infinite for 
the yaluo of x from which the increment h is counted. If the contrary takes 
place the eeries will be inapplicable. 

Suppose, for example, that /(.r) is of the form 7—^—being any positive 

number, and F(x) a function of x which does not become either zero or infinite 
when a. 


If, conformably to our rules, 


F(x-\-h) 


be developed in a series of posi- 


(x + A — o)« 

ti ve powers of /*, all the terms would beconio infinite when we make x = a. At 

F{a + h) 

the same time the function has then a determinate value, viz.: —-—-; but, 


as the development of this value according to powers of h must necessarily con¬ 
tain negative powers of A, it cannot be given by Taylor’s Scries. 

Taylor’s Series naturally gives indeterminate results when, the proposed 
function/(z) containing radicals, the paiiicular value attributed to x causes 
these radicals to disappear in the function and in its differential coefficients. 
In order to understand the reason, wo remark that a radical of the form 

{x — n) 9 ^ p and q denoting whole numbers, which forms pai-t of a function /(j?), 
gives to this function q different values, real or imaginary. As this same radical 
is reproduced in the differential coefficients of the function, these coefficients also 
present a number, 7, of values. But, if the particular value a be allributed to a:, 
the radical will disappear from all the terms of the scries, while it remains 

p 

always in the function, where it becomes /*«. Therefore the series no longer re¬ 
presents the function, because^thc latter has many values, while the scries can 
navej)ut one. The analysis solves this contradiction by giving infinite values 
to the terms of tfie series, which consequently does not any longer represent a 
determined result. 

The development of/(x) ought, in the cose with which we ate occupied, to 

p 

contain terms of the form A?. We should obtain the development by making 
X s a + A in the proposed function. 
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Fractional powers of h would appear in the latter deTelopment : for ezamplei 
suppose ' - * 

/(a?) s= 2ax - ap* + a\/ a;* - a*; 

this gives 


/(jp)=2(a-a;) + 



y^(a;) = -2 + — - - 

Va;* — a*® (j;^ — 

On malcing 2 = a, we have f{x) = and all the differential coefficients 
become infinite* This circumstance indicates that the development oif{z + h) 
ought to contain fractional powers of h when op = a : in fact the function be¬ 
comes then 

f{a + A) = a® - A- + a^l 2 ah + A®, 

of which tho development according to powers of A would contain A 1 , A?, A^i &c. 

It should bo rciiiJirkcd that a radical contained in the function/(z) may 
disappear in two diifcreut ways when a particular value is attributed to the 
vanable x ; that is, i‘\ v licn tho quantity contained under the radical vanishes; 
2’, when a factor with which tho radical may ho affected vanishes. 

In the former case the development according to Taylor’s Theorem can never 
agree with tho function f{x + A) for the particular value of ic in question, for 
the reason already indicated. 

15 ut it is not the Brime in tho latter case, because the factor with which the 
radical is affected, and which becomea zero in the function, may cease to affect 
tho radical in tho differential coefficients of higher orders; in fact it may not 
disappear at aU, and the serios may in consequence present the necessary number 
of values. 

For example, let tho proposed function be 


f[x) * — 

m being a positive integer. 

Here we have 


f{x) = m[x — ViP - A + 


in [x — / 7 )»» 


/• w -,»(». -1)(^ - »).-> v'—i+ 

ViP - A 4(a? - A)® 

Each differentiatiort causes one of the factors of [x — a)« to disappear in the 
first teim. After m difforontiationa these factors would entii'ely disappear; and^ 
consequently the supposition x = in causing the first m-derived functions to 

vanish, will leave the radical Vx * A to remain in all the others. 
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Acxodb^ 259. 

Approximations, 42. 

further trigonometrical applica¬ 
tions of, 130-8, 

Arbogast’s method of derivations, 88, 

Arc of plane curve, differential ex¬ 
pressions for, 220, 223. 

Archimedes, spiral of, 301, 303. 

Asymptotes, definition of, 242, 249, 
method of finding, 242, 245. 
number of, 243. 
parallel, 247. 
of cubic., 249, 325. 
in polar coordinates, 250. 
circular, 252. 

Bemouilli’s numbers, 93. 
series, 70. 

Bertrand, on limits of Taylor’s series, 

77. 

Bobillier’s theorem, 368, 374. 

Boole, on transformation of coordi¬ 
nates, 412. 

Brigg’a logarithmic system, 26. 

Burnside, on covariants, 412. 

Cardioid, 297, 372, 

Cartesian oval, or Cartesian, 233, 375. 
third focus, 376. 
tangent to, 379. 

confocala intersect orthogonally, 
* 3 ^ 1 - 

Casey, on new form of tangential 
equation, 339, 
bn cycloid, 373. 
on Cartesians, 382. 

Cassini, oval of, 233, 333. 

Catenary, 288, 321. 

Cayley,*259, 266. 

Centre of curve, 237. 

Centrode, 363. 

Change of single independent variable, 
399 - 


Changc of two independent variables 
403, 410. 

Chasles, on envelope of a carried ligh 
line, 356, 

construction for centre of instan¬ 
taneous rotation, 359. 
generalization of method of draw¬ 
ing normals to a roulette, 360. 
on epicycloids, 373. 
on Cartesian oval, 376. 
on cubics, 454. 

Circle of inflexions in motion of a plane 

area, 354 , 3 ^ 7 , 374 - 

Complete Solid Harmonics, 421. 
Conchoid of Nicomedcs, 332, 361. 

centre of cui-vature of, 370. 
Concomitant functions, 411. 

Condition that Pdx -f Qd^ should be 
a total differential, 146. 
Conjugate ]>oints, 259. 

Contact, different orders of, 304. 
Convexity and concavity, 278. 
Crofton, on Cartesian oval, 378, 379, 
380. 

Crunode, 259, 

Cubies, 262, 281, 323, 334. 

Curvature, radius of, 286, 287, 295, 
297, 30K 
chord of, 296. 
at a double point, 310. 
at a cusp, 311, 313, 
measure of, on a surface, 209, 
Cusps, 259, 2CO, 315. 

curvature at, 311. 

Cycloid, 335, 356. 

equation of, 335, 336, 
radius of curvature, and evoluto, 
337 - 

length of arc, 338. 

Descartes, on normal to a roulette, 336. 
ovals of, 375. 

Differential coefficients, definition, 5. 
successive, 34. 
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^'jiffe**Qiitiation of, a product, 13, 14. 
a quotient, 15. 
a power, 16, 17. 
a functim of a function, 17. 
an inverse function, 18. 
trigonometrical functions, 19, 20. 
circular functions, 21, 22, 
logarithm, 25. 
exponential functions, 26. 
functions of two variables, 115. 

three or more variables, 117. 
an implicit function, i2o. 
partial, 113, 406- 

of a function of two variables, 

of three or more variables, 
1 * 5 - 

applications in plane trigono¬ 
metry, r3o. 

in spherical trigonometry, 
133. 

successive, 144. 

of ^(a: + o/, y + with rcs^. . i 
to 148. 

Discriminant of a ternary quadratic 
expression, 129, 194, 196. 
of any quadric, 449. 

Double points, 258, 261. 


Elimination, of constants, 384. 

of transcendental functions, 386. 
of arbitrary functions, 387, 39O. 

Envelope, 270. 

of Ln? 4 zMa + iV = o, 272, 
of a system of confocal conics. 
Ex, 8, p. 276. 
of a carried curve, 355. 

centre of curvature of, 357. 

Epicyclics, 363. 

are epi- or hypotrochoids, 366. 

Epicycloids and hypocycloids, 339, 
356, 466. 

radius of curvature of, 342. 
cusps in, 341. 
double gt^neratiou of, 343. 
evoluto of, 344. 
length of arc, 345. 
pedal, 346, 372. 
regarded us envelope, 34 T. 

Epitrochoids and hypotrochoids, 347. 
oUipse as a cose of, 348, 363. 
centre of curvature of, 351, 

« double generation of, 367. 


Equation of, tangent to a p\me curve, 

212, 218. ' . 

normal, 215. 

Errors in trigonometrical observation, 
* 35 - 

Euler, formulae for sin and cos:r, 59. 
theorem on homogcncoua func¬ 
tions, 123, 127, i4f, 162. 
on double generation of cpi* and 
hypocycloids, 344. 

Evolutc, 297, 

of parabola, 298. 
of ellipse, 299, 308; as an enve¬ 
lope, 297, 

of equiangular spiral, 300. 
Expansion of a function, by Taylor’s 
Kcries, 61. 

by Arbogast’s method, 88. 

of 4i(ir + A, y 4- /0i *56- 
of ^ (a: 4 A, y 4 A*, 5 4 IS^ 

Family of curves, 270. 

' on BobilUer’s theorem, 369. 

on Steiner’s envelope, 466, 
Folium of Deso’iites, 333 - 
Funetion.'^, ol(;TU(*utiiiy forms of, 2. 
coniintioufl, 3. 
derived, 3. 
successive, 34. 
examples of, 46, 
partial (lorived, 113- 
olliptic, illustrations of, 136, 138. 

Graves, on a new form of tangential 
equation, 339. 

Harmonic polar of point of inflexion 
bn a cubic, 28 T , 

Huygens, approximation to length of 
circular arc, 66. 

Hyperbolic branches of a curve, 246. 
Hypocycloid, see epicycloid, 
Hypotrochoid, sec cpitrochoid. ' 

Indeterminate forms, 96. 

treated algebraically, 96-9, j- 
treated by the calculus, 99, et seg. 
Inflnitcaimals, orders of, 36. 

geometrical illustration, 57. 
Inflexion, points of, 279, 281. 

in jpolar coordinates, 303. 
Intrinsic equation of a curve, 304. 
of a cycloid, 338, 
of an epicycloid, 350. 
of the invoUito of a circle, 301. 
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Averse ^rves, 225. 
t&nj^t to, 225. 

of curvature, 295* 
Vconjugate Cartesians, as, 378. 
^volute, 297- 

of circle, 300, 358, 374. 
of <2^'cloid, 35C. 
of t jicVcloid, 357. 

Jacol> 433-45' 

Lagrange, on derived functions, 4, note. 
on limits of Taylor's series, 76. 
on addition of (dliptic intcgials, 

13^^- 

theorem on espaiihion ius^uh's, 151. 
on Kulcr s theorem, 163, 
comlitioii for maxima and niinitnn. 
191, if)7« J199, 202. 

La Hire, circle of jullcxions, 351. 
on cycloid, 373. 

Landen’s transfonuation in ullii-lii' 

fi ». notjs, T33. 

I^aplacc's Moonmi lai expansion in 

sene?;, i5|. 

eoetiiLU'nts, 429. 

LegeniUc, on cllipiic functions, 137. 
on reclilii'ution of curves, 233. 
cooflieients of, 426, 

Leibnitsc, on the fundamental principle 
of the ' alcnUis, 40. 
theorem on the derived func¬ 
tion of a product, 51. 
on tangtmts to ciu-vea in vectoiial 
coordinates, 234. 

Lemnisoatt, 259, 277, 296, 329, 333. 
Lima<,‘on, i.s invcr^e to a conic, 227, 

..331,334,349,361,372. 

Limiting ratios, algcbiaic illustration 
of, 5 - 

^rigouomelriciil illustration, 7. 
Limits, fundamental priuciplcs, 11. 


Ifac'laurin, series, 65, 81. 

on harmonic polar for a cubic, 282. 
Mannheim, construction for axes of an 
ellipse, 374. 

Maxima or minima, 164. 

geometrical examples, 164, 183. 
algebraic examples, 166. 

, ax^ + ibzy + ev^ 

® a'x* + Zb'xy + c'y*' 
condition for, 169, 174. 


problem on area of ae^udn of\, 
right cone, 18 r. / 
for implicit functiou'^^ 185. 
quadrilateral of gL\Q^ sides, 186. 
fortM^o variables, 191; Lagrange’s 
condition, 191, 197. 
for functions of three variables, 
198. 

of H variables, 199, 449. 
application to surfaces, 200. 
undetermined multipliers applied 
lo, 204. 

Multiple points on curves, 256, 265, 

367- 

Multipliers, method of undetermined, 
204. 


Napior, logarithmic system, 25, 
Navior, geometrical illustration of 
fiMidameutal principles of tho 
(•alculus, 8, 

on Taylor’s theorem, 4G7. 
Newton, definition of fluxion, lO. 
prime au<l ultimate ratios, 40. 
expansions of sin a', cos 2*, ein"*jr, 
^c., O4, 69, 

l)y differential equations, 85. 
method of investigating radius of 
curvature, 291, 
on evolutc of epicycloid, 345. 
Nicomedcs, conchoid of, 332. 

Node, 259, 

Normal, cqTiation of, 215. 

number passing through a given 
point, 220. 

in vectorial coonlinates, 233. 

Oithogonnl transformations, 409, 414, 
452. 

Osc-node, 259. 

Osculating curves, 309, 
ein le, 291, 306. 
conic, 317. 

Oscul-inflexion, point of, 314, 317. 

Parabola, of the third degree, 262,288. 
osculating, 318, 

Parabolic branches of a curve, 246. 
Parameter, 270. 

Partial di^crentiation, 113, 406. 
Pascal, lima^onof, 227. 

Pedal, 227. 

tangent to, 227. 
examples of, 230, 
negative, 227, 
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Pluckefy^^a locujtf of extip^ of cubios 
havin^^^vea asymptotes. 265. 
Points, do rF^touseemcnt, 266. 

ofinflexP'ft, 279. 

Polar oonio of a point, 219. 

Prootor, dofiniiioa of cpi- and hypo- 
oyoloids, 399. 
epicyeUos, 366, 

Pfcdemy, epicyclics, 36O- 

ildetelot, on Cartesian oval, 376, 381. 

Baditis of curvature, 286. 

in Cartesian coordinates, 287, 289. 
in r, coordinates, 295, 
in polar coordinates, 301. 
at singular points, 310. 
of envelope of a moving right 
line, 358. 

Eeaulcaux, on ccntiodes of moving 
^ aiv^a-s, 363. 

Beciprocal polar?, 22S, 230. 
Bexnainder iu Kcrics, Tayloria, 70 , 79 . 
Maolnurin’a, 81 . 

Exultant of concurrent lines, 234. 
Eoherts, W,, oxlension of method of 
invemon, 464. 

Rotation, of a plane! area, 359. 

centre of instantaneous, 3G0, 3G4. 
of a rigid body, 371. 

Eoulettes, 335. 

normal to, 336. 

centre of curvature, 352 ; Sa- 
vory^s construction, 352. 
circle of intloxiona of, 354. 
motion of a plane figure reduced 
to, 362. 
spherical, 370. 

Savary'a construction for centre of 
curvature of roulette, 353. 
Series, Taylor’s, 61, 70, 76. 
binomial, 63, 82. 
logarithmic, 63, 82. 
for ain x and cos 64, 66, 8I- 
Maclaurin’s, 64, 81, 

\exponeiitial, 65, 8r. 

Bemouilli’s, 70, 

convergent and divergent, 72, 75. 
for ain-^af, 68, 85* 
for 68, 84. 


for sin mx and eoa mxt 8 a 
Aibogast^s, 88. 

Lagrange’s, ijt. 

Solid Uarmonio Funotiohs, 419, , 

Spherical Uarmonied, 423. 

hpinode, 259. 

Stationary, pomt*^, 266. 
tangents, 282 

Subtangent ond subnormal, 215. 
po^, 223. 

Symbols, separation of, 53. 

representation of Taylor’s theo¬ 
rem by, 70, 160. 

Taeftode, 266. 

Tangent to curve, 2 e 2, 218, 258. 
number through a point, 219. 
expression for perpendicular on, 
217, 224. 

expression for intercept on, 232. 

Tayloi'’8 scries, 61. 

symbolic form of, 70- 
Lagrangc on limits of, 76. 
extension to two variables, 156, 
to three variables, 159. 
symbolic form of, 160. 
ou inapplicability of, 467. 

Tosseral Surface Harmonics, 429. 

Throe-cusped hypocycloid, 350, 372, 
4 C 6 . 

Tracing of curves, 322, 328, 

Transformations, linear, 408. 
oilhogona!, 409, 452. 

Trisect nx, 332 , 

Trochoids, 339. 

Ultimate intersection, locus of, 271, 
for consecutive normals, 290. 

Undetermined multipliers, application 
to maxima and minima, 204. 
applied to envelope, 273. 

Undulation, points of, 280. 

Variables, dependent and indepen¬ 
dent, 1. 

Variations of elements of a triangle, 
plane, 130; spherical, 133. 

Vectorial coordinates, 233. 

Whewell, on inttinBip equation, 304. 

Zonal Harmoxdos, 423. * 
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